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FO REWORD 


This book is the outcome of teaching, for more than 30 years, a course titled 
"statistical quality control" to B.S. students using many books especially the 
book written by Dr Grant & Dr. Leavenworth and the one written by Dr Kaoru 
Ishikawa on this subject. 


The book is divided into 14 chapters that cover the materials on statistical 
quality control needed for a course of approximately 48 hours per semester (two 
times or 3 hours a week). Due to the importance of control charts and 
Acceptance Sampling Standards, most chapters of the book deal with the control 
charts and Standard Sampling Tables. 


Chapter 1 introduces basic concepts of quality control. 


Chapter 2 deal with Dr Shewhart's control charts for monitoring the variable 
characteristics of a product i.e. X ,R, S, S’ control charts. 


Chapter 3 is concerned with the way subgroups or samples have to be arranged; 
and with the process capability indices. 


An introduction to probability in presented in Chapter 4. 


Chapters 5& 6 deal with Dr Shewhart 's control charts for monitoring the attribute 
characteristics of a product i.e. p & np, c, udand D control charts. 


Some adaptation of control charts are introduced in Chapter 7. 


Chapter 8 introduces the so called Cumulative-Sum control charts for monitoring 
the process mean. 


The precision, accuracy and errors of measuring systems are briefly discussed in 
Chapter 9. 


Chapter 10 to 13 deal with standard sampling tables including Dodge-Rimg's, 
Cameron's, IS02859 and ISO 3951 Tables used for acceptance sampling. 


Chapter 14 is concerned with product or system reliability and the related concepts 
including acceptance sampling tables based on product lifetime. 


XIV 


It has been tried to mention the source of the examples, figures or the tables. 
The examples are mainly taken from the practical books including the above 2 
books i.e. Grants’ and Ishikawa's. 


Thanks God for making me successful to present this work which | hope to be 
useful in both academic and in industrial environments. 


The author would be pleased if the readers write him about any kind of 
deficiencies of the book. 


Hamid Bazargan 

College of Engineering, 

Shahid Bahonar University of Kerman , Iran 
bazargan@uk.ac.ir 

August 2020 
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Chapter 1 Introduction and Basic Concepts 
Aims 

In this chapter a history of quality control is provided; online and offline 
quality control are described and in this regard one of the ideas of 
Japanese Engineer Taguchi, entitled Quality Loss Function, is introduced. 
The chapter also briefly introduces some quality manuals used in 
automotive industry(FMEA, MSA, PPAP, APQ) and well known statistical 
process control tools(cause and effect diagram, scatter diagram, control 
charts,:::). Other materials such as central limit theorem and some basic 
concepts of descriptive statistics, are also dealt in this chapter. 


1.1 Introduction 

Quality has been known as an important influencing factor on the 
success and competitiveness of production and service institutions in the 
internal and world markets. The return of capital is the result of good 
quality plans. Appropriate quality strategies lead in fruitful results. Some 
of the objectives of controlling the quality are the followings: 


Assuring that the product specification comply with the design 
specifications, 

Reducing the scrap and rework 

Increasing the customer satisfaction and the organization reputation 
Increasing the profit 


1.1.1 History of Quality Control 


Feigebaum(1991) summarizes the phases in the evolution of quality 
control as follows: 


. Operator quality control, up to the end of 19" century 

. Foreman quality control 

. Inspection quality control in 1920s and 1930s 

. Statistical quality control, 

. Total quality control era [begun from 1960] 

The following phase could be added to the above phases 

6. ISO 9000 standards era beginning in 1987. 

For abrief description of the first 5 phases see Feigenbaum(1991) page 15; 
however a some sentences from the book on the phases is followed: 

Dr. Feigenbaum writes 
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” The first step in the development of the quality field i.e. operators 
quality control, was inherent in the manufacturing job up to the end of 
nineteenth century. Under that system, one worker or at least a very small 
number of workers, was responsible for the manufacture of the entire 
product; and therefore each worker could totally control the quality of 
personal work. 

In the early 1900s we progressed to foreman quality control. This period 
saw the large-scale advent of our modern factory concept, in which many 
individuals performing a similar task were grouped so that they could be 
directed by a foreman who then assumed responsibility for the quality of 
their work. 

The manufacturing system became more complex during World War |, 
involving large numbers of workers reporting to each production foreman. 
As a result, the first full-time inspectors appeared on the scene, initialing 
the third step, which we can call inspection quality control. 

This step peaked in the large inspection organization of the 1920s and 
1930s, separately organized from production and big enough to be headed 
by superintendents. This program remained in vogue until the tremendous 
mass-production requirements of World War II necessitated the fourth 
step of quality control, which we now identify as statistical quality control. 
In effect, this made big inspection organizations more efficient. Inspectors 
were provided with a few statistical tools, such as sampling and control 
charts. The most significant contribution of statistical quality control was that 
it provided sampling inspection rather than 100 % inspection. The work of 
quality control, however, remained restricted to production areas and 
grew rather slowly.... Recommendations resulting from the statistical 
techniques often could not be handled by existing decision making 
structures. Certainly they were not effectively handled by the existing 
inspection group....This brought us to the fifth step, total quality 
control...."( Feigenbaum,1991) 

The present book focuses on the statistical techniques used in quality 
control, necessitated from the tremendous mass production requirement, 
because statistical quality control utilizing sampling and control charts, 
provides sampling inspection instead of 100 percent inspection. 


1.1.2 Classification of quality control activities 

The activities of quality control are classified into offline and online. 
Quality control activities at the product planning, design and production 
engineering phases is referred to as offline quality control or quality 
engineering, whereas the quality control activities during actual running of 
production process is referred to as online quality control (Taguchi et al, 1989). 
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1.1.2.1 Online Quality Control 
Online quality control deals with those quality activities which are done 

during the actual the implementation of the production process. According 
to Taguchi, the daily activities to control process conditions by observing 
either quality characteristics of product or process parameters are online 
quality control activities (Taguchi at al, 1989 page8). Once the details of the 
design and production process are ready and the process is running, possible 
unfavorable events in the production line are necessary to be identified 
and remedied on time ; events such as the quality loss of the input of the 
line, fault in the machine setting or error in its softwares, carelessness of 
the operator and the manager. Two conventional statistical techniques 
used in online quality control are control charts and acceptance sampling. 
The use of control charts helps to identify whether the process is “ in 
control” or “out of control”. An application of acceptance sampling could 
be preventing inferior material to enter the production. 


|’ 


1.1.2.2 Off line quality control 

Quality control activities at the product planning , design and production 
engineering phases is referred to as offline quality control (Teguchi et al , 
1987 page 4). These activities deal with the activities required before the 
start of the actual production. It has become widely recognized that producing 
a quality product at a reasonable cost requires an emphasis on its design. 
A part of the design might include determining factors such as pressure, 
temperature and types of catalyst to employ. Determining the optimal 
chokes for the factors can often be approximated by a statistical analysis 
of adesigned experiment (Derman &Ross,1997). One of the contribution 
of Taguchi is developing an important statistical approach for the design 
of experiments (DOE) used in off-line quality control. For a description of 
DOE one could refer to such references as Roy (2001). 

Quality loss function is another concept introduced by Taguchi in the field 
of offline quality control. A description of this concept follows. 


1.1.3 Quality loss function(QFL) 

The quality loss is operationalized through the so-called quality loss 
function, a quadratic function which shows that a reduction in variability 
around the target leads in a decrease in loss and a subsequent increase in 


quality. Loss is minimum when the product is on @ = _ (Kelemen, 2003). 
Taguchi proposed the quadratic symmetric function L(X, @) as follows: 


L(x,0) =C (x -0) 


where 
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X The actual value of a selected feature of the product 

C Constant of the proportionality 

0 The nominal value of the product feature= a 

L(X ,@) Quality loss 

Ly The mean value of the feature resulted from the production 
oO, The standard deviation of the feature resulted from the production 


The mean of the loss values in the quality, denoted here by QLF, is measured in 
the following manner 


L(X ,0)=C (X -0) ,OLF(0)=E|L(X 0) |= 
CE (X -0) =ClE(X —y, + - 01> 
OLF (8) =Cloy + (My —9)"] 


Figure 1-1 illustrates L(X, 0 ) function. 
L(X,8) 





L 6 U 
Fig. 1-1 Taguchi symmetric function, L(X,6). 


The value of C determines the slope of the function, the larger the value 
of C the steeper the parabola. This is a symmetric function because it is 
assumed that there is a constant C for the whole loss function. The value of 
C is a major component in the loss function. This value which represents 
the intangible quality costs of a product could be calculated from (Kim and 
Liao, 1994): 

C= k/d? 
where: 
k = loss associated with the feature specification limit(L or U), and 
d = deviation of the specification from the target value( @ i.e. 
d =x -0 
The applications of QLF and DOE are discussed in many books such as 
Taguchi et al(1987), Roy(2001). 
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Example 1.1 

A product might be produced using 2 different methods. The weight of 
the product produced by Method 1 follows a normal distribution with 
parameters “ = 99:7 =1 while the weight by Method 2 follows a uniform 
distribution in the interval [97 103]. If the target is 100, use QLF with the 
same constant to select a method. 


Solution 


0.4 f(x) 


Method 1 


Method 2 





96 97 98 99 100 101 102 103 


Let X denotes 

the weight of the product manufactured by Method 1. 
and Y 

the weight of the product manufactured by Method 1. 


To compare the quality functions, we write 

OLF, (0) =Cloy + (uy —9)°]=C [1+ (99 -100)*] = 2C 

(103 -97)* 
12 


Since QLFy < QLFy, it is concluded the method having the normal distribution 
is preferred despite the deviation of its mean from the target. 


OLF, (9) =Cloy +(4, -8) ]=Cl +0]=3C 


Example 1.2 

When the diameter of a steel pipe exceeds its nominal value as much as 
0 .5, the product could be reworked with a cost of 2 dollars. Calculate the 
constant of the quality loss function for the production process. 


Solution 
Ly =C(x -60)° x=0405 L=2 


2=C (0.5) >C =8 
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1.2 Introducing 5 quality manuals (FMEA, MSA, PPAP, 
APQP, SPC)1 

Automotive Industry Action Group(AIAG) is an association where auto 
industry members collaborate to develop common global standards for 
quality. Among the publications of this association are AIAG core tools 
APQP, PPAP, FMEA, SPC, and MSA. These tools provide a framework for 
identifying areas that may need improvement and allow each work unit to 
analyze processes and work spaces to help an organizations in its journey 
through the never ending quest for continual improvement. The tools 
were primarily used in automotive industry but can be applied universally 
to identify defects at an early stage, sometimes much before actual start of 
production or service, and to qualify processes before bulk processing and 
to mitigate risks effectively. 
There are many references which deal with these tools including Supplier 


Quality Assurance Manual posted on the VOLVO supplier portal 
(http://www. brunel.ac.uk/~emstaam/material/pcm/Volvo-Advanced-Product-Quality-Planning.pdf). 


A brief discussion of each of the tools follows. 


1.2.1 FMEA 


Failure mode and effects analysis (FMEA), also sometimes referred as 
FMECA (Failure mode effect and criticality analysis) is a prevention based 
early warning system used widely in Six Sigma, TS’ 16949, Reliability 
Engineering, Product Development and Operations Management. FMEA is 
a team activity which identifies potential failure modes based on past 
experience with similar products or processes or based on common failures 
to prevent such failures in advance and saving potential losses, cost and 
time. 


1.2.2 MSA 

Measurement System Analysis (MSA) is a collection of statistical analysis 
methods of evaluating variability in measurement processes. Some popular 
methods of MSA include Gauge R&R analysis, Bias study, Linearity study, 
Measurement uncertainty etc. MSA is also widely used in TS 16949, Six Sigma 
and quality improvement projects. Just as processes that produce a product 
may vary, the process of obtaining measurements and data may have variation 
and produce defects. A Measurement Systems Analysis evaluates the test 
method, measuring instruments, and the entire process of obtaining 
measurements to ensure that variability of measurement system is within 
acceptable limits and to evaluate its impact on process acceptance indicators. 





'This section is based on a lecture at class by Mr Maysam Yousefi, a graduate of our university. 
7 ISO/TS 16949 is a quality management system designed exclusively for automotive sector. Any organizations in 
automotive supply chain can claim certification against this standard See http://www.qualicon.in/iatf-16949.php 
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1.2.3 PPAP 

Part Approval Process (PPAP) is the mechanism of qualifying a process for 
production during various stages e.g. Prototype development, Pre-launch 
and routine / bulk production. In TS 16949 system, a supplier obtains PPAP 
approval from customer based on fulfillment of process qualification 
requirements set by customer or as per PPAP manual where no specific 
requirements are set by customer. PPAP in TS 16949 has 5 levels and 19 
requirements, each level having slightly different submission requirements. 
The 19 requirements include Part Submission Warrant (PSW), FMEA, 
Control Plan, Appearance approval reports, Dimensional reports etc. 


1.2.4 APQP 
Advanced product quality planning(APQP) is a framework of procedures 
and techniques used to develop products in industry, particularly the 
automotive industry. It is a product development methodology followed 
in TS 16949. The purpose of APQP is "to produce a product quality plan 
which will support development of a product or service that will satisfy the 
customer." 
APQP covers all stages of Development, Production and Corrective 
action or Feedback in 5 phases: 
e Plan and define program 
Product design and development verification 
Process design and development verification 
Product and process validation and production feedback 
Launch assessment and corrective action. 
Major elements of APQP include: 
Understanding the needs of the customer 
Proactive feedback and corrective action 
Designing within the process capabilities 
Analyzing and mitigating failure modes 
Verification and validation 
Design reviews 
Control special / critical characteristics. 


1.3 Statistical Quality Control 

Statistical Quality Control isa number of statistical techniques used in all 
stages of industrial production(design of the product, labratory testing of the 
resulting design actual implementation of the production process ,testing 
the incoming supplies and material...) to ensure and measure the constant 
quality of the production process. With the objective of producing high - 
quality and reasonable -cost items, the statistical techniques are used in all 
steps of the production process including the design phase, laboratory 
testing of the prototype, performing the actual implementation of the 
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manufacturing operations and in the control of the quality of incoming 
materials. 

The contributions of Dr Walter A. Shewhart, at the Bell Telephone 
Laboratories in 1920s by bringing together the disciplines of statistics, 
engineering and economics, could be regarded as the beginning of the field 
of statistical quality control. At that time two other researchers in the Bell 
company i.e. Harald Dodge and Harald Romig introduced Acceptance 
Sampling. \|n 1931 Dr Shewhart published a book titled “Economic Control 
of Quality of Manufactured Product.” It challenged the inspection-based 
approach to quality and introduced the modern era of quality management. 
Up until this time, statistical process control was largely a Bell Telephone 
quality tool. Shewhart’s book popularized statistical control and its use 
then spread throughout industry. In 1970s and 1980s the ideas of an 
international consultant in the field of quality control and assurance, Dr 
Genichi Taguchi, grew. Design of experiment s(DOE) and Quality loss 
function are two ideas developed by Dr Taguchi. 


1.3.1 SPC tools (QC tools) 

Statistical process control tool box(SPC tools) is a collection of 
statistical methods used to control a process within desired limits and to 
identify patterns of normal (random or chance cause) variation and 
special (assignable cause) variation in order to identify opportunities for 
intervention in the process and to take correct decision on process and 
product acceptance. They are also called quality control tools or simply 
quality tools. These quality control tools are very useful in Quality 
Management. Here follows a brief description of the tools i.e. 


Check sheets 

Flow Chart (Process Flow Diagram) 

Cause and Effect Diagram 

Scatter Diagrams 

Pareto Chart(Pareto Diagram) 

Histograms 

Control Charts 

the detailed description could be found in many references. 


1.3.1.1 Check Sheets and Check lists 


( summarized from http://www.ifm.eng.cam.ac.uk/research/dstools/tqm-tools/) 





A Check sheet is a data recording form that has been designed to 
readily interpret results from the form itself. It needs to be designed 
for the specific data it is to gather. 

A Check list contains items that are important or relevant to a specific 


9 


Chapter 1 Introduction and Basic Concepts 


issue or situation. Checklists are used under operational conditions to 
ensure that all important steps or actions have been taken. 


1.3.1.2 Process Flow Diagram 
This is a schematic diagram that shows the flow of the product or service 


as it moves through the various processing stations or operations 


1.3.1.3 Cause and Effect Diagram (Fishbone or Ishikawa Diagram) 

The Cause and effect or fishbone diagrams, introduced by Kaoru Ishikawa 
(1915-1989) is a method for analyzing process dispersion. The purpose of 
the diagram is to relate causes and effects. /t used to analyze complex 
situations in a way that clarifies what the root issues are. 


Problem to be 
resolved (effect) 





Main cause 


Figi- 2 Asample Cause and effect Diagram 
(from http://www.ifm.eng.cam.ac.uk/research/dstools/tqm-tools/) 





1.3.1.4 Scatter Diagram(Scatter plot) 
The Scatter Diagram graphs pairs of numerical data to look for a relationship 


between them. In other words, the plot is a graphical representation of 
two variables taken from a data set. The Y axis is conventionally used for 
the characteristic whose behavior we would like to predict. Figure 1-3 is a 
typical scatter plot. 
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variable 2" 





variable 4 


Fig.1-3  Asample Scatter Plot 


(after http://www.managementtutor.com/project-management/7-Quality-Control-Tools.html) 





A sample application of is to determine relationship between the 
production speed of an operation and the number of defective parts made. 


1.3.1.4Pareto Charts! 


Pareto charts, Proposed by Walras Pareto while at the University of 
Lausanne in 1896, are used to identify and prioritize problems to be 
resolved immediately. These charts are based on the idea_ that large 
number of problems are caused by small number of causes, 

The Pareto principle suggests that most effects come from relatively few 
causes. In quantitative terms: 80% of the problems come from 20% of the 
causes (machines, raw materials, operators etc.); 80% of the wealth is 
owned by 20% of the people etc. Therefore effort aimed at the right 20% 
can solve 80% of the problems. A production line may experience a range 
of defects. The manufacturer could concentrate on reducing or eliminating 
the defects causing a considerable percentage of monetary loss. 


Pareto charts are used when products are suffering from different defects 
but the defects are occurring at a different frequency. In this situation, the 
company will concentrate reducing defects having major chunk or 
eliminate defects which cause financial loss. 


1.3.1.4.1 Constructing Pareto chart 

Following are the steps for constructing a Pareto chart: 
> Identify the defects which occur as a result of the completed 
process. Denote these defects by Dj,..., Dx. 
> Take a sample of size n from the product. 





1 
(http://www.managementtutor.com/project-management/7-Quality-Control-Tools.html) 
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>check the n product individually for possible defects and 
fill a table like the following to find the frequencies of the 


defects D OD, 









































ey 
: Defect | Product 1 | Product2 | .. | ... | Productn | Frequency : 
v v 
D I 
v 
D, f, 
v v 
v v 
Ee a Ne eens lee seep ces Sanat osczececestlles! fe} 
Defect Des -t.od. Duy 
Frequency | fi)=fmx |-| . Ff ay =F erin 
Relative Fa fay 
k k 
Frequency pee Yi 
isl i=l 


























> Sort the defects from maximum frequency to the minimum: 
D,,,18 the defect in the sample with maximum frequency /f,, and 


D,, is the defect in the sample with minimum frequency f ,,, . 
> Show D,,),...,D, 


the corresponding frequencies ( or relative frequencies) of the 
defect on the left-hand vertical axis. The result could be a 
figure like the following. 


, on the horizontal axis of an X-Y plot; and 


Relative frequency 





ve) Ms) ay ey ey 
Reject Causes (defects) 


Fig.1-4-a An Example of a Pareto Diagram 
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Usually a vertical axis is added to the right-hand side of the plot, 
showing the cumulative relative frequencies of the defects. Figure 1-4-b 
shows the result of a study in an automotive plant’. A sample of 
headlight s were checked against 11 different defects on a 4-month 
horizon; the frequencies of the defects were recorded. The details of 
the study and the corresponding Pareto diagram are shown in the 


Figure. 
HEADLIGHT 
Left 


> 
O 
= 
1) 
—) 
oO 
x8) 
Pa 
LL 


mae ~~! cee wae baie Pat ann ~t cantor 


count 
Percent Da *ll) 


=a D 10) dae Dio, ee D.g) a= rts 
cum 34. 47.9 “.7 


73.0 209.0 


Fig.1-4-b The result of study of defects of a car headlight and the 
Pareto Diagram 


1.3.1.5 Histogram 

Without using some form of graphic tools it can be difficult to analyze, 
recognize or identify the pattern of the variations of data. A histogram is a 
graphic summary of variations in a set of data. It enables us to see patterns 
that are difficult to see in a simple table of numbers. In this graph the 
continuous variable is clustered into categories and the value of each cluster 
is plotted to give a series of bars as above. A histogram helps us to see the 
distribution of a set of product measurements is symmetric or skew. If we 





* Froma report by a former student of Shahid Bahonar University of Kerman, Iran (Mr 
Amin Yousephi )in 2009. 


Cum. Rel. Freq. 
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would like to know whether the distribution of a set of data is normal, 
exponential ...; an initial evaluation could be made by plotting the 
histogram. In summary, histograms can be used to draw conclusions about 
the data set. Fig. 1-5 reveals the skewed distribution of a set of 
measurements that remain nevertheless within specified limits 


Lower Nominal Upper spec 
spe¢ limit Spec lirnit 






20 


frequency 


10 


Categories of continuous variable 
Fig. 1-5 The histogram of a set of data 


1.3.1.5.1Constructing Histogram by hand 

Student should know how to construct a histogram by hand; even if 
he/she uses software, to be sure he understands the process. The steps 
for drawing a histogram are: 


1) Given a sample of data, determine the range of the sample by 
subtracting the largest value from the smallest value. This gives the 
interval between the smallest and the largest observations of the data set. 
So the range needed on the horizontal axis is known. 


2) Choose a reasonable number of "classes" or " bins" to divide the 
range. There is no set rule, but as a rough guide the range should be 
divided by five for small sets of data and 20 for larger sets. Sturges (1926) 
has given the following formula for approximating the number of classes: 


k =1+log, n =1+3.32193 xlog,,n =14+3.3log,,n 
Where 
k is the number of classes 
n_ is the size of sample data. 
If nis a power of 2, it is advised to use k = 1 + log, n. 
A simple alternative to Sturges rule is the Rice Rule presented as: 
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k=20n. 
Another alternative is k = Vn utilized by MATLAB. 
Decide on a reasonable bin size k. If necessary, round up k to the nearest 


integer. 


3) Determine the class width (h)by dividing the range(R) to k. 
R 
h=— 
k 


Classes are usually equal-length segments; the first class will include the 
minimum data value and the final class includes the maximum data value. 
If the distribution is approximately normal, class width could be calculated 
from(Scott, 1979): 

h=3.5xs Vn 
where 
s is the standard deviation of the data sample, 
n_ is the sample size ( number of observations). 


Always modify h_ calculated from the above formulas to reach a 
reasonable choice and make the resulting graph easy to read. An example 
of unreasonable choices would be to use a bin size of 2.4 and start it at 
14.7. Instead use a bin size of 2 starting at 15. 


Each observation should fit into exactly one category. For observations 
exactly on an endpoint, make some reasonable decision about whether 
you will put it into the lower interval or the upper interval and then do it 
consistently for the entire histogram (http://www.austincc.edu) . 





4)The next step is to make a table of frequencies. Begin with a column 
that lists the classes in increasing order. The next column should have a 
tally for each of the classes. The third column is for the count or frequency 
of data in each class. Another column might be added for the relative 
frequency of each class. This indicates what proportion of the data lies in 
that particular class. 


5)Start through the data, making a tally mark for each observation in the 
correct class. When finished, count the tally marks to know the frequency 
for each class. 
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6)Draw the histogram, with the bins along the horizontal axis and the 
frequencies up the vertical axis. The steps are illustrated in the following 
example . 


Example1.3 

A sample of size 98 containing canned fish was randomly selected from a 
production line and weighed; the results are: 
X,=200.0, X;=183.5, X3=164.0, X,= 201.5, X;= 194.0, X,=170.0, X,=195.0, 
wy Xq2=158.5, Xo3=174.0, Xog=196.0. Draw a histogram for the weights. 


Solution: 
Step 1) suppose the smallest and largest weight are 158.5 and 201.5 then 
R=201.5-158.5=43.0 


sii) k =298 39 
Step 3) h= i= 2=47855 


We choose 9 bins of length 5 starting at 157.5. 


Steps 4 &5 ) A tally mark for each weight is put in the corresponding 
subgroup. Tally is only partially shown, in order to shows how it should be 
done. After finishing putting a tally mark for each weight, the frequency 
column is filled using the result of counting them. The result of step 4 is 
shown in the table below: 












































Class No.() | Class limits Tally Frequency (fi) 

1 157.5 =X -< 1625 *|)| 

p 162.5 <X < 167.5 | |ll 3 
3 167.5<X<1725 || etc 13 
A 1725=2X<1775. ||| ete 17 
5 177.5 <X < 182.5 20 
6 182.5 <X < 187.5 ||| etc 18 
7 187.5 <X < 192.5 11 
8 1925<X<1975 || etc 8 
9 197.5 <X < 202.5 | |l| etc 3 








and the histogram, is shown in the following figure: 
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o 
157.5 167.5 177.5 187.5 197.5 xX 
162.5 172.5 182.5 192.5 202.5 


1.3.1.5.2 Making histogram in MATAB 
If all observations are available, to make a histogram in MATLAB, 
give all data in a vector as input; e.g. 
X= 
[ 200.0, 183.5, 164.0, 201.5, 194.0, 170.0, 195.0, ..., 158.5, 174.0,196.0]’; 
then use hist command in MATLAB: 
hist(X). 


If a frequency table is given instead of all observations, 
give the midpoints and frequencies of the subintervals in 2 separate 
vectors; e.g. 
Y=[160 165 170 175 180 185 190 195 200]; 
nn=[1 3 13 17 20 18 11 8 3]'; 
then Use bar command to make the histogram: 
bar(Y,nn,'hist') 


1.3.1.6 Frequency Polygon 

A frequency polygon is a line graph that represents the shapes of the 
Statistical distributions. To draw the graph, simply join the top middle 
points of the bins of the histogram with a straight line. 

Figure 1.6 illustrates the polygon related to the previous example. 
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16D 165 1790 TS 162 BS 190 155 2 





Fig 1-6 Frequency Polygon for the data of Example 1.3 


Since bar charts as well as histograms are used to compare the sizes of 
different groups, a short description of the chart follows. 


1.3.1.7 Bar chart 

Bar charts are used to display and compare the number, frequency or 
other measures(e.g. mean) for different discrete categories or groups, such 
as the amount of rainfall that occurred during different months of a year, 
or the average salary in different states or countries. The graph is 
constructed such that the heights or lengths of the different rectangular 
bars are proportional to the size of the category they represent. Since 
the horizontal axis represents the different categories, it has no scale. The 
vertical axis does have a scale which indicates the units of measurement. 
The bars can be plotted vertically or horizontally; however, they are most 
commonly drawn vertically. A vertical bar chart is sometimes called a line 
graph. Here is the main difference between bar charts and histograms: 
With bar charts, each column represents a group defined by a category or 
group ; and with histograms, each column represents a group defined by a 
quantitative variable. Figure 1-7 shows a sample bar chart. 


Per $sac007 | 
Capita $o4.0007 
Income $1200 a 


!Country Country Country Country 
1 2 3 4 
Fig 1-7 Sample bar- chart 


18 


Statistical methods in Quality Control 


1.3.1.5.3 Histogram with unequal-length segments 

Some times it is not necessary to use equal-length bins for costructing 
histograms, One such case is when the frequencies of some bins are small 
and they shoud be merged. When constructing a histogram with non- 
uniform (unequal) class widths, we must ensure that the areas of the 
rectangles are proportional to the class frequencies. This means that we 
would need to consider the widths in order to etermine the height of each 
rectangle. The following example illustrates how to construct a histogram 
with non-uniform bin width. 


Example1.4 

The following frequency distribution gives the range of the income of a 
sample of 2049,913 taxpayers. Draw a histogram of the relatve frequency 
to illustrate the data. 














Less 
Income ($) than 1000- 2000- 3000- 5000- 10000- 
1000 1999 2999 4999 10000 20000 
Frequency | 12299 209091 | 274688 | 600625 | 746169 | 207041 








Solution: 
Determining each class widths: 














Less 1000- 2000- 3000- 5000- 10000- 

Ticonhe (G) than Less than | Less than | Less than | Less than 0000 
1000 2000 3000 5000 10000 

Frequency 12299 209091 274688 600625 746169 207041 

Class width | 1000 1000 | 1000 | 1000 | 5000 | __10000 











Since the class widths are not equal, we choose a convenient width such 
as 1000, which is the smallest width, as a standard and adjust the heights 
of the rectangles accordingly. The other widths are then multiples of the 
standard width. The following table shows the calculations of the heights 
of the rectangles. 























Texesh 1000- 2000- 3000- 5000- 
Income ($) [ oe. Less than | Less than | Less than | Less than 10000-20000 
2000 3000 5000 10000 
Frequency 12299 209091 274688 600625 746169 207041 
Bereve 0.6 10.1 13.4 29.3 36.3 10.1 
Frequency% 
1000 1000 1000 2000 5000 10000 
ane : ; ; 2x 5x 10x 
Class width standard standard standard simaard Standard Standard 
Rectangle’s height 29.3/2= 36.3/5= 10.1/10= 
in histogram a6 me ee 14.25 7.28 1.01 
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The following figures show the histogram and the polygon 
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1.4 Control Charts 
Definition 


The control chart may be defined as 

"A graphical method for evaluating whether a process is or is not in a “ 
state of statistical control ...”(Feigenbaum, 1991). 
Statistical control charts could be regarded a tool for continuous testing a 
hypothesis regarding the parameters of a process. 
The concept of statistical in-control will be defined later. Dr Walter 
Shewhart was the first researcher who worked in the field of control charts 
(in 1920's at Bell Telephone Company). 
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Forms other than forms of Shewhart’s control charts such as CuSum 
control charts (for mean, range and defects) have come in use in recent 
years. A control chart | 


*is a proven technique for improving productivity; 
®is effective in defect prevention; 

prevents unnecessary process adjustment; 

®* provides diagnostic information; 


® provides information about process capability. 


1.4.1 Attributes and variables 

Basically, there are two types of data to collect as a part of a problem- 
solving process: Attribute data and variable data. 
Attribute data, or pass/fail or yes/no type or go/no-go information are 
features, characteristics or qualities given to an entity to describe it. 
Attributes are discrete in nature, for example, the number of nonfunctioning 
light bulbs, the proportion of broken eggs in a carton, the number of 
scratches on a tile. Attributes of instant coffee, for example, may include 
its aroma, flavor, color, packaging and presentation, etc. Attributes have 
only two possible ratings (negative or positive) expressed as acceptable or 
unacceptable, desirable or undesirable, good or bad, etc. 
(www.businessdictionary.com/definition/attribute.html) 





Variable data, is acquired through measurements, such as length, time, 
diameter, strength, height, temperature, density, thickness, pressure, and 
height. A variable, as the name implies, is” something that varies”. It may 
be weight, density, hardness, internal diameter and so on. 

Sometimes variables are treated as attributes. For example when you can 
check the internal diameter of a bushing with a go-not- go measuring 
device, you are r treating the variable an attribute. 

In statistical quality control, some of the control charts and standards ( such 
as np-control chart and ISO 2859 )deal with the quality attributes of 
products and some deal with variable characteristics of products ( such as 


X chart and ISO 3951). 


1 
(https://ay14- 
15.moodle.wisc.edu/prod/pluginfile.php/81841/mod_resource/content/0/ISyE512_Chapter%205%20modified.pdf) 
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1.4.2 General View of Dr. Shewhart's control charts 


Dr. Shewhart's control charts look like the following figure: 


Upper Control LimittUCL) 


Meas urements 





Lawer Control Limit (LCL) 


0 10 yi) 1] qn 
Sample No. 


Fig 1-8 Asample Shewatrt's control chart 


The control charts he introduced have horizontal and vertical axes, central 
line, upper and lower control limits calculated for a process. Sampled 
measures are regularly plotted about a central line between the limits. 


The plotted lines corresponds to the stability/trend of the process. Action 
can be taken based on trend rather than on individual variation. This 
prevents over-correction/compensation for random variation, which would 
lead to many rejects. 


1.4.2.1 Basic Model of Shewrt's Control Charts 

To calculate the upper limit, the lower limit and the central line of Dr 
Shewhart’s control charts (Figl.9), let us suppose we would like to 
determine the so-called 3- sigma limits of a hypothetical control chart 
entitled Y chart; where Y is a characteristic of a product. The limits are 
calculated as follows: 
Upper Control Limit UCLy = E(Y) + 3o0y 
Center Line=CL = E(Y) 
Lower Control Limit LCLy = E(Y) — 30y 
where 
UCLy = upper control limit of the control chart for a parameter, say Y, 
of the process 
LCLy =Lower control limit of Y control chart 
E(Y)= the mean of parameter Y 


Oy =The standard deviation of parameter Y 
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Note that only in xX chart , we can say that 0.27% of the samples are 
expected to lie outside the 3-sigma limits; because the _ statistical 
distribution of sample mean (x ) is approximately normal; while in other 
charts we could only say that this percent is low. 





Upper Control Limit(UCL) 





CL 


Measurements 





Lower Control Limit (LCL) 











0 10 20 30 40 
Sample No. 
Fig 1-9 General view of the limits of Dr Shewhart’s_ charts 


1.4.3 Types of control charts 

The control charts used in statistical quality control are classified into two 
general categories: control charts for variables and control charts for 
attributes. 


1.4.3.1 Control charts for variables 

Control charts for variables monitor characteristics that can be measured 
and have a continuous scale, such as height, weight, volume, or width. 
When an item is inspected, the variable being monitored is measured and 
recorded. In this class of charts lies charts such as 


-X« R « S« S’ control charts, 
-CuSum control charts 


-Control charts based on the quality loss function (Derman&Ross,1997page 98) 
To construct these kind of control charts, variables data is used. 


1.4.3.2 Control charts for attributes 

Control charts for attributes are used for quality characteristics that are 
counted rather than measured. CC, u, np and p control charts lie in this 
class. These charts present the quality characteristic of a sample versus 
the sample number or time. 

Control charts are easily plotted and widely used. With one glance they 
give you an indication as to how close you are to your target. The following 
steps should be followed for plotting and using a control chart. 

(extracted from Persian translation of Ishikawa, 1983 with minor changes) 
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Specify the product and its difficulties. 

Determine which product should be controlled and specify its difficulties. 
Based on this decision the type of information which is need will be 
clarified. 


Choosing the appropriate control chart 
Depending on the difficulty, specify which of the X ,R,s,s * or 
c,u,np & p charts is more appropriate for your purpose. 


Use the past history 

To prepare the control chat for using in future, the history of the past 
periods could be used. If some unusual points were observed in the control 
chart among the future samples, look for possible assignable causes. If the 
causes of the bad unusual quality were found, do appropriate actions to 
eliminate the causes, if possible. 

Suppose appropriate actions were done in the production phases regarding 
the bad quality and the production phases are controlled. Now it should be 
tested whether the production complies with standards or not. The work 
methods are then modified, if needed. Recording the daily data is 
continued. 

Control of production phases 

If unusual condition was observed, the cause is readily searched for and 

the proper action is done. 

Recalculate the control limits 

If the work methods or machines are changed, the control limits are to be 
recalculated. If the quality is getting improved the control limits are 
revised unless we have used standards for the calculation of the limits. The 
following points should be considered during recalculation: 


a) The outlier points (lying outside the control limits) whose causes are not 
random and have been fixed, must not be considered for the recalculation 
of control limits. 


b )The outlier points whose causes cannot be found or no action could be 
taken to eliminate them have to be considered in the recalculation of control 
limits. End of citation from Ishikawa(1983). 


The following section deals with the calculation of the portion of a set of 
numbers that fall within a given limits using the average and standard 
deviation of the data. 
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1.5 What the Average and Standard Deviation of a Set of 
numbers Really Tell 


(Based on Grant and Leavenworth, 1988 page 65) 


The combination of sample average and standard deviation could tell us 
what proportion of a set of data fall within a specified limits. To illustrate, 
we distinguish two cases based on whether the distribution of the variable is 
known or not. 


1.5.1 The statistical distribution is known 
First of all suppose we know that a given distribution with mean wu , 


standard deviation cand density function f (x) fits the set of data . The 


b 
portion that lies between [a b] is calculated from Pr(a< x <b)= | f(x)dx . 


If a and b are given as the closed range y,»+ko and the distribution is 


normal, it is very easy to calculate the proportion of the products falling 
within this range. 


Example 1.5 
The life of a certain product is exponentially distributed with mean wp. A 


sample of this product have a mean life of x =100. If the standard 
deviation of the life of the product is denoted by o; what proportion data 


fall within the range wto. 


Solution 

The life denoted by X has an exponential distribution with mean and 
standard deviation equal to 100, then 

Pr(uw-o SX Suto) =Pr(O<X < 2p) 


4uq 1 
= Pr(0<X < 2p) -{ Te H'dt = 1—e7? = 0.865 0r 86.5% 
0 

With Matlab:the proporstion =expcdf(200, 100)- expcdf(0,100)=0.8647. 
Example 1.6 

If the weight of a product is normally distributed with mean 
Land the standard deviation o , what proportion of the weight fall 
inside 
Htto t=1,2,3,4,6 & t=0.6745. 


Solution 

Prau-o <X <uto) =Pr(-1<Z<1) 

Using statistical toolbox of MATLAB: 

Pr(—1 < Z < 1) =normcdf(1)-normedf(-1)=0.6827 
The answer for the ranges are as follows: 
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H+40 > 99,994% 
H+30 > 99.73% 
H+20 >9545% 
wt a0 > 68.27% 
u+0.67450 750% 


Example 1.7 
Determine what proportion of a product having a normally distributed 


inner diameter (X) ( X~N(40) )fall within u—20, u+4o. 


Solution 

Since x ~ N(yu,o)then using MATLAB normcdf command we have: 
Pr -20 <X <p+4o)=Pr(-2<Z <4)= 

Pr(Z < 4)-—Pr(Z < -2) = 0.999968-0.022750 = 0.9772 


1.5.2The statistical distribution is unknown 
If nothing whatever is known about the pattern of variation, what do sample 
mean and standard deviation( X and s )tell ? 


One answer is given by Tcebycheff's inequality'( Grant and Leavenworth 
,1988page 65). According to this theorem more thanl — = of any set of 
finite numbers must fall within the closed range y+to t =1, where p is 
estimated by X and a is estimated by s,/=. 


Therefore if nothing is known about the pattern of variation of the characteristic 
expect the mean and variance , and we would like to know the percentage 
falling inthe rangeutto t21; 


1 
According to the inequality more than 1 — — of any distribution fall within 
t 


: ae 
the range w+to (t>1) and at most zaiall outside these limits. 
if wz isunknown, X is a good estimate for it . 


If o is not known, estimate it withs — ( Grant -leavenworth,1988 page 66). 


1Tcebycheff's inequality could be stated as follows: If X is a random variable with 
mean LU and finite standard deviation o ; for t>1 


2 
Pr(|X —wet)< es 0<o <a. Then Tcebycheff' (1867) states 
t 
1 
wy 


Pr(\X —p|>to)< 
t 


; Pr(-ta <X _~u<to)>1-4 t2>l1 O0<o0<o. 
t 
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Example1.8 
The mean and standard deviation of the statistical distribution of one 
characteristic of a product are (i=X=40 and o = 2. What percentage of 
the distribution fall in the interval (34, 40)in each of the following cases : 
a) The characteristic is normally distributed with 4 = 40 anda =2. 
b)The characteristic is exponentially distributed with 7 = 40. 
c)Nothing is known about the distribution except ji=X=40 and o =2. 


Solution 


a) Pr(34<X < 46) =Pr( 








34-40 46-40 
2 


2 ) =Pr(-3<Z <3) 


Pr(Z <-3)=0.00135, Pr(Z <3) =0.99865 


= Pr(—3 <Z< 3) = 0.99865—0.00135= 0.9973 
b) Pr(34 < X < 46) = expcdf (46,40) — expcdf (34,40) = 0.11 
c) X =40 o=2 X-to=34 X +to=40 


Pr(X -to0 <X At Ha) eta 











2 
Pr(34<X <46)=Pr(40-3x2<X <40+3x2)>1 ==1 ara 5 488.9 
Note that for part b o = yw, therefore34 #u—to &40 #ut+to. 
Pr(34<X < 46) =Pr(40-3x2<X < 404+3x2)>1 sol ar = 5 = 488.9 


1.5.2.1 The statistical distribution is unknown but Camp-Meidell 
conditions hold 

Camp-Meidell (1922)states if 

- the distribution of X has one mode and 

- this mode coincides the mean of the distribution and 

-the frequencies in the frequency table decline continuously on both sides of 





the mode , then more than 1 : == a =1-( a )” of any 
Jot ot 3t 
distribution satisfying the above conditions fall within the closed range 
1 4 


{utto,t =1, 0<o<}and at most 





2.5 . 
= = fall outside 
2.25t7 9t? GP 


the limits w~+to (t21). 
Camp-Meidell's inequality provides a tighter bound than Tcheby-chev's . 
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Example1.9 

Assume the Camp-Meidell conditions hold in a distribution having u = 40 
and o =2 , what proportion of the distribution fall within the range (34,46) 
? 
Solution 

uw = 40 ando =2 


(u-to ,pwt+to)=(34,46)> w=40, o =2, t =3 
by Camp-Meidell's inequality: 
1 
2057" 
1 1 
Pr(34<X <46)>1 =1 = %95.06 
99% 2 2.25x9 
The proportion indicated by the normal curve and by the 2 inequalities are 
compared as follows( Grant and Leavenworth ,1988page 66) 





Pr(y-to <X <ptta)>1- 











The percent falling outside the range 




















Normal Unknown Distribution 
Range Distribution 
Under all circumstances Under 
Less than the following Camp-Meidell conditions 
percentage Less than the following 
(Tcheby- chev inequality) 
L%G 4.55% 25% 11.1% 
0.27% 11.1% 4.94% 
uUt3o 
0.006% 6.25% 2.78% 
E(a) ‘0 (:) (:) 
ut 60 1.97ppm 2.78% 1.23% 














If 0 are unknown, having a sample of size n with meanX and standard deviation s; replace 





wo with Xand o,ms = S$ = ( Grant and Leavenworth ,1988page 66). 








1.6 The central limit theorem 

In this section a version of central limit theorem, which is frequently 
used in statistical quality control, is stated. According to the central limit 
theorem the mean of random samples of sufficiently large size n from a 
population with mean and finite variance o*, tends towards a normal 
o2 
in 
is not normally distributed. The theorem also states that sum of the sample 
elements(>) X;) tends towards a normal distribution with meannu and finite 
variance no?: 

The following figures illustrate some aspects of the theorem. Figure 1.10 
shows three possible original distribution of which samples are drawn. 
Figure 1-11 shows a case where as the size of a sample taken from an 


distribution with mean p and finite variance even if the original distribution 
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exponential distribution increases, the pattern of variation of the mean of a 
sample tends to symmetry which is inherent in normal distribution. 
Figure 1-12 shows the effect of the size(n) of samples from a discrete 


original distribution on the distribution of the sample mean. 
Pxlt) Px) 


= hice x 
aa 





Px) 


- 


Fig 1-10 3 different original distribution 
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Fig 1-11 The effect of the size of samples from a continuous 
original distribution, on the distribution of sample mean 
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(a) One die 





fo) Three dice 





(e) Tan dice 


Figure 6-5 Distribotions of average scores from thewing dice. [Adapted 
with permission from Box, Hunter, and Honier (1978).) 


Fig 1-12 The effect of the size of samples from a discrete 


distribution, on the distribution of sample mean 
(Montgomeri & Rungers, 1994) 
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Exercises 


1.1 A small electronic device is designed to emit a special signal. The time 


of emitting the signal is a characteristic of the device. In the production of 


this device, 25 subgroups of 5 units were taken at periodic review intervals 


and tested. The results are given in the following table. 



























































apes Duration of signal | a Duration of signal 

oup Sample Letter | 2; Sample Letter 

No. 22 

4:'|| c d e 3 a b c | d e 

1 390 | 393 | 395 | 405 420 14 387 390 | 398 | 400 | 408 
2 376 | 381 381 383 401 15 370 395 | 395 | 397 | 403 
3 380 | 387 | 395 | 397 407 16 382 399 | 401 | 406 | 406 
4 377 | 383 | 387 | 390 493 17 390 395 | 395 | 400 | 410 
5 393 | 395 | 403 | 405 414 18 381 390 | 394 | 497 | 399 
6 379 | 388 | 395 | 397 400 | 19 387 389 | 398 | 401 415 
7 387. | 400 | 400 | 403 410 20 372 379 | 396 | 400 | 405 
8 391 | 392 | 394 | 497 405 21 387 389 | 391 | 391 | 406 
9 390 | 391 395 401 405 22 376 380 | 391 | 406 | 412 
10 | 379 | 391 395 | 494 410 | 23 395 396 | 397 | 400 | 400 
rT 390 | 397 | 400 | 406 428 | 24 392 394 | 397 | 399 | 400 
12 | 380 | 392 | 389 391 399 | 25 385 390 | 390 | 392 | 392 
13, | 375 | 393 | 392 | 395 404 | 





























Use enough number of subintervals with mid-point 370, 375,380.... 


prepare a frequency distribution for all of these 125 data. Then calculate 


a)The mean and standard deviation of the all 125 measurements. 





b)Plot a histogram for the 125 measurements, a histogram for 25 sample 
means and a histogram for 25 sample standard deviations. 


1.2( Grant & Leavenworth , 1988 page 70) 

In the production of an electrical device operated by a thermostatic 
control, five control switches were tested each hour to determine the "on" 
temperature at which athe thermostat actually operated under a given 
setting. Results of the test over a 3-day production period were as follows 
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"on" temperature at which a thermostatic 
switch operates (temperature units not 
Date Subgroup No. epaciied) 

a b c d e 

April 24 1 54 56 56 56 55 
2 51 52 54 56 49 

3 54 52 50 57 55 

4 56 55 56 53 50 

5 53 54 57 56 52 

April 25 6 53 57 58 55 54 
7 52 55 54 55 56 

8 56 53 53 54 55 

9 55 52 53 56 55 

10 50 54 53 55 55 

April 26 1 57 54 53 52 53 
12 52 52 54 53 55 

13 54 53 55 52 52 

14 54 55 54 53 55 

Apil 27 15 56 53 57 56 54 
16 58 57 56 54 54 

17 55 55 55 56 53 

18 54 57 54 55 54 

19 54 53 56 53 53 

20 53 53 57 54 53 

April 28 21 53 55 57 56 55 
22 51 54 53 54 55 

23 54 55 50 55 54 

24 56 53 51 55 51 

25 56 55 55 55 53 





























Make a tally of these 125 measurements and arrange them ina frequency 
distribution. 

Calculate the mean of each sample and plot a histogram for the 25 sample 
means. 


1.3( Grant & Leavenworth , 1988 page 72) 

A manufacture of electrical products purchases many parts from outside 
suppliers. A lot of 20,000 of certain small component is received from a 
new supplier. The receiving in inspection department for the 
manufacturer has taken a random sample of 200 components from this 
lot and measured the resistance of each component. These resistance in 
ohms have been arranged the following frequency distribution. 
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Cell Frequency | Midpoint Cell Frequency | Midpoint 

boundaries boundaries 

(Ohms) f; M (Ohms) i M; 
66.5-68.5 2 67.5 78.5-80.5 40 79.5 
68.5 -70.5 7 69.5 80.5-82.5 24 81.5 
70.5-72.5 13 71.5 -B4,5AY,0 16 83.5 
72.5-74.5 22 73.5 | 84.5-86.5 5 85.5 
74.5-76.5 25 75.5 | AA, O-AF,d 2 87.5 
76.5-78.5 44 775 | sum 200 





a)Compute the average and sample standard deviation of this frequency 
distribution 

b)What percentage of a normal distribution having your computed 
estimates of 1 and o would fall outside the specification limits 75 +10 
ohms. 

c)lf you make the arbitrary assumption that resistances are distributed 
uniformly throughout each cell, what percentage of the actual distribution 
fell outside these limits? 


Ans. a) X= =77.7 s=4, b)3.5% 


1.4( Grant & Leavenworth , 1988 page 72) 

What proportion of a frequency distribution would you expect to fall 
outside X + 2.20 limit if: 
a) it is known to be approximately normal. 
b) it is known only that it satisfies the conditions of the Camp-Meidell 
inequality. 
c) nothing is known about the form of distribution. 

Ans. a)2.78% b)9.2% c) 21% 


C) 2.9% 


It is our duty to act in such a manner that the action can 
be universalized i.e. we would want everyone else to act 
in a similar manner 
(based on Immanuel Kant's philosophy) 
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Chapter 2 


Control Charts 
for 


Variables 
(X ,R,S &S* charts) 
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Chapter 2: 

Control Charts for Variables(X , R, S and S? Charts) 
Aims 

This chapter, after defining " being in control" and " being out of 
control" concepts, teaches how to plot Xcontrol chart in order to check 
whether the mean of a parameter related to the product population is 
under control or not. The chapter also deals with R,s and s* control 
charts to investigate the" in" and "out" of control status of the process 
standard deviation. It is worth mentioning that the statistical distribution 
of the observations in the samples o this chapter is assumed to be 
approximately normal. 


2.1 X control chart 

An X control chart is a type of statistical process control chart for use 
with continuous data collected in samples of size usually between 3 to 5 
pieces. This chart is used to monitor the process mean. Dr Schewart has 


proposed E(X)+3o0 x for the 3-sigma limits of X-Bar control chart 
where 


E(X) = _ is the expected value of the sample mean( x ), 





L is the process mean, 
O_= oa ? 
Vn 
oO is the process standard deviation, 
n is the sample size. 


The reason for using the 3- sigma limits could be described as follows: 
Based on central limit theorem, the distribution of sample mean (X)is 
approximately normal; therefore 99.73% and 0.27% of the sample means 
(Xs) are expected to fall inside and outside of the 3-sigma limits 
L t3o % respectively; i.e. from each 10,000 Xs only 27, from each 100 


Xs noX is expected to fall outside limits. That is why E(X) +30 , 


is chosen for the upper and lower control limits. To calculate the 
limits, two cases are distinguished: 1 and o known or unknown. 


2.1.1 X chart limits - pando known 

If specific or standard values, say 4 and o, are given (or could be 
obtained from the specification limits) for the mean and standard 
deviation of the process, the lower control limit for X-bar chart 
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(LCLz) ,the upper control limit for the chart (LCL z) and its central 
line(C.L.) are calculated as follows: 


3 
UCL; =u+—=o or UCL, =u+ Ao 


Vn 
Cb24 


2 
LCL, ag or LCL, = u-Ao 


where 


yee i in Table U and 
mala Is given In taple an 


n =sample size. 
It is worth noting that using X chart with limits pany +A is in fact testing 


the hypothesis Ho: 4 = Uo versus Hy: U # Ug using several samples, with 
level of significance a = 0.27% . 


2.1.2 X chart limits - ~ando unknown 

If specific or standard values, say pp and a, are not available for the mean 
and standard deviation of the process , supposing the distribution of the 
measurements (X population )is normal, we know from statistics that the 
estimate for the standard deviation of the population (process) is given by: 








ios a> vik 
Oo =—or 0=— 
ej d, 
where 
oe LS; 
ar 
gs. is the standard deviation of ie sample i=1,2,..,k 
eae 
a 


R, isthe range(the difference between maximum & minimum) of c 
sample i=1,2,..,k 

c, and d, are 2 ratios whose values , which depend on sample size (n), 
are given in Table U. The values could be calculated using the following 
phrases in MATLAB: 


c4 = sqrt(2/(n-1)).*gamma(n/2)./gamma((n-1)/2). 
pd = makedist('normal',0,1);fun = @(x) (1-(1- cdf(pd,x)).“n-(cdf(pd,x)).4n); d2 = integral(fun,-inf,inf) 
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Then estimating the mean of the process with X and the standard 


es 
deviation with oO = — we have 





C4 
307 = <0 = rr =A,s 
UCL, = pi+—=0 3UCL, =X +AF 
Vn 
central line =X 
UCL. = 140 SUCK, ok =A5 


Vn 


Factor A3 is given in Table U. 
Similarly if we let 6 —F then 


d, 


365, —— ~ int oak and 


aerate 


LCL , LCLz and she central line are calculated as follows: 
UCL; =X +A,R 

Central line = 

LCL; =X -A,R 


Factor A; is given in Table U. 


2.1.3 Plotting X chart in MATLAB 

Given k(k = 5) observed samples of size n, give these data in MATLAB 
as a matrix of k X n and then run xbarplot command or controlchart 
command; these commands have several options . 
Example 2.1 

Given the following table data , calculate the 3-sigma limits for X chart: 






































eamile Observations X r= Lal = nk? R 
No. A=t 

1 O-Alt as 18 | 24 | 19.25 3.77 [9 

2 32 | 19 | 20 14 | 21.25 7.63 18 

3 35° || iz | 45 34. | 32.75 11.62 28 

4 ye 16 23.5 7.94 18 

5 30 | 10 " 21 18 9.42 20 

6 42 9 18 36 | 26.25 15.37 32 

7 45.) 32. | 44 18 | 34.75 12.63 27 
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Solution 
oO ,j are not given. we use the following formulae: 


UCL; =X +A, 
LCL, =X -A, 


Central line =X 
y=25 -9.77,¥ = 295 41 
7 7 
From Table U for n=7 : A3=1.628,then 


UCL, = X+A5 = 25.11+1.628x9.77 = 41.02 


LCL, = X — A, = 25.11-1.628x9.77 =9.20 


Central line =25.11 
Using the following commands we could plot the chart as shown below: 


>>A=[... 
20. «15 Ss 18st 
32. «19°—'s 20s 
35 17,—iB 8h 
34. «19 2516 
30. 10—~— HH 21 
42 9 18 36 


45 32044 gh 
>> controlchart(A,'chart','xbar' ) 
Control charts 





50 
—+— Data 

40 © Violation 
oe 30 Center 
a cms CREEL. 
2B 

10 

Oo 


Fig. 2-1 X-bar chart for Example 2.1 
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Example 2.2 
Plot X-bar chart for the 3 samples of size 4 given inthe following Table . 
Sampl a Daan 
ee measurements X R S Ss eee ee 
No. rms i 
1 100 | 101 | 99 | 98 | 99.5 3 1.291 1.667 1.118 
2 98 | 106 | 100 | 94 | 99.5 12 5.000 | 25.000 4.330 
3 104 | 101 | 100 | 103 | 102.0 | 4 1.826 | 3.334 1.581 
ee R= |s= S?= 
100.3 6.33 2.706 | 10.00 
































fand o are not given. We use the following formulae: 
LCL, =X -A,R 

Central line =X 

UCL; =X +A,R 

UC Ly =100.3+0.729 x6,33 = 104.92, 


LC Ix = 100.3- 0.729 6.33 = 95.67, x = 100.3 
Figure 2-1 shows X-bar chart. 











108 
106 Xbar Chart 
Si a ae 
|e 104 
E 
102 
g CL 7 
G 1005 
= 98 
LCL 
96 -a_--- === == == === === 
1 2 3 
Samples 


Fig.2-2 X-bar chart for Example 2. 


Another way of calculating the limits is : 
(A3 is read 1.128 for n=4 from Table U) 


UCLz = X+A35 = 100.3 + 1.128 x 2.71 = 104.71 
X =100.3. 
UCLz = X-A38 = 100.3 — 1.128 x 2.71 = 95.89 
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Example 2.3 

A small electronic device is designed to emit a special signal. The time of 
emitting the signal is a characteristic of the device. In the production of 
this device, 3 subgroups of 4 units were taken and tested. The results are 
given in the following table. The standard given for the mean is 398.00 and 
for the variance is 8; plot the X control chart. 





Sample Duration of automatic 
No. signal ( Xi ) 
1 390 | 393 | 393 | 405 
2 393 | 395 | 403 | 405 
3 382 | 399 | 401 | 406 






























































Solution 
Sample = ois : y 3 e 0» « JDhe zy 
No. L n 
1 395.25 44.25 6.6521 15 5.761 
2 399.00 34.66 5.8878 12 5.0990 
3 397.00 108.67 10.4243 24 9.027 
x=30108 | °_e@5 S=7.65 | R=17 | 3,663 
UCL, = ut+ Ao 
Central line = uw 
LCL, = u-Ao 
3 
Ac=—==155 
Vn 


UCL, = 398.00 +1.5x8 = 410.00 
C.L= p= 398.00 
UCL, = 398.00-1.5x8 = 386.00. 


Figure 2-2 shows the X-bar chart. 
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420 
Xbar Chart 
410 ee 
wn 
< 
oO 
5 400 
oO 
oO 
= 390 
< | 
380 
1 2 3 
Samples 


Fig. 2-3 X chart for Example 2.3 


It is worth noting that LSL and USL(or L and U ) are determined from 
specification limits and should not be mistaken from LCL &UCL for X-bar 
control chart(UCLy and LCLy). LSL and USL are specification limit and 
pertain to individual measurements , however UCLy and LCL, are the 
allowed limits for the means of the samples of the measurements. 


2.2 Determining of standard yz and o from product 
specification limits i.e. Land U 

Suppose design limits U and L have been specified for a dimension of a 
product say for the external diameter of a bushing to be produced by a 
machining process such as lathe working. In this section it is desired to 
determine the mean and standard deviation on which the lathe should be 
adjusted. This mean and standard deviation , driven from U and L, could 
be used for determining the control limits ofX ,R&S charts. 

Given a nominal value u and tolerance +t for a dimension of the product 
(or specification limits L= u—t & U=p+), it is reasonable to adjust 


U+L - 
the process on = “a To calculate the standard deviation for the 


product process, the producer has to specify an acceptable percentage of 
waste i.e. the portion of the produced products accepted to fall outside L 
and U. Let this portion be denoted by @ and the distribution of the 
dimension (X)produced by the process(call it process distribution ) is 
normal.; then to determine the allowed standard deviation we have 

Pr(X <L) =Pr(X >U) =" or Pr(z > —*) = Pr(Z ><) =*s 
t t 


-=fa>o=— 
(om 2 Za 
2 
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It is obvious that standard deviation of the process could be less than this 
value, therefore given the tolerance +t and an acceptable waste 
percent a, the mean of the process should be adjusted on p and the 
allowable standard deviation(o,),) for the process is 

t 


Oall = Fa 


2 
where 


Za isavalue related to standard normal such that Pr (z > Za ) = - 
2 


2 


is obtainable in MATLAB by norminv(1-alpha/2). 


Example 2.4 

The tolerance for one of the dimensions of a product is 23 + 0.1. If 
0.27% of the product is allowed to fall outside the specification limits 
U=23.1 and \L=22.9, calculate the mean and the standard deviation on 


which the process should be adjusted. 














23.14 22.9 
= —___—_= 23 
2 
.0027 23.1-2 23.1-2. .1 
neue Ses oso Zoos =3=>T sy 
2 oO oO 7 3 
Ze = norminv (1-.—) = 3.0000 
2 
Therefore 
—_t O01 — O14 — 01 
| Sea Se en ee 
Za 20.0027 2.00135 3 
2 2 


2.3 Concept of "in control" status and "out of control" 
status 

When the plotting of a control chart is done; if all sample points are 
distributed within the UCL and LCL randomly and no special pattern of 
variation is evident it is said that the parameter being monitored is under 
control’. Figure 2-4 is an example of this case. 


* It is reminded that when we say that yz is under control based on an X chart with 
My) + Ao as limits; actually we are accepting the null hypothesisHo: tL = Ho 


versusH;: I # Ho With ysing sevral samples % = 0.27% 
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Fig. 2-4 Asample X-bar chart indicating process mean is in 
control 


Lack of control of a process parameter is indicated by at least one point 
falling outside control limits of the corresponding control chart or the 
sample points forming a special pattern. Figures 2-5 and 2-6 show two 
control charts indicating the parameter of the process ( in this case the 
process mean) is out of control. In Fig. 2-5 some points are outside the 
control limits and in Fig. 2-6 the points have formed a special pattern. 

The author believes that those points falling on the UCL and LCL could be 
acceptable ; because in statistical tests the equal signs generally belongs to 
the acceptance region and control charts are continuous form of testing 
hypothesis. 


Supplementary to the ordinary rule "One point exceeds the control 
limits" are the rules suggested by the Western Electric Co. (WECO). These 
WECO rules would conclude the process is out of control if (as referenced 
by Montgomeri&Rungers,1994, page846),: 


One point plots outside 3-sigma control limits, 
Two out of three consecutive points beyond one 2-sigma limit, 


4 out of 5 consecutive points plot at a distance of 1-sigma or beyond, from the 
center line, 


Eight consecutive points on one side of the center line. 


There are also some tests based on the theory of runs indicating the process 
might be running out of control. These tests will follow shortly. 
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Xbar Chart Xbar Chart 
0.3 
0.2 i #25 
5 e 
a Q 
= 
0.4 
0 10 20 30 40 
Sample No. 
; ee ; Samples 
Fig, 2-5 Achart indicating out of | Fig, 2-6 A chart indicating out of 
control status control status 


Reaching to the conclusion that the process is out of control, indicate the 
presence of assignable causes. The quality —man, then, has to initiate 
problem solving to improve the manufacturing process and to prevent 
defects and defective . 


Control charts for monitoring process variance 


(R-chart, s-chart, s’-chart ) 

R-chart, s-chart, s’-chart , are used to monitor the variation of a quantitative 
characteristic of products such a height, width, hardness... measurable on a 
continuous scale. Along with X — chart, usually R —chart or s-chart is 
used than s”-chart. 

2.4 R-chart( Range control chart) 

R control chart is used to monitor process variations, when the variable 
of interest is a quantitative measure; (http://www.freequality.org/documents/knowledge/x- 
bar%20R%20Charts.pdf). It is used to track instantaneous variations, and to 
evaluate the stability of the variability, within a process. (nup:/www. businessdictionary 
.com/ definition/range-chart-R-Chart.html). This control chart is widely used to 
examine the stability of production processes in many industries. 





Theorem (Kume, 1992, page 164) 
If R is the range of a sample of size n extracted from a normal 
distribution y(y ,>*), Then 
E(R)=d,0, 0, =d,o 
where 
o is the standard deviation of the distribution or process, 
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d,and d3 are 2 ratios whose values depend on sample size (n). dy, 
values are given in Table U. End of Theorem. 


d, could also be calculated from: 

d2 = f° [1-[1- e@ I" - e@)I"dz, 
Where ~(z) is the cumulative distribution function of standard normal. 
Or from MATLAB for a given n: 


n = -+++;pd = makedist('normal',O,1);fun = @(x) (1-(1- cdf(pd,x)).4n-(cdf(pd,x)).4n); 
d2 = integral(fun,-inf, inf) 


d3 values are given in references such as Grant & Leavenworth(1988). 
Note that nis the sample size(volume) not the number of samples. 
For the calculation of the 3-sigma upper and lower control limits, 2 
cases are distinguished below : 0 known or unknown. 


2.4.1 R control chart limits - o known 
when a standard or specific value is given for the process standard 
deviation or is obtainable from the product specification limits L and U then 


UCL, = E(R) +30, =d,0+3d,o =(d, +3d;)o = D,o 

Central line= E(R ) 

LCL, = E(R)—30, =d,0 —3d,0 =(d, —3d,)o =D,o 

D,and Dz, given in Table U, are 2 factors whose values depend on 
sample size n. 

When a negative value is obtained for LCL,, set LCL, =0, because 


R=Xix—Xmnin 20. 


2.4.2 R control chart limits - o0 unknown 

When a standard or specific value is not given for the process standard 
deviation o or is not obtainable from the product specification limit and the 
process follow a normal distribution, then 


R = 
UCI, = D,o =D, =-= DR 


2 





Central line= R 


LCL, =D,o =D, < =D,R, 


2: 
where 
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k 
a: 5 Ri. 
R is the mean of samples’ ranges i.e. R = tae SL given k successive 
subgroups, 
D3and D, are factors given in Table U. 
Example 2.5 
Plot the R—-chart for the information given the following table 
Sample No. R 

1 20 15 18 24 9 

2 32 19 20 14 18 

3 35 17 45 34 28 

4 34 19 25 16 18 

5 30 10 " 21 20 

6 42 9 18 36 | 32 

7 45 32 44 18 | 27 

| R=a.7 











Solution 
Since o is not given ,the limits are calculated as follows: 
UCL, =D,R =2.28x 21.71=49.5 


Cental tue k = 271 
LCL, =D,R =0x 21.71=0 


The following commands could plot the chart as shown below in 
MATLAB( having statistical toolbox): 


>>A=[... 

20 15 18 24 
32 19 20 14 
35 17 45 34 
34 19 25 16 
30 10 1" 21 
42 9 18 36 
45 32 44 18]; 


Figure 2-7 shows the R control chart using the following MATLAB 
command 
>> controlchart(A,'chart','R' ) 
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R control chart UCL 











Sample no. 
Fig. 2-7 R- chart for Example 2.5 


Interpretation 
Since the ranges of all the samples have fallen between the limits 
and no specific pattern is evident from the points, it is concluded the 
standard deviation of the process is under control. Once the R chart 
shows a state of statistical control , the process standard deviation can 
be estimated using 
~__R 
6=—. 
d2 
It should be added that this example is for teaching purposes; for 
pr actical use at least 20 (www.freequality.org/documents/knowledge/x-bar R Charts.pdf ) 
samples are needed to start constructing a control chart. 


2.5 S-control chart 
S chart is another control chart used to monitor the process 
variations when the characteristic of interest is quantitative. Note that 


> @,-xXy 


sample standard deviation( , _ 4/i= ) is itself a random variable, and 
n-\ 
therefore has its mean and standard deviation denoted by E(s)& o, 
respectively. The theory of statistics shows that if the process is normally 
distributed, the following relationship is available between o, and the 
process standard deviation (0): 
oO, =oVf1-— cf. 
And also the expected value of sample standard deviation satisfy the 
following relationship 
E(s) = c40, 
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2 





(>)! read from Table U 
( 
1 


C4 = =| 
(G)i=r(G+ ) = Gamma funet (5+1) 
2 = 2 = Gamma tunction 2 f 


n 





“ZY! 


_ Ox ot 
r(x)=(t e‘dt x >0, 
G-DIFPG@-1+)=TG@), 
Cy = ret; 
The following MATLAB command calculates c, for a given sample size n: 
Cy = sqrt(2/(n-1)).*gamma(n/2)./gamma((n-1)/2) 


For the calculation of the upper- and lower 3-sigma control limits, 2 cases 
are distinguished: o known or unknown. 


2.5.1 S chart limits - 0 known 

When a standard or specific value is given for the process standard 
deviation or it is obtainable from the product specification limits i.e. Land 
U then: 
since 


UCL, = E(s)+3o, 

Central line = E(s) 

LCL, = E(s)—30, 

Substituting for E(s)and os: 

UCL, =c,0 +30.J/l-cj =B,o 

Central line=c,o 

LCL, =¢)0 -30,/\-¢7 =B.c 

If LCLs turned to be negative, let LCLs =0. 


Factors Bgand Bg, whose values depend on sample size (n) are givenin 
Table U or by the following commands in MATLAB: 


c4 = sqrt(2/(n-1)).*gamma(n/2)./gamma((n-1)/2) 
B6= c4+3*sqrt(1-c442) 
B5= c4-3*sqrt(1-c4%2). 


2.5.2 s chart limits - 0 unknown 
When the standard deviation of the process is not given or could not be 
determined: 
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UCL, = B,o = B, Diss B,S 
C4 
Central line =S 


LCL, = B,S 


Factors Bsand B, are ratios whose values depend on sample size (n) and 
given in Table U. 





























Example 2.6 
Plot the S—chart for the information given in the following table. 
Sample >; x? - nx 
No. 5 = 4] 
-1 
1 20° | 16 18 | 24 3.77 
2 32 19 20 14 7.63 
3 35 17 45 34 11.62 
4 34 19 25 16 7.94 
5 30 10 11 21 9.42 
6 42 9 18 36 15.37 
4 45 32 44 18 12.63 
| S = 9.77 























Solution 

o isnot give; the following formulae are used: 

UChe = BS = 2.278977 = 22172 

Central line =S 

FEDS SED 097 0, 

The following commands could plot the chart as shown below in MATLAB 
( having statistical toolbox): 


>>A=[... 
20 15 18 24 
32 19 20 14 
35 17 45 34 
34 19 25 16 
30 10 a] 21 
42 9 18 36 
45 32 44 18]; 


>> controlchart(A,'chart','S' ) 
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$ control chart 


—+— Data 

© ‘Violation 
Center 
—— LCVUCL 








1 2 3 4 4 6 7 
Sample Number 


Fig. 2-8 S- chart for Example 2.6 


Figures 2-7 &2-8 show R-chat and s-chart for the same data. A quotation 
from Grant and Leavenworth(1988) is worth noting: 
The similarity between the variations from subgroup to subgroup shown in these 2 charts(Fig2-9) is 


emphasized by the use of connecting lines’. It seems clear that these two charts tell practically the same 
story; there is no need to use both, either one may be used in any instance( Grant &Leavenworth, 1988 page 81). 


Figure 2-9 illustrates this fact. It is worth remembering that the sample 
standard deviation (s) uses all observations of the sample. However the 
calculation of R is easier when it is done manually. One must, however, be 
careful when using s-control chart . For even though one is using the limits 
E(s) + 30,, it does not follow that the probability of having a value outside 
the control limits when the process is in control is 0.0027. Even if the data 
come from a normal distribution, the sample standard deviation (s) will 
not be normally distributed( Derman & Ross, 1997 page 94). The same is 
true for all other charts when computing 3-sigma limits. 


1 
In practical control —chart work in industry the points on the charts are sometimes coonected and 


sometimes not. 


Fig 2-9 Control charts for sample standard deviation and range 
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S Chart 









oo wp th OY © © © BD BH WM KO 
Subgroup number 


< Upper control limit = 474 
_ 


ow wh we H © © DR OH M XO 
Subgroup nuns 


of 100 samples (Grant & Leaven worth ,1988 page 80) 


2.6 


"There is no reason to first compute the subgroup S’ and then take its 
square root to obtain the sample standard deviation. One should just plot 
the successive values of S” until one falls outside the lower and upper 
control limits of S* -chart "(Derma&Ross,1997 page 95). The upper and 
lower limits of this chart are given by the following relationships assuming 


S2 Control Chart 


the process is normally distributed. 


2.6.1 S” Chart limits - o? known 


When a standard for the process variance is given or could be derived, the 


following relationships are applicable: 


UCL,2 


2 
2 Xn-1,0.00135 


me n-1 


Central line=E( S$?) = 07 


Lekg 


When a point does fall outside the chart, the process should temporarily 


2 
2 Xn-1,0.99865 


ie n-1 


cease and the system declared out of control. 
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2.6.2 S? Chart limits - o? unknown 
When a system is just starting out, o7 is unknown but can be estimated 

di S? ) 
k 


from the average of the sample variances (02 =S2= . The limits 


are as follows DEINE OS S27 page 96): 


Xi-1,0.00135 
UCL 25 62 SRE, 
2 aren 
Central line=S2 
LCLa2 = G2 Xi=1.0.99865 
n-1 . 


As in the case of stating up an X-bar chart it then should be checked that 
the k subgroup variances used in estimating the process variance( 07), all 
fall within these estimated control limits. If any of them fall outside , then 
a decision should be made as to whether the system was temporarily out 
of control or that no control has yet been reached. If the former decision 
is made then those subgroups whose variances fall outside the control 
limits should be discarded and the estimate of o% recomputed (Derman& 
Ross, 1997 p 96). 

If we follow the convention of computing the three-sigma upper and 
lower limits for S’-control chart we might get a more reasonable limits: 


UCL,, =E(s*)+30,. = 
Central line=E (57) =o’ 
LCL,, = E(s7)-30,, 


F . ae -1 : 
assuming the process is normally distributed, “—s? has a chi-squared 
distribution with n-1 degree of freedom; then 


vari PS = An-l) =o ape Ainelelore: 
UCL,, =E(s *) 430, =(143} po 


Central line=o°* 
D015 
LCL., =(1-3,/ ——)o 
Ss 
n — 
If the lower limit turned to be negative let it be zero i.e. LCL,=0. 


When the process variance is not known, estimating it from 
ga Sta 


k 
we have: 
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UG 203) oe 
n—-l 


Central line=S * 





























2 | 
2 
LCL,, =(1-3,]——)s 
n—-l 
Example 2.7 
Plot the S*chart for the information given in the following table. 
Sample 2 Bat -nk 
No. s = —— 
n-1 
1 20 | 15 18 | 24 14.21 
2 32 | 19 | 20 | 14 58.22 
3 35 | 17 | 45 | 34 135.02 
4 34 | 19 | 25 16 63.04 
5 30 | 10 11 21 88.74 
6 42 9 18 | 36 236.24 
7 45 | 32 | 44 |] 18 159.52 
o2 
S ~ =107.86 























Solution 


o is not known, therefore the following formulae are used 

UCL,, =(1+3 Is? =(1+3*sqrt (2/(4—1)))*107.86 =372.06 
n — 

=(1+3*sqrt(2/(4-1)))*107.86=372.06 

Central line=5 . =107.86 


LCL,, =(-3 —)s* = ~156.342 +0 
n—- 


Figure 2-10 shows the control chart. 
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G2 control chart 





372 UCL —+— Data 
©  Wiolation 
ae Center 
se — LeELucl 
220+ 
G2 - CL 











a 1 2 a 4 a 6 7 a 
Sample no, 


Fig. 2-10 S* control chart for Example 2.7 
As the following calculations shows, if the formulae recommended by 
Derman &Ross(1997) were used, a wider interval between the limits 
would be gained: 


i 1,0.00135 
USL = s2ooe 
s° A= 


Central line=S2 


2 
az X4-1,0.99865 


LSL.2 = S2 

s? Ave = 
X5 oooiss= 15.63 X3 onsee=0.03 S2 =107.86 
Then: 


15.63 
Central line=S2 =107.86 


2 
az X4-1,0.99865 


0.03 
LSL = §2 = (107.86 ) —— = 10.8 
Ss? 4 ( ) 4-1 


2.8 Types of variations in product characteristics 


Experienced quality men classify the variations in a characteristic of a 
product into two categories based on their causes: chance variations and 


special variations. 


Common or chance variations 


Common variations are those whose sources could not be identified and 
are due to randomness; in other words the causes are un-assignable, and 
no special cause can be found for them. The chance causes are an inherent 
part of the process. When a control chart shows the process is in control, 


the variations are due to chance causes. 
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Special or uncommon variations 

Special variations are those variations that occur due to assignable 
causes which are identifiable outside natural variations. Assignable (or 
special) causes are those whose effect can be detected and controlled. 
Once detected, their removal is a relatively simple exercise. They occur 
due to outside elements such as people, material, machinery, measuring 
methods... 

When a control chart shows the status of in control, the process 
variations are due to chance causes and furthermore, if the limits have 
been calculated using a standard value given for a parameter, the in- 
control status indicates the parameter related to the chart is according to 
the standard. 

When a control chart indicates the process parameter is out of control, 
the variations are due to special or assignable causes ; and the parameter 
of the process in practice is not according to the standard, if the limits 
have been calculated using a standard value. 

It is worth mentioning that if the control limits have not been calculated 
using a standard value, the in-control status indicates only the production 
process continue to work under chance or common causes and the out- 
of —control status indicates that causes other than common causes called 
special or assignable causes govern the process. 


2.8.1 Some theory- of — run based tests for lack of control 

For the study of research data, considerable work has been done on 
developing many tests based on the so-called theory of runs’, providing 
useful tools. To detect shifts in a manufacturing process parameter , the 
following rules are suggested(see Grant &Leavenwoth,1988, Page 89): 
There is suspicion that the process parameter has changed if 


7 successive points on the control chart, all are on the same side of the central 
line(a run of 7 points all above or all below the central line). 

In 11 successive points on the control chart, at least 10 are on the same side of 
the central line. 
In 14 successive points on the control chart, at least 12 are on the same side of 
the central line. 
In 17 successive points on the control chart, at least 14 are on the same side of 
the central line. 
In 20 successive points on the control chart, at least 16 are on the same side of 
the central line. 





* For studying the theoretical basis f the rules see references such as Grant & 
Leavenworth (1988) p 228 
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Therefore if any of the above happens in any Dr Shewhart 's chart, there 
is an indication that the parameter related to the control chart might have 
increased or decreased. For example If the control chart is X Chart, the 
process mean; if it is R Chart, the process dispersion i.e. process standard 
deviation; if it is p chart, the defective fraction of the process has changed . 

































































Xbar Chart 
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Fig. 2-12 An example for the run tests- case 1° 


There are other tests; e.g. Western Electric co.( WECO) rules, AIAG rules; 
Boeing AQS Rules; Nelson rules. Nosekievicova(2012) lists more tests. 


2.8.2 Application of X and (R ors or s*) chart to make 
decision for the process 

Two cases are distinguished when using X chart together with R or s 
or s* control charts for make decision on a production process : 
The process is In-control 
The process is out of control( whose causes have to be explored). 


The in-control and out-control status of a process parameter were 
previously defined . 
Out -of-control status in X andR or sors? charts could indicate 
The process mean ()have changed 
The process standard deviation(a) has changed 
Both p and o have changed 


* http://www. brighthubpm.com/methods-strategies/74855-interpreting-control-charts-in-project- 
quality-management/#imgn_3 
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However, the control chart tells when to look for trouble but it cannot, by 
itself, tell where to look or what cause will be found( Grant& Leavenwoth , 
1988 page 99) 

Regarding the out of control status and the changes in “ and o it is 
pointed out that: 

If the lack of control is due to the change in the process mean while the 
universe (process) standard deviation is unchanged, the lack of control 
and special variations will be indicated in the X chart ; however, the 
change inthe mean may cause lack of control to be indicated by a control 
Since the control limits are located pretty far from the central line, a few 
points are expected to fall outside the chart; the above tests are helpful to 
see if the mean is in control or not. 

A shift in process dispersion while the process mean is unchanged, 


may cause lack of control to be indicated on the X chart as well as 
by a control chart for dispersion(Grant and Leavenworth,1988, pages 
96-97) i.e. R or sors? chart. 

In searching for the causes of an out of control condition, WECO Handbook 
advices the R-chart[or s ors chart ] pattern to be viewed first, making it 


possible to identify many causes directly; then to read the xX pattern 
first in the light of R-chart and then jointly with the R pattern [ or sors? 
pattern] to make it possible to obtain some other information( Grant& 
leavenwoth,1988 page97) 

When the process(universe) dispersion as well as the process 
average is shifting, obviously lack of control will be indicated in both 
charts(Grant and Leavenworth,1988,pages 96-97), i.e. the R chart[ or 


s chart or S’ chart]as well as the X_ chart. 
It is reminded that assignable cause of variation may be due to 
measurement errors. 


2.9 Interpreting pattern of variation on X and "R ors or 
S2 chart" 

It should be kept in mind that a control chart could tells us that there is 
a problem , but could not tell us by itself what or where the problem is. 
Studies including the one performed at Bell Telephone Labs in 1964 have 
categorized the most frequent assignable causes (Grant & Leavenwoth, 
1988 page99). These researches could be used in teaching young experts, 
engineers and inspectors. As asample , Fig. 2-13 illustrates a special 
pattern of variation and the corresponding frequent causes( Grant 
&Leavenworth,1988page100). Some other patterns are discussed in the 
same reference. 
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Recurring cycles 


iy oe oe Cv“ 
cece . . bd ° 
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Some causes affecting Xx chart Some causes affecting R chart: 


(stable variability): 

Temperature or other recurring | Scheduled preventive 
changes in physical environment maintenance 
Worker fatigue Worker Fatigue 
Differences in measuring or Worn tools 
testing devices which are used 

in order 

Regular rotation of machines or 

operators 

Merging of subassemblies or 

other processes 


Fig. 2-13 A pattern of variations in the X & Rchart , and most 
frequent CauSeS(after Grant & Leavenworth, 1988 page 100) 


It is worth mentioning here that 

if a point falls outside the X chart, the cause could be disordering of the 
machine; 

when rarely a control chart for dispersion(R, S or S’) indicates the status 
of out of control, using the chart could be stopped, even if the x chart 
indicates lack of control frequently. 


2.10 Type I and Type II errors in control chart 

In statistical quality control, there are two types of errors: 
Type | error : the incorrect rejection of a conforming production process 
Type Il error : the incorrect accepting (not rejecting) a nonconforming 
production process. 
The probability of Type | error is denoted by a and 
The probability of Type | error is denoted by B. 
In using control charts 
a = Pr(conclude statistically out of control although the process is truly in 
control);e.g.: 


for x-bar control chart with /4as the central line: 
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@ =1=PrLCL, <x <UCL.| p= 7,) 


B= Pr(conclude statistically in control | although the process is truly out of 
control);e.g. for x-bar control chart with /fas the central line: 
PaPULCLe<xX SUCLA| pF ji). 


Using the theory —of-run —based tests might result in type | error. 
The following table provides a representation of @ and Pp. 


Representation of the probability of Type | & Il errors 


State of Nature | 


| | Process is conforming 








Process is nonconforming | 


(in control ) (out of control) 





Inspector accepts process OK Error 

(concludes it is in control ) (1-a) (a) 

Inspector rejects process Error OK 
(concludes it is out of control ) (B) (1-8) 





2.10.1 Effect of n ontype II error in X control chart 


oO 
Since Oz = ——, if sample size n increases the distance between the 

Jn 
central line and the limits in X control chart decreases, the sensitivity 
of the chart increases and f decreases. This fact could be described as 


follows: 


30 30 
Suppose LCL, = tl, —-—= sUCL, = UW, +—=; and the process mean 
Vn Jn 
has shifted to “=u, +k o, then 
PaPULChe<X 2UCL2| ws ii= 
o o 
Myo eet ee) eae ice ie 


Pr( <Z< 


) 
vn vn 


60 


Statistical methods in Quality Control 


¥ 2 
3-k re 1 aa 
= B=Pr(-3-kVn <Z <3-kVn)= [| —~e 2dz. 
-a-kn N20 
This integral is the area under the probability density function of standard 
normal distribution in an interval from —3—kVn to3—kyYn. Although 
the length of the integral is 6 which does not depend on the k &n, but for 
a fixed constant k > 0 asn increase the interval moves to the left and its 
area decreases. For a fixed constant k <0 as n increase the interval 
moves to the right and its area decreases ; therefore in X control chart 
when the process mean shifts to w=,+ko,and remains at this new 


mean(k is constant), as n increases decreases. The following table 
shows some f 's computed from 

B = normcdf (3 — k * sqrt(n)) — normcdf (—3 — k * sqrt(n)) or 

B =0.5*erf((3-k*sqrt(n))/sqrt(2))-0.5 *erf((-3-k*sqrt(n))/sqrt(2)) 

for k=3 and several n, B has the following values. 
































n B 

1 | 0.5000 
2 | 0.1070 
3 | 0.0140 
4 | 0.0013 
5 | 0.0001 
6 | 0.000007 





2.10.2 The effect of sample size (n )on Type I error in 
3-sigma x control chart 

If UCL,LC Ly =Ut 305, the increase or decrease in sample size does 
not affect a. The following calculations shows in this situation if the 
process mean does not change and remains at 4 = My, a is constant and 
does not depend on sample size: 

7 7 UCL, LCL =H, £30 

a=Pr(X >UCL, | M= hy) +Pr(X <LCLy | u=) > 

a=Pr(Z >3)+Pr(Z <-3) 


2.11 Estimation of process mean and variance from s & 
R in an in-control process 


When the control charts for process mean and dispersion i.e. X control 
chart and R or S or S’ control charts indicate the process is in control, we 
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have accepted that if the means of the samples taken from the production 


process are kept between xX t3o__, the population of the products will 


be between ~+3o0. If the process (and consequently the product 
population) is in control, the mean of the population or process is estimated 
as p= a 

When R control chart indicates in-control status for a normally distributed 
process, the population or process dispersion oO could be estimated from 
o= £ (Grant &Leavenworth ,1988,page 130). 


It should be pointed out that some books mention that estimator G = & 
2 


ge 
has a larger mean square error(MSE) than doeso = — = and strongly 


C4 


A Ss . ae ; 
suggest using o =—to estimate the standard deviation of in control 
C4 
process (e.g. see Derman &Ross,1997 page 92). Therefore when s-chart is 
used, to monitor the standard deviation of a normally distributed process 


ier ; A S 
when the process is in control, estimateo froma = —. 
C4 
If the S* chart indicates the process is in control the process variance is 
estimated with the mean of the samples' variances i.e. 02 = S?. 


2.12 Estimation of process mean and variance 
from s ‘R in an out -of-control process 

If we would like to estimate the process mean and standard deviation 
or to calculate the control limits of the charts for future use, when the 
process parameter(s) is(are) out of control based on the control charts 
whose control limits have been calculated as trial limits, act as 
follows: 


R-Chart: 

If, for example , the range calculated for second sample falls outside 
the R-chart and its cause is assignable and could be eliminated or 
fixed, exclude the sample and calculate new values for R and the 
control limits ; if the new R-chart indicates in- control status, o is 
estimated fromG =#, otherwise these steps are repeated until all 


out-of -limit values of R that have assignable and fixable cause has 
been excluded and R-chart indicates the process is in-control then 


estimate G =£. In an algorithmic way: 
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-Try to judge from charts and all other pertinent information what 
may be the assignable causes and whether or it is likely they can be 
eliminated [or fixed] 


-Discard the samples whose corresponding points fall outside the R or 
s or s’ chart and have assignable , fixable causes; then 


-Calculate a revised R or s and new control limits for R-chart or s- 
chart or s” chart, if again some points fall outside, those having 
assignable and fixable causes are eliminated; 


-Repeat this procedure(calculate a revised 8 or % and control limits) 
until no point with assignable cause of variation fall outside the 
control.; then 


-Estimate o after all out-of-control values of R having assignable and 
fixable causes have been eliminated as follows using the final revised 
R (Grant and Leavenwoth, 1988 page 130) 
o=+., 
dy 

This value is considered the process standard deviation as if the 
process were brought into control(Grant& Leavenworth, 1988 page 
130). Needless to say similar steps hold true, when using S or S* 
chart for monitoring process dispersion. 

If using S-chart similar steps, as described above in the case of 
using R-chart, have to be followed and repeated until the S-chart 
plotted with the remaining samples indicate the process is in control; 


then the process or population dispersion is estimated using ¢ = is 
ae 
X -Chart: 2 
Discard the points that fall outside the X chart and have assignable , 


fixable causes of variation from the calculation of X : 


Calculate a revised x and new control limits for X chart 
Repeat the above steps if some points fall outside the new chart until 
no point having assignable and fixable causes fall outside. 


Now your final X is as an estimate for the process mean. 

The following quotation from Besterfield(1990) page 80 is worth 
noting: 

There are 2 techniques used to discard data. If either the X or the R 
value of a subgroup is out of control limits and has an assignable 
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cause, both are discarded , or only the out- of —control —limit value of 
a subgroup is discarded(Besterfield,1990 page 80). In this book the 
latter is followed i.e. when an R or s value is discarded its 
corresponding X value is not necessarily discarded and vice versa. 


Note that Ishikawa(1983) advises: 

The data of the samples falling outside control charts whose 
assignable cause has been identified and eliminated are not included 
in the recalculations. 

The data of the samples falling outside charts whose cause cannot be 
identified or eliminated are included in the recalculations(Persian 
translation of Ishikawa, 1983). 


Example 2.8 
Given the following data, calculate the trial upper and lower control 


limits for the R-chart and X chart and estimate » &o. The process is 


supposed to be normally distributed. 

(Note the number of samples should be at least 20 to 25 at the 
beginning to calculate the trial limits , however, this is a class 
example;) 

















Sample No. Xx R 
(n=5) 
1 20 2 
2 21 4.5 
3 23 0.50 
4 22 1.5 

















Solution 
Since no values have been given as standard »&o , the following 


formulae are used: 
Trial Control limits for R-chart 


Center linez RF = 27.45 Ete b 1.5 


From Table U for n=5 Dy=2.11 D3=0 
UCL e= DR $2.11%2,125 =4.48 
LCL, =D.,R =0%2,125:=0 


Plotting the R-chart will show that the range calculated for sample 
# 2 fall outside limits. 





= 2.125 
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Sample no. 


Revised Control limits and estimation of o 

Suppose investigations reveals the cause of falling the range outside is 
assignable and could be eliminated; therefore we discard R=4.5; the 
revised center line and new limits are: 


R= ot = 1.33 
UCLp = D,R = 2.11 X 1.33 = 2.81 
R = 1.33 


LCLp = D3R =0%X1.33=0 
The following figure shows the R-chart with the revised control limits. 


R Chart 
3 UCL. = 2.81. 


Ranges 











Sample Nurmber 


The new chart indicates the standard deviation is under control, there- fore 
. Rk - 133 
o6=—= = 


= =0.57. 
dy, 2.326 
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Trial control limits for X--chart 


Trial control limits for X-chart are calculated and the chart is plotted: 


Central line ¥ = aeWwe21.50 


For n=5 from TableU  A»=0.58 
UCL, =X +A,R =21.5+0.58*1.33=22.27 
b=X=215 


5 


LG 2 =X —A,R ==21.5-0.58*1.33=20.73 
The following figure shows the X control chart. 


XBAR control chart 
23 


22:5 











UCL 
22 
co CL 
Fa 21,5 
3 
21 
20.5} LCL, 
20 
1 2 3 4 


To estimate X , suppose the cause of falling sample # 1 outside of control 


chart is un-assignable, but that of sample #3 was assignable therefore was 
eliminated. 


The revised X and the necessary calculations for limits is as follows: 


= +21+ +4,5+ 
Central line X = = 21.00, Rae = 2.66 


n=5 TableU A;=0.58 
UCL, =X +A,R =21.00+0.58*2.66=22.55 


X = 21.00 
LCL, =X -A,R =21.00-0.58*2.66=19.45 


If we exclude sample #3 and plot the X-bar chart with the revised limits, 
we would see the chart shows the in-control status. 


Since the new chart shows the mean under control, then X = 21.00 
is an estimate for the process mean. 
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2.13 Estimation of and o of a process- different sample sizes 


We know that, given several samples, the mean and variance of the 
process is estimated as i = X ,o* = S2. If the samples have different 
sample sizes N,,...,,, the following formulae are applicable: 














o= 
k 
= 36 = 36 
UCL, =X + LCL =X - 

, Vn; ’ Vn; 
where 
Rp Pipa gea XG seek yy i =1,...,k are the observed values in i” sample 
(i=1,...,k). 


The control chart with variable limits which look like the following figure 
will be discussed in chapter 7. 


If the standard deviation of sample size is not large i.e. the sample sizes are 


not that different, an average sample size could be obtained from 


k 
_— bn 
Lan 





and used in the calculation of control limits. X ,s are 


= XxX, ys 
an ae i 


calculated as usual way: X 
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2.14 Continuing to use the chart- Revision of the central line and 
limits 
Question: 

To continue the use of charts for the coming period(week, month,...) can 
we use the trial control limits as calculated for the previous period? 
Answer: 

1) 

If the process mean and standard deviation are in control and 
if the current ( trial )control limits have been calculated using the standard 
values for mean and standard deviation, and no point has fallen outside the 
control limits and the points are scatted between the limits randomly, 
continue using the current chart; if the standard has not changed. 

2) 

If the process mean and standard deviation are in control and if the 
current control limits have been calculated using X and S$ or R and _ the 
points are scatted between the limits randomly and no point has fallen 
outside the chart, the current control limits could be used in the future. 
They might be revised utilizing new information and accumulation of data. 
3) 

If the process mean and/or standard deviation are not in control and if the 
current control limits have been calculated using the standard values, even if 
points have fallen outside the control limits and the points are not scatted 
between the limits randomly, if the standard has not changed, continue 
using the current chart for future as well as trying to find the reason and 
fixing the cause(s). 

4) 

If the process mean and/or standard deviation are not in control and if the 
current control limits have been calculated using X and S or R, and some 
points have fallen outside the control limits, discard those points that fall 
outside and have assignable, fixable causes. Calculate new control limits 
using the remaining points and repeat the procedure until no point with 
assignable, fixable cause fall outside. Use the latest revised control chart 
for future. In the future every now and then revision might be necessary. 
More details are as follows: 

If the process dispersion is in control but the mean is not i.e. S or R or S” 
chart indicates in-control status but x-bar chart does not indicate the 
process mean is in control, to determine the revised mean and center 
line: 

-if it is possible to determine a standard value 4, use the standard 
value as the center line, otherwise a so-called aimed-at average 
X@ is calculated. A common procedure for obtaining an X¢ is to 
modify the current process average with the information given by 
the process dispersion and specification limits; the modified value 
is taken as XS ( refer to the extensive Example 2.13) . 
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- When with the calculated limits using thisXj, a considerable 
number of samples fall outside the limits, conclude the calculated 
X¢ is poor and not a suitable one. Come to this conclusion if by a 
fairly simple and low-cost adjustment of manufacturing process, 
such as a machine adjustment influencing a dimension, the 
process average could not be altered. In such cases it is more 


sensible to use the past X as the new central line or possibly a 


revised X corrected by discarding the past out of control points 
(Grant and Leavenworth ,1988 page 132). A simple way to 


calculate a revised X, is to eliminate the past out-of-limit points 
whose causes are assignable and can be eliminated. 


5) 

"When R[or s] control chart shows that the process dispersion is out of 
control, [and the X-bar chat shows the mean is in control] it is desirable to 
estimate the value of o that might be attained if the dispersion were brought 
into control. This estimate is necessary even though it cannot be made with 
great assurance that it is correct. One possible method is to eliminate the 
values of R[or s] above the control limits and make a new calculation of R 
[or s]. If new limits calculated from this R throw more points above the 
control limits, the calculation of a revised R [or S] may be repeated again. 
[This method is illustrated in the extensive example2.13]. This revised R [or 
S] may be used as the new central line on the chart as the basis for 
calculating the new limits on the R[or S] chart and for calculating A>R [or 
A385] to get the distance of the control limits from the central line on the X 
chart"(Gran& Leavenworth,1988 page132). 


6) 

Where both X-bar chart and the chart for dispersion indicate out of control, 
the calculation of the revisedR or S should be made before a decision on 
the X§ ". When R [or s] control chart indicates lack of control, do not 
interpret X chart . Frequently discarding the points that fall outside the R[ 
or s] chart and have assignable causes which could be eliminated leads in 


the elimination of the special points of the X chart"(Naghandarian, 1993 
p163) 


Regarding X chart, calculate either aimed-at-mean (this will be shown in the 


extensive Example 2.13) or a revised X and new control limits for the chart( 
discarding the points with assignable fixable causes falling outside the 
chart, repeat this procedure if necessary and use them for future ). 
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Needless to say, after the identification of special causes of the samples 
falling outside, sufficient efforts should be done to eliminate or fix the 
causes. 

Some references study the relationship between an in-control process and 
one or two specification limits'; e.g . refer to Grant and Leavenworth(1988) 
page 127. 


Example 2.9 (Based on Problem 4-5 Grant & Leavenworth ,1988, page 145) 
Automatic machinery is used to fill and seal 10-oz a cans of a certain 
liquid product. The process standard deviation is 0.20 oz. To ensure that 
every can meets or exceeds this 10-oz minimum, the company has set a 
target value for the process of 11.0 oz. 
At this process average of 11.0z,what percent of cans will have less 
than 10.5 oz and greater than 10 oz. of product? Assume contained 
weight are normally distributed . 
If the quality control section samples these cans in subgroups of four, 


what will 3-sigma control limits be for the X chart,? 


Assuming that +30 natural tolerance limits on the process cover 
virtually all the filled cans, what is the minimum value to which the 
process average may be lowered to ensure that virtually no cans 
are filled with less than a minimum of 10 0z? 

Solution 


a) 


Pr(10<X<10.5)= normcdf(10.5,11,.2)- normcdf(10,11,.2)= 0.0062-0.0000 


or 
7 pf ooez<et) pS “74 a?) =P-5<2 <-25)= 








0.2 0.2 0.2 0.2 
0.0062—0 =0.0062= 0.62% 


UCL, =u +30, =" 4 Fo0=11+(3%02]=113 


i ' Jn 
CL=y =11 
LCLg= — 30z = 11 —0.3 = 10.7 
c)since Pr(Z<-3)=0.00135= 0.00 then 
Pr(X<10)=0=Pr(Z<-3) >Pr (z <a 
or 


u-30 >10 > w-3(0.2)2>10 > w210+0.6 =10.6 


= Pr(Z < -3) > = 10.6 


* The specification limits of a dimension of a product are usually denoted by USL or U for 
upper limit and by LSL or L for lower limit. For example if the tolerance is 140.9 + 0.1, then 
USL=U=139.9 and LSL=L=140.1. 
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Example 2.10 


a)Find the control limits for the X & R chart , given the data in the 
following table. 


b)The specification is 395+30. Does the process satisfy the specification 
limits? 


c)What control limits do you propose for future? 












































5 
F Ds x R, Calculations for part (a) 
jal 
1 2003 | 400.6 | 30 5 5 = 
2 1922 | 84.4 25. | n=5,k =25,) >} = 49323, 9X, = 9864.6, SR = 544 
3 1966 93.2 27 i=l j=l 
4 1930 | 386 16 5 
5 2010 | 402 21 : oe 
6 1956 | 91.2 24 a. a = . 
7 2000 | 400. 23 | 4G = ge = 25 394.58 
8 1979 | 395.8 14 = 
9 1982 | 396.4 | 15 weak 544 91 gg = ® 221-7 9 36 
10 1967, | 393.4 | 31 k 25 d, 2.326 
"1 2021 404.2 38 St 489% 3 
12 1941 388.20 19 UCL ,=X + Goo : Ga en 
13 1949 | 389.8 | 29 = 
14 1983 | 396.6 21 CL=X=394.58 
15 1980 | 396 13 FP Be 3 
16 1994 398.8 24 LCL 5 xX J Go = 394.58 ag x 9.36 = 382.04 
17 1990 | 398 20 aes 
18 1961 392.2 18 UCL, =D,R =2.11x 21.76 =45.91 
19 1990 | 398. 28 | CL=R =21.76 
20 1951 390.2 33 LCL p =: D3R = (0x 21.76 =0 
21 1964 | 392.8 19 
22 1965 | 393.0 | 36 
23 1988 | 397.6 | 5 
24 1982 | 396.4 | 8 
25 1949 | 389.8 | 7 
sum 49323 9864.6 | 544 
Solution 


a)calculations are done inside the table. 


b)AIl 125 measurements fall within these limits and 
U = 425,L =365 > U-L=60, 60 =6x9.36 =56.16<U—-L 


X =394.58= 


U+L 





,U -L <60; 


Therefore it may be economical to discontinue the use of control chart. 
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c) X chart is shown in the following figure. Plotting R chart is left an 
exercise for the students. No sample falls outside the limits of X & R chart; 
it is not that necessary to use these control charts as far as the same 
condition prevail; if we want to use control charts, continue to use the 
current limits. 

Xbar Control Chart 


UCL 


405 


400 


395 
Xbar 


390 


385: 


380 





Example 2.11 
A production process is to be operated for a product with specification 48+3. 


a)Assuming a normal distribution, determine a mean and standard deviation 
on which the process should be adjusted so that the specification coincides 
pt3o . 


b)Suppose sample size is 4. Find the upper and lower 3-sigma control limits 
for r, x charts 


Solution 
a) 
U =48+3=51 
=> U-L=51-45=6 
L=48-3=45 
U -L=60 6=60 ,>o=Fl 








p+3o =U => p4+3(1)=51> 4 =51-3=48 
3 3 
HUCK @4i— 6 54842 71) 405 
ae 4 


Central line: ,» = 48 
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LCL a 48 2 
a a aia 


Vn V4 
UCL, = D,o=4.70(1) = 4.70 
Central line: d,o = 2.059(1) = 2.06 


LCL, =D,o =0(1) =0 


(1) =46.5 


Example 2.12 
(Problem 4-20 Grant& Leavenworth,1988 page 148) 


a)A fair percentage of a certain product requires costly work operations to 
change a certain quality characteristic. Rework is possible whenever the 
quality characteristic falls above the upper specification limit. If the value 
falls below the lower specification limit, the product must be scrapped. X- 
bar and R charts have been maintained for 50 subgroups of size 5 each with 
samples taken every two hours. The specification limits are 1194+ 10. The 
process appears to be in statistical control with mean of 124 and standard 
deviation of 5. On the assumption that the quality characteristic is normally 
distributed, approximately what percentage of defective articles is being 
produced ? How much of this can be reworked? 





b) Calculate the control limits for s-chart. 


Solution 

a)The percent of conforming= 

109-124 129-124 
<Z< 5 








Pr(109< X < 129) = Pr }=Pr( 3<Z<l)= 
= 0.8413 -0.00135 =0.83995 = 84% 
normedf(‘)- normedf(-3)= 0.84: MATLAB 


The percent of nonconforming=1-0.84=0.16 
Rework: 


Pr(x>129)=Pr{Z 


» 20-124) (Z> 1) =1-08413-0,1587=15.87% 


b)UCL, = Bo =1.96x5=9.8 

Central line =c,o =0.94x5=4.7 

LCL, =B,0 =O0xo =0 

Factors C4,B; & Be are available from Table U or using the following 
MATLAB commands: 

C4 = sqrt(2/(n-1)).*gamma(n/2)./gamma((n-1)/2) 

Bo= c4t3*sqrt(1-c4%2) 

Bs= c4- 3*sqrt(1-c4’2) 
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Example 2.13 


An extensive example -(Example 4-3Grant and Leavenworth, 1988, page 136) 


Milling a slot in an aircraft terminal block .An Example to Illustrate the 
Steps in the Use of X and R Charts on a Manufacturing Operation 
Decisions Preparatory to the Control Chart 


High percentages of rejections for many of the parts made in the machine 
shop of an aircraft company indicated the need for examination of the 
reasons for trouble. As most of the rejections were for failure to meet 
dimensional tolerances, it was decided to try to find the causes of trouble by 
the use of X and R charts. 

These charts, which of course required actual measurement of dimensions, 
were to be used only for those dimensions which were causing numerous 
rejections. Among many such dimensions, the ones selected for control 
charts were those having high costs of spoilage and rework, and those on 
which rejections were responsible for delays in assembly operations. 
Although the initial purpose of all the X and R charts was to diagnose 
causes of trouble, it was anticipated that some of the charts would be 
continued for routine process control and possibly for acceptance 
inspection. 

This example deals with one of these dimensions, the width of a slot on a 
duralumin forging used as a terminal block at the end of an airplane wing 
spar. The final machining of this slot width was a milling operation. The 


width of the slot was specified as 0.8750 eee 


engineers had specified this dimension with a unilateral tolerance because of 
the fit requirements of the terminal block; it was essential that the slot width 
be at least 0.8750 in and desirable that it be as close to 0.8750 as possible. 
Most of the aircraft parts produced in this machine shop were large parts 
fabricated in lots the size of which varied from a few hundred to several 
thousand. It was felt that practical considerations called for a single decision 
as to the method of subgrouping and the size and frequency of sample to 


| inch. The designing 


apply to all the X and R charts to be used. One limiting factor was the 
small number of available personnel for the control chart inspection in 
relation to the number of control charts it was desired to keep. On this basis 
it was decided that for each chart the sample inspected would be 
approximately 5% of the total production of the part in question. Because of 
the many general considerations favoring five as the subgroup size, this size 
was adopted. It was considered essential that, wherever possible, all 
measurements be made at the point of production. As lots of five of these 
large parts did not accumulate at the machine, it was decided that one part 
would be measured out of approximately every 20 produced, and that a 
subgroup would consist of five such measurements 
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Table 2-1 X & Rcontrol chart data sheet 
|_Product: Terminal Block(TB) | Dept No. 78 | Order# _ 54321 
Characteristic :width of slot ig ad jini ( 0-8800 Max 
| | Specified limits : 
Unit of Measurement 0.0001 in. over0.8000 e {oa7s0 Min 
Subgroup No. ) 2 3 4 5 | 6 7 x 
a 7722 744|_802|_ 783 
h 304] 737] 773] 730| 726| 307 
c 779| 733] 722] 754] 748] 791 
d 
|| ie | 
Total 3752| 3756 
Average, X_ 
Range, R 
Date 
Subgroup No. 
| a 788] 757] 713] 716] 747| 749) 771] 23] 769 38 
| b 750| 747| 730 730| 727/762 _| 767| | 772 | 20 
| c | 784 | 741 | 710 | 752 | 763 778 | 785 |15| 768 | 13 
| ad 769| 746] 705| 735| 734| 787| 772] 16| 777 | 27 
|e | 7621 747| 727] 751| 730|_771| 765] | | 
| Totals _| 3853] 3738] 3585] 3684|3700| 3847| 3860] | | 
Average X~ 7” 748| 717 737| 740| 769 772 [12129] 621 
[| _Range,R | 38] 16] 25] 36 | 36/ 38] 20] Calculations of 
Date | 3/9] 3/9[3/10 | 3/10] 3/10| 4/2 |4/2 | limits 
SubgroupNo. [15 | 16 | = 12129 _ 621 
| = =758 = =39 
| a__|zz1 | 767| 16 16 
| Bo 2o8 | 769] AyR = 0.58(39) = 23 
| c [769 | 770| 
| d (770 | 794] yey _ ¥ 4. A,R = 758 +23 = 781 
Le x 2 
Total = = 
EEE LCLy =X -A,R = 758 - 23 = 735 
Range, R 
Date or time 
To find the actual values of X , X insert 0.8 before the numbers in this 
table; e.g. for pcr ~=781 the actual value is yoy, ~ = 0.8781 
To find the actual values of R, R insert 0.00 before the numbers in 
this table; e.g. forR = 39 the actual value is R = 0.0039 








The type of form used for recording the data is illustrated in Table 2-1. It 
was chosen as a result of the decision to measure many of the dimensions to 
the nearest ten thousandth of an inch; it was believed that with so many 
significant figures, delays and errors would be introduced by any type of 
form calling for much mental arithmetic. If measurements had been made 


75 


Chapter 2 Control Charts for Variables 


only to thousandths of an inch, the other type of form would have been 
appropriate. This is illustrated in Table 2-2, in which the same 
measurements as in Table 2-2 have been recorded to the nearest thousandth 
of an inch. 


Table2-2 another form of recoding data forX & R charts 
RECORD SHEET FOR X &RCHART 

































































































Material or partname ~— Terminal block PartNo 1-23-45 
Characteristic measured Width of slot Plant :6 Dept: 78 
Unit of measurement 0.001 in. Over 0.800 Ped by Ph E. 
Samp. | date musurements 
Nose Es] 2 |F| i 
1 3/7 | 77 8 
2 76 73 73) 75.0| 6 
[3 | [ 76| 77] 72| 76] 74] 75.0; 5 
la 3/3 | 74| 78| 75| 77] 77] 762| 4 
rome a0] 73 736[ 7 
6 78| 81| 79| 76| 76| 78.0] 5 
7 3/9 | 75| 77] 75| 76| 77| 760] 2 
3 Tra] 75 770| 4 
9 | v6| 75] 74| 75| 75| 75.0| 2 
40 3/10| 71| 73] 71] 70| 73[ 716| 3 
11 . 72| 73] 75] 74| 75| 738| 3 
[42 | [ 7s| 73| 76] 73] 73 74.0[ 3 | 
78| 79] 77 77.0 4 Operator's check measurements 
2 have been 
1 made on hot part. 
2 Instructed to wait until part 
has cooled before making 
| | | | | check measurement and to 
| | | center process at 0.8775 inches 
61 











UCL y = 75.8 + 2.2 = 78.0 





LCL = 75.8 — 2.2 = 73.6 


A R=0.58(3.8)=2.2 
UCLp =8.0, LCLp =0 


D 4 R=2.113.8=8.0 








The method of inspection to secure data for each X and R chart was stated 
in written instructions. In the case of the slot width of the terminal block, 
this was to measure the width with a micrometer at two specified positions 
in the slot. The recorded slot width was the average of these two 
measurements. 


Starting the Control Charts. 

The actual measurements for the first 16 subgroups are shown in Table 2- 
1. This number of subgroups corresponds to a production order for 1,600 of 
these terminal blocks. Averages and ranges were calculated as shown in 
Table 2-1 and were plotted as shown in Figures 2-14&2-15 
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oO ° d 
X =0.8758 


at 


}.CL=08735 





0 5 0 1S 20 25 30 35 
Subgroup number 


Fig.2-14 X chart for Example 2.13 





0 3 10 5 20 25 30 


subgroup no 


Fig. 2-15 R chart for Example 2.13 


At the time of the twelfth subgroup, before the completion of this 
production order and before the calculation of central line or control limits, 
the quality control inspector noticed that the machine operator was 
occasionally checking his performance by a micrometer measurement on 
width of slot on a terminal block which had just come off the machine. As 
the block was still hot from the milling operation, this dimension as 
measured by the operator was too high because of the expansion of the 
metal due to temperature. Moreover, the operator was influenced by the 
unilateral tolerance to aim at a dimension at or very slightly above the 
nominal dimension of 0.8750 in. 

Even without a central line or control limits, it was evident from the chart 
and the data sheet that this was producing many slots that were too narrow. 
After the twelfth subgroup the operator was instructed to make his check 
measurements on parts that had cooled to room temperature and to aim at a 
dimension of 0.8775, halfway between the upper and lower tolerance limits. 
This was reflected in the results in subgroups 13 to 16. 
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Determining the Trial Control Limits 


Calculation of trial limits as made after the first 16 subgroups which 
completed the production order. As shown in Table 2-1, this was 
done using the A, and Dy, factors and formulas from Table U. These 
trial control limits are shown for the first 16 subgroups in the control 
charts in Table 2-2. 


Drawing Preliminary Conclusions from the Charts. 

Subgroup | is above the upper control limit on the R chart. 
Subgroup 10 is below the lower control limit on the Xx chart. 
Moreover, the last 10 of the 16 points on the R chart all fall below the 
central line. It is evident that the measurements obtained are not the 
result of a constant system of chance causes. 

If subgroup 1 is eliminated from consideration, R for the remaining 
15 subgroups is 536/15 = 36. This gives as the revised upper control 
limit D,R = 2.11 x 36 = 76 

Subgroup 5 falls exactly on the control limit. 

A common experience on hand-operated machines, where the 
dispersion of a controlled process is dependent in part on the care 
taken by the operator, is that the introduction of the control chart 
increases the care taken by the operator and thus reduces process 
dispersion. For this reason the ranges of the first few subgroups may 
not be representative of what may be expected as time goes on. The 
general appearance of this R chart with its run of the last 10 points 
below R suggests this as probably true of the slot width. Hence a 
second revision of R, with subgroup 5 eliminated, seems reasonable. 
This gives R = 460/14 = 33; thatis R =0.0033 in. 

From this second revision of R an estimate may be made of o, the 
process standard deviation that might be anticipated if the process 
were controlled in the future. This estimate of @= R/d, = 
0.0033/2.326 = 0.0014 in. If this should be the value of o, 
the natural tolerance or spread of the controlled process, 6 o, will be 
6(0.0014) = 0.0084. This spread may be compared with the tolerance 
spread: U - L= 0.8800 - 0.8750 = 0.0050. 

It is evident that the natural tolerance of this process is considerably 
greater than the specified tolerance. Unless the process dispersion can 
be reduced, it is evident that even though the process can be brought 
into control a high percentage of nonconforming product will be 
produced. 
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It is evident that the dispersion is too wide and the process average (X= 
0.8758) is too low. It is also evident that the process average is capable of 
adjustment; the instructions given to the operator after subgroup 12 seemed 
definitely to raise the average. At first glance, it would seem that the most 
desirable thing to do is to aim at minimum rejections by trying to hold the 
process in control at an average midway between the upper and lower 
specification limits, namely, at 0.8775. 


However, this conclusion fails to give weight to the fact that a slot 
that is too narrow can be widened but a slot that is too wide cannot be 
narrowed. In other words, rework is less costly than spoilage. It is 
therefore desirable to center the process at a level that results in few 
slots over the upper specification limit of 0.8800 in., even though a 
number may be under the lower specification limit of 0.8750 in. The 
upper 3-sigma limit on individual values might be placed at 0.8800 to 
make a trial calculation of the aimed-at Xo. If this is done 
X, + 3¢ = 0.8800 > X} + 3(0.0014) = 0.8800 > X, = 0.8758. 

By chance, this is exactly the X of the first 16 subgroups. It is evident 
that such a centering will continue to result in considerable rework. 


Experience on similar jobs indicates that it is reasonable to expect 
that process dispersion may be further reduced. Hence it seems wise 
to center the process somewhat above 0.8758. Just how much above 
depends on how much improvement is expected and on the relative 
costs of spoilage and rework. A figure of 0.8770 was selected. 


Continuing to Use the Charts. 

For the continuation of the control chart for the next production 
order, which started several weeks later, the central line was set as 
Xo = 0.8770. The three-sigma control limits were based on assuming 
d= 0.0014. Using Table U 


UCLg= Xo + AG = 0.8770 - 1.34(0.0014) = 0.8789, 
Central line =X, = 0.8770, 

LCLg = Xg - AG= 0.8770 - 1.34(0.0014) = 0.8751, 
UCLR = D26 = 4.92(0.0014) = 0.0069, 

(Central Line)p= d26 = 2.326(0.0014) =0.0033, 
LCLp = D,6=0. 


(As o was estimated from an R of 0.0033, the same limits would have been 


obtained using the formulas x x AR and D,G&D36,an with this R .) 
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These limits are shown for subgroups 17 to 32 on the control charts of 
Fig. 2-14&2-15. The averages and ranges of these subgroups were as 
follows: (As in Table 2-1, X is in units of 0.0001 in. above 0.8000 and R is 
in units of 0.0001 in): 

































































Subgroup xX R 
No. 
17 761 47] 
18 766 31 
19 760 32 
20 TAO 22 
21 788 7 
22 TTS 32 
23 760 ZL 
24 763 18 
25 768 27 
26 766 17 
27 769 38 
28 766 35 
29 766 17 
30 769 26 
31 774 14 
32 774 14 

totals 12284 408 








None of the pieces inspected for control-chart inspection in subgroups 17 to 
32 fell outside the specification limits. The average values for these 16 
subgroups are 


12284 


X = qe = 768 (ie. 0.8768 in) 
_ 408 
R= 7, = 26 (i.e. 0.0026 in) 


It is evident that there has been a further narrowing of the process 
dispersion. This should be recognized by a revision of control limits starting 
with subgroup 33. 

As there seems to be no reason for a change in the aimed-at average, these 
revised control limits should be computed from an Xo of 0.8770 and an R 
of 0.0026, using the factors from Table U. 


UCLy = Xj + A2R « 0.8770 + 0.58(0.0026) = 0.8785 
LCLy = Xj - A2R = 0.8770 - 0.58(0.0026) = 0.8755 
UCLp= DyR = 2.11(0.0026) = 0.0055 

LCLz =D3R =0 
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These limits are shown on the control chart of Figs.2-14&2-15 as applying 
to subgroups 33, 34, and 35. With R reduced to 0.0026, the estimate of o is 


= 0.0011 in. 


A R 0.0026 
now 0= T= 
d2 2.326 





If control can be maintained at this level, Xj + 3 6 = 0.8803 and Xg — 
36 = 0.8737. This indicates that a small amount of spoilage and a 
moderate amount of rework will still be produced; however, the situation is 
greatly improved as compared to that which existed before the start of the 
control chart. As time went on it proved possible to maintain control and to 
decrease R (and o) further to the point where nearly all the product fell 
within specification limits. 


In situations where the specification limits are as tight as this in relation to 
the process dispersion, it is not appropriate to use the control chart for 
acceptance as a substitute for 100% inspection. Neither was this a situation 
in which the tolerance limits could be widened; the required fit of the part 
properly controlled the specifications despite the fact that the natural 
tolerance of the process seemed to be wider than the specified tolerance. 
Grant &Leavenworth(1988) has added the following a comment on the 
example; interested reads could refer the this reference. 


End Of Example 2.13. 


After reading the following example solve problem 2.9 of this chapter. 


Example 2.14 (Based on Naghandarian, 1993 p192) 
Certain dimension of a part is specified as 2.050 + 0.020. If the part falls 
below LSL it must be scrapped, if above USL, rework required. To 


monitor the production process, S_ chart and X chart with limits X” +A,S 


are used. For 20 subgroup of sample size 5, )) X = 41.340, 5 = 0.144. 
The charts indicate the process is in control.. Assume the process is 
normally distributed. What could be concluded about the capability of this 
process if the specification is 2.050+ 0.020. What could be done to 
improve the process? 





Solution 
Uses ish 00a, $a Soo pers 00 
20 20 
~_S _ .0072 
For n=4 from Table Uc, =0.9213, then :o =— =—— = 0.0078, 
Cy -O:9213 


60 =6x0.0078 = 0.0468 , 
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The mean of the process(X ) is different from the nominal mean(—);the 


natural tolerance or the spread of the process,6o , is greater than the 
specification tolerance i.e. USL-LSL (Fig. 2-16). 


pu 


LSL=2.030 USL=2.070 


50 


40 


pdf 


30 


20 





Joo 203 204 205 208 ‘i 208 209° 21 
Fi = ¥ +36 
; x -36 X =20n7 ean 
Fig. 2-16 Spread of the process, the specification tolerance and 
rework percent (hatched surface) 


USL = 2.050 +0.020 =2.070 , 
LSL = 2.050 —0.020 = 2.030 , 

{i+36 =X +36 = 2.067 +3(0.0078) = 2.0904, 
fi-36 =X —36 = 2.067 —3(0.0078) = 2.043. 


Let X denote the quality characteristic being monitored , then at the time 
being the percent of the product needing rework is: 


Pr(X > 2.070) =Pr(Z > e0i0=2 = 
0.0078 
1— normedf(2.070,2.067,0.0078) = 0.3503 


i.e. nearly 35% of the products need to be reworked. 


LSL =2.080< U-30 = 2.043 and the spoilage percent is negligible: 
Pr(X < 2.030) = normedf(2.030,2.067,0.0078) = 1.0498x10* 


To improve the process 2 alternatives are considered: 
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Changing the process mean to a value calculated from the following 
alternatives: 


a)Coinciding the lower process limit with lower specification limit i.e. 
HM, —30 = LSL 

or 

b)Coinciding the upper process limit with upper specification limit i.e. 


HM, +30 =USL. 


Alternative a) 
HM, —30 = LSL 
H,—3(+/++78)=2/030 = ps, =2/0534 


If the process mean is Uy = 2.0534, the percent of rework would be: 


Pr(X > 2.070) = Pr(Z > EUS Ee _ 
0.0078 
1— normedf(2.070,2.0534,0.0078) = 0.0167 


Pr(X<2.030)= normedf(2.030, 2.0534,0.0078)= 0.0013 
With this value as the process mean the percent of rework and the percent of 
spoilage would be 1.67% and 0.13% respectively. 


Alternative b) 

Ly +30 =USL +3 (+/++78)=2)070 => ys, =2/0466, 

With this process mean, the rework percent would be: 

Pr(X > 2.070) = 

1— normcdf(2.070,2.0466,0.0078) = 0.0013 

and the spoilage percent: 

Pr(X<2.030)= normcdf(2.030, 2.0466,0.0078)= 0.0167 

The following table compares the current situation with the 2 
alternatives: 























Alternative 
current a b 
Mean 2.067 2.0534 | 2.0466 
Rework percent 35.03 1.67 0.13 
Spoilage percent 0.0000 0.13 1.67 





All in all, alternative a is better(why?). 
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Example 2.15 

X and S control charts are being used to monitor the process of 
filling a can whose contents is normally distributed. For 18 
subgroups of size 8: }°s =8.24, )°X =59.58. Find the 3-sigma 
limits of the charts. 








Solution 
for X chart: 
SX =59.58 n=8,k =18 X= 2x == =3.31 
dis =8.24 padi Se agass 
gok 0478 
c, 0.9650 
UCL. =X +302 =X +—2 aOR i 
Vn 8 
Central line X =3.31 
cl Es aie ns mae ype any 


vn V8 
Example 2.16 


A production process is normally distributed with uw = 60 ,o = 8. 


Calculate the limits of s,R,X for using random samples of size n=5. 


ut = 60 o =8 n=5 

UCL, = +22 = 60425 = 60410.73=70.73 
i 5 73=70. 

C.L.= py = 60 

ie =e = 66 1078 4007, 


os 


Example 2.17 
R,X charts are used to monitor a dimension of a product. The result of 
30 subgroups of size 4 are DR = 0.320 , yx = 41.34. Find the limits 


for each chart and estimate the standard deviation of the product, assuming 
the process is normally distributed in control. 
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Solution _ yx 41.34 
> X =41.34 n=4 k =30 Xoo 2 1378 
k 30 
2 R 
> R = 0.320 R- ZR _ 9320 po 
in k 30 
UCL, =X +A,R =1.378 + (0.73)(0.011) = 1.386 
CL= Xx =1.378 
LCL, =X —A,R =1.378-(0.73)(0.011) =1.367 


UCL, =D,R =2.28x0.011= 0.0251 











CL=R = 0.011 
LCL, =D,R =0xR =0 
pets WEEE 299053 
dix- 22059 
Example 2.18 


In a quality inspection, 30 subgroup of size 25 has been taken such that 
DX =24192.,.) s S1076. 


The process is roughly normally distributed 
a)Estimate © if the process is in control and. 


b)Calculate the limits of X and S charts. 


c)If the specification limits set by the design department is 85 £10 what 
percent of the products satisfy the design limits 





Solution 

a) 

k =30 aos = OT = 3.586 

n=25 aS B80? 3.623 
c, 0.9896 
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b) 
xX DX 2419.2 sie 
k 30 
c ge, gee 3 3.586 | 
UCLY X +30, =X or ad X ae BN rE TTT: 87.80 
C.L=X =80.64 
LCL =X -30, ~¥ gg HX x5 = 8064-2 3.586 _4g 


Vn Vn ¢, 25 0.9896 
UCL, =B,S =1.44x3.586 =5.164 


C.L.=5 = 3.586 
LCL, =B,5 =0.56x3.586 = 2.008 


c) 
30 _Ff ee 
SX, =2419.2 f= — = 80.64 m2 Pe ae A). 


i=l 














—5.64 14.36 
r <Z< 
3.623 3.623 


= Pr(-1.55 Gp 3.96) = 0.0605 = 6.05% . 


2.12 Performance Measures of a control chart 

There are some measures considered in evaluating the performance of 
control charts; three popular of which are the type I and type II error 
probabilities(@a&6 ) , the expected value of the run-length distribution, 
called the average run length (ARL). Among these , the ARL is an easily 
interpreted, well-defined measure, whose definition follows. 


2.12.1 Average Run Length(ARL) Performance of Control Charts 
Average Run Length (ARL) is the average number of samples required to 

detect an out-of-control status by a control chart . Here it is assumed when 

a point fall outside the control chart, the process is out of control. This 

measure of performance is sometimes called the waiting time to signal "out 

of control" status. 

Let 

p is the probability of that any subgroup falls outside a Shewhart control 

chart i.e. the probability of "detecting the change as success" and 

X= the no. of consecutive independent samples as the number of 

independent trials required to reach the first success. 
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Then X, the number of samples required to detect the change, is a 
geometric random variable with parameter p and mean E(X) = ARL = : : 


2.12.1.1 Calculation of the ARL for X control chart 

When using an X chart with 3-sigma limits yy, + 3 if the process 
n 

mean shifts from /§to L,=H,+ko 


where o is known &constant and ke€R, the mean of the samples 
taken from the process would have a normal distribution: 


X ~N(u,+ko, =) and the type II probability for the chart is calculated 
n 


as follows: 
B=Pr(LCL <X <UCL| peu or w= m=") +ko)= 








Oo oO 

Hg -3 —(Mg +ko) Ho +3 —(Ug +ko) 

p¢— ee PS an FB) 
Vn Nn 


= B =9,3-kVn)-9, (-3-k vn). 

Then the probability of detecting the change (i.e. detecting “4 # LU, ) 1s 
1-8. 

and 


ARL = in X control chart. 


a 
1-B 


A general formula about this case is in Derman&Ross(1997) page 85. 
It should be added that ), when monitoring a process with X-control chart 
even if the process is in control ( Montgomeri& Rungers,1994), on the 


average for every TOGA = 370 produced samples ,one falls outside the chart. 


This could be a false alarm of out-of-control. Montgomery(2005) states 
that in each control chart on the average the number of subgroups 


; . 1 
produced until one falls outside the control chart is e 


Example 2.19 

( Based on Derman & Ross,1997 page 86) 

The mean of a process is monitored by 3-sigma-limit X control chart. If 
the standard deviation of the process remains constant, but the mean shifts 


from 4, to Ly - 5° find the average no of samples of volume n=9 to detect 


this change. 
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Solution 


As you have already observed, for an X control chart when the mean shifts 
from Up to Ug + ko, 


B=0,3-kVn)-@,(-3-kVn). 
For this case : 


ARL =— B=Pr(-3-k Vn <Z <3-kVn) k=-5 n=9> 


B =0.9332 > ARL =14.97 =15 


Therefore to pick up the shift, 15 subgroups are needed on average. 


2.13 Change Point 

In this section the aim is to get familiar with out-of- control signal point 
called change point, when a change or deviation occurs in the process 
parameter related to a control . After the signal has been given by 
the control chart, investigations has to done to find the cause, to prevent 
recurring if possible and to bring the process under control again. In many 
cases the change in the process parameter has begun before the time of the 
signal. Knowing the right time when the change has started to occur in the 
process, which is called change point , is of importance for performing the 
corrective action to eliminate the cause of out-of-control signals. Figure 2- 
17 shows a control chart which has produced an out-of-control signal of 
shift in the parameter by the 36th subgroup, while the shift has begun at the 
time of 23rd subgroup; in other words the change point occurs at sample # 
23.control processes. 

The changes (occurring in the process) affecting the process parameters 
may be classified into single-step change, multiple-step change, drift and 
monotonic change; defined below(from Amiri &Allahyari, 2012 ): 

Single -step change 

A step change for a process parameter occurs when the value of the 
parameter suddenly changes and then remains unchanged again until 
corrective actions are taken. 

Multiple- step change 

A multiple step change occurs when several changes occur at different 
times before the signal is given by the control chart. This type of change can 
occur because of one or more influential process input variable(s) at 
different times. 

Drift 

Drift is a change type in which the process drifts off target, either 
linearly or nonlinearly at an unknown point in time. The trend 
continues until some corrective action is taken to bring the process 
back in control. 

Monotonic change 
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In monotonic changes, the type of change is unknown a priori, but the 
direction of shifts is the same, increasing or decreasing. This type of change 
is more general than the others because it encompasses the single step, 
multiple step, and drift pattern changes. 


EC NCO OU Pte WUE PEGE CA UO OLE Ue 








Oert-af-control 
{ Signer! 
| * 
i 7. yf 
| F 
4 bs va 
# . | * 
= i * 
° e 
i ni | *. 
5 e 9 ee OA + / 
= 4 74 4 — + * 4 
i 4 . , «wey 7 ee 
r | & | 
2 e i 
oe! 
? \ 4 | 
s | 1 
LWL. ° 4 a 
i 
Changejpoint 
H=Hy i H=Hgt Bie 2) 
3 10 15 20 25 30 35 


Sample number or time 
Figure 1. A typical control chart for monitoring a process; the out-of-control signal is 
illustrated at rf — 36 while the process mean begins drifting linearly at tf — 23. 


Fig. 2-17 The out-of control signal is at 36 sample ; the change 
point occurs at 23 sample (after Kazemi et al, 2013) 


Each of the types of the change in the process could be modeled 
mathematically; for example the general model for a kind of step change 
occurring in a process mean is as follows: 


Mh lat <5, 

H, Ral << s 

LU, ol <= 4S, 
H, = 

Me C5 tl = te 

Ly, igh ta 1 
where 


H,= the mean of the process in the t sample(period), 


T = Total number periods, 
T, =the j" change point in the process mean. 


Example 2.20 

To monitor the mean of a process, T=445 subgroups of size n=5 were 
produced from the process; the last sample indicates the process is out of 
control. At the beginning, the process was normally distributed with mean 
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Ly =100 and o = 5. The central line, the upper and lower control limits 


and also the upper and lower warning limits for X control chart are as 
follows: 


oO 
UCL = 1+3-— 
ake 
UWL = p+2-—— 
n 

CL=u 
oO 
LWL = -2- 
Van 
oO 
(Ch =4-3-= 
ee 


Replacing UW = Up=199,0 = 59 andn = 5: 
UCL = 106.7082 


UWL = 104.4721 
CL =100 

LWL =95.5278 
LCL = 93.2918 | 


Suppose that due to changing the operator s, the mean has encountered 
the following change: 


Ue if 1<t < 100 
My + 0.50 if100 < t < 250 
HM, =4 Mo if 250 < t < 350 
M,-0.50 if 350 < t < 400 
py O50 if 400 < t < 445 


Figure 2-18 shows the X control chart with 445 subgroups taken from the 
process of the example. The process has more than one change point in its 
mean. 
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Varable 























Fig. 2-18 X control chart for the example (showing more than one change 
point). 


Exercises 
2.1.Using Table U read the a values of A A;A, and A3 for 20 subgroups of size 8. 


2.2. Plot X and S chart for the 25 subgroup of the first problem of the 
exercises of chapter 1 and answer the following questions: 

a) Is the process in control? 

b) The dimension specified by the design department is 395 + 3. Do all 
the 125 parts satisfy these limits? What could be concluded about the 
capability of the normally distributed process used for the production of 
part between 3954 3. 
c)What control limits do you suggest for continuing the charts in the 
future? 


2.3. X andS control charts are being used for monitoring a dimension of 
a product. All the samples are randomly distributed between the limits of 
the charts. A sudden change in the process has no effect on the o but 
causes the process mean to change from UW to p+1.50. Answer the 
following question, assuming the distribution of the process is normal both 
before and after the change: 

a)lf the sample size is n=3, what percent of the points do you expect to fall 


outside the X chart limits p + 3 a Answer 34.3% 


b) If the sample size is n=5, repeat part a. Answer 63.8% 
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c)lf the sample size is n=5, repeat parta. Answer 89.3% 


2.4. A Textile Manufacturing Group needs a kind of fibers such that 95% 
of the products have at least the tension strength of 1.80 units. 
manufacturer takes the responsibility of producing the fiber. A contract is 
held between the group and the manufacturer. The standard deviation of 
the process used by the manufacturer is 0.015. What is the minimum 
aimed-at mean for the process to satisfy the contract. Assume the process 
continues to be in control and the distribution of tension strength is 
normally distributed. 


2.5.X and S control charts have been run ona process for sufficient time 
using subgroups of 5 parts. During the past nearly one month, no point 


has fallen outside the charts, and the one-month results indicate X 
=0.7503 and S =0.0018. 

a) Estimate the value of o for the process. 

b)If ten points out of the last 11 points fall above the central line of S 
chart , is still the process under the statistical control? 


2.6. (Grant &Leavenworth,1998 page 146 problem 4-14) 
A certain product is manufactured with a specification of 120.0 + 5.0 for 
a quality characteristic. At present, the estimated process average is 120.0 
and the standard deviation is 1.50. 

a)Compute the 3-sigma control limits for an X and R chart based on 
subgroups of size 4. Answer: 122.25, 117.5&7.05, O 

b)What percent of the product will not meet specifications if the process 
average suddenly shifts to 121.0, assuming a normally distributed product. 

Answer: 0.39% 


2.7. (Grant &Leavenworth,1998 page 146 problem 4-16) 

A control chart has been used to monitor a certain process during a 
considerable period of time. The process is sampled in groups of 4 at 
intervals of about 2 hours and the X control chart has limits of 121.0 & 
129.0 with the target w, =X, at 125.0. 


a) If the product is sold to a user who has specification of 127.048.0 
what percent of the product will not meet this specification assuming a 
normally distributed output? Ans:1.22% 

b)If the target value of this process can be shifted without effect on the 
process standard deviation, what target value would minimize the amount 
of product being produced outside the specification values? Ans: 127 

c)At this new target value, what percent of the product will not meet the 
required specifications? Ans: 0.27% 
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2.8. (Grant &Leavenworth,1998 page 146 problem 4-18) 
In the extensive example if the slot width were below the lower 
specification limit(0.8735), the part could be reworked to bring it 
within specification. However, if above 0,8800, it would have to be 
scrapped. After the first 16 subgroups, an estimate was made the that 
the standard deviation (o)of a controlled process would be 0.0014. 
This called for a uw of 0.8785 as the process average. 
a) If the distribution of slot width were normal with o of 0.0014, 
approximately what percentage of rework could be expected if u were 

0.8758? Ans: 28.4% 

b) With p at 0.8770, what percentage of spoilage would be expected? 


What percentage of rework? Ans: 1.62%. 7.78%. 


c) In what way do the answers in (a) and (b) suggest an economic basis 
for establishing the process average in cases of this type? 


d)How would your decision as to process average to be aimed at in the 
extensive example be influenced if you knew that terminal 
blocks(TBs) with slot widths up to 0.8830 had been accepted by 
the plant salvage committee for use in the airplane and had been 
used satisfactorily? 


2.9. (Grant &Leavenworth,1998 page 146 problem 4-19) 

The following data were obtained over a ten-day period to initiate x 
and R control charts for a quality characteristic of a certain 
manufactured product that had required a substantial amount of 
rework. All the figures apply to product made on a single machine by a 
single operator. The subgroup size was 5, Two subgroups were taken 









































per day. 
Sample No. | xX R_| Sample No. xX R 
1 177.6 23 11 179.8 9 
2 176.6 8 12 176.4 8 
3 178.4 22 13 178.4 7 
4 176.6 12 14 178.2 4 
5 177.0 7 15 180.6 6 
6 179.4 8 16 179.6 6 
7 178.6 15 17 177.8 10 
8 179.6 6 18 178.4 9 
9 178.8 7 19 181.6 7 
10 178.2 12 20 177.6 10 
sum 3569.2 196 
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a)Determine central lines and trial limits for the X and R control 
charts. Ans: 172.8,178.5, 184.2; 0, 9.8, 20.8 


b)What preliminary conclusions about statistical control can you draw 
from your observation and analysis of the data and of the control 
charts? Justify these conclusions. Does it seem reasonable that the 
introduction of the control charts may have had some influence on 
the process. Why or why not? 


c)The specified requirements for the quality characteristic are given as 
171411. If a product falls below the LSL of 160, it must be 
scrapped, whereas it falls above USL of 182 it may be reworked. 
Because scrapping an article is much more costly than rework, it is 
desired to hold scrap to a low figure without causing excessive 
rework. The process average be shifted by a relatively simple 
machine adjustment. What would you suggest as the aimed-at 
value for process centering in the immediate future? Why? Ans: 
171.2 


2.10. (Based on Grant &Leavenworth,1988 page 151 problem 4-40) 
After 25 subgroups of 4 items each have checked on a certain machining 


operation ))X =301.2500mm & ))S =0.5757mm . 


a)Compute central lines and control limits for X &S charts based 


on these data. 


b)Assuming that this process is in control, estimate the process 
standard deviation 


c)Specifications on this dimension are 12.000 + 0.100 mm. What 
proportion, if any, of the product falls outside the specifications , 
assuming anormal distribution applies. 


d)Assume that the process shifts to a new mean of 11.990 mm without 
affecting o. What is the probability that this shift will not be 
affected on the first subgroup drawn after the shift occurs? 


2.11. (Grant &Leavenworth,1988 page 148 problem 4-21) 
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Control charts for X &S , based on a subgroup size of 4, are to be used 
to control a process. The standard deviation of this process is 10. An 


aimed-at value of the mean (Lp) ) is to be 250. 


a)Determine control limits for the X &S charts 


b)Determine the probability of a point falling within the X chart control 
limits if the actual u is 0.50 below the aimed-at value of 250. 


If it is 1.00 below 250. 
If it is 2.00 below 250. 
If it is 2.50 below 250. 
c)Sketch these probabilities as a function of the location of the true 


mean(horizontal scale) and comment on the usefulness of this 
diagram in relation to the detection of shifts in the mean. 


2.12. A certain manufacturing process with o = 0.0010 has been 
operating in control at a mean of w=0.0360mm with o = 0.0010 mm. 
The products are sold to 2 different customers A &B. The specification 
required by A and Bare 0.0360 + 0.0040 ,B , 0.0380 +0.0040 , A. 
a) Assuming a normal distribution, what proportion of the product 
does not meet the specification of A. 
b)If the process is centered on yy, =0.0370, find the percent of the 


spoilage for both A&B. Is this change suitable? Why? 


2.13. x |R,s control charts are plotted for the samples of size 4 taken 
from a bag of balls which are normally distributed with u = 40 &o = 4. 
Find the 3-sigma control limits for the chats and the central lines. After 
sampling, a frequency distribution is prepared for the X values. Estimate 
the mean and standard deviation of this distribution. A frequency 
distribution is also prepared for the standard deviation( $) values, 
estimate the mean and the standard deviation of this distribution. 


Hint: ©; = l-c} , E(S)=c,o, o.=—, E(X )=u 
Vn 

2.14. The X control chart for a certain quality characteristic is given to 

you. This chart contains 50 subgroups all near the central line, none of 

them near the 3-sigma limits. In fact when you draw the 1-sigma 

limits(i.e. one third of the distance between the central line and the 3- 

sigma limits) all samples fall within these narrow limits. Does the chart 
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make you suspicious of happening a difficulty in the process? Why? What 
kind if explanations could be presented for these kinds of charts? 


2.15. Why an increase in the variability of the process without increase in 
its mean, make the R, S charts indicate lack of control? 


2.16. After 20 subgroups of size 10 from a production process 
yx, “T1455, =59.16 . Assuming anormal distribution applies, what 
i=l isl 


percent of the products satisfy the specifications 35.00 + 10.00? 


2.17. According to government regulations ,at least 98% of the products 
must have a weight equal to the weight printed on the label s,X charts 
are used. After 20 subgroups of size 10, yx =731.4,))s =9.16. 
find the 3-sigma limits for the chats and estimate om assuming the process 
is in control. If the weight printed on the label is 36 oz and the process is 
normally distributed; determine whether the product weight satisfy the 
government requirement. 

2.18. X an R control charts are used to control the concentration of the 
dissolved iron , measured in part per million (ppm), in a certain solution. 
125 hourly specimens, were taken and classified into 25 subgroups of size 5 
. From these data DR = 84 , xX = 390.8 Find the 3-sigma limits of 


the charts and estimate o, assuming that ais in control and the 
concentration is normally distributed. 

2.19. According to the given specification, the concentration of the iron in 
problem 2.18 must not exceed 10 ppm. If the data are normally distributed 
and no change has occurred in the mean and the standard deviation of the 
products, what portion of the product is expected to exceed this limit. 
2.20. x and s control chars are used to control the impedance of a kind of 


electrical coil. After 30 subgroups of size 5, >) X =58395 ohms, 
> s = 548 ohms. 


a) Calculate the central line and the control limits for the 2 charts, and 
estimate o if the X's are normally distributed. 

b) What percent of the produced coils have the impedance of 2000 +150, 
if the normal distribution applies? 


Reconciliation between people is the best alms. 
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Chapter 3 Some Points on Subgrouping &Process 
Capability 
Aims 
In this chapter some advices for subgrouping are given and the indices 
such as CG, and C,_, commonly used to evaluate a process ability to 


produce output within given upper and lower tolerances, are defined. 


pk’? 


3.1 Subgrouping 
(Extracted from :Grant&Leavenworth,1988 page 155): 

The basis of subgrouping calls for careful study, with a view to obtaining 
the maximum amount of useful information from any control chart . The 
following points should be considered while subrgouping: 

The most obvious rational basis for subgrouping is the order of 
production. 

Subgroups should be selected in a way that makes each subgroup as 
homogeneous as possible and that gives the maximum opportunity for 
variation from one subgroup to another. Particularly if the primary 
purpose of keeping the charts is to detect shifts in the process average, one 
subgroup should consist of items produced as nearly as possible at one 
time; the next subgroup should consist of items all produced at a single 
later time; and so forth. For this purpose either n items constituting one 
subgroup are produced in succession at say about 8 o'clock; n items 
constituting the next subgroup are produced in succession at about 9 
o’clock; none of the items produced between the 8 and 9 o’clock 
subgroups are measured for purposes of the control charts. Or subgroups 
are taken after every say 1000 parts. It is good to act in a such way not to 
let the operator to know the exact time of sampling. For example if we 
take hourly samples at 9 AM., 10 AM, etc, we should take samples at 9:10 
or 9:05 or 9:50 or 10.05... 


3.1.1 Decision on the Size of Subgroups. 

Dr Shewhart suggested four as the ideal subgroup size(n). In the 
industrial use of the control chart, five seems to be the most common size. 
Because the essential idea of the control chart is to select subgroups in a 
way that gives minimum opportunity for variation within a subgroup, it is 
desirable that subgroups be as small as possible. On the other hand, a size 
of four is better than three or two on statistical grounds; the distribution 
ofX is nearly normal for subgroups of four or more even though the 
samples are taken from a non-normal universe; this fact is helpful in the 
interpretation of control-chart limits. Of course the priority of 4and 5 over 
2 and 3 is rejected when more expenditure is needed. 
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3.1.2The time interval between subgroups 

No general rule could be given for the time interval of the subgroups; it 
depends on such factors as the cost we can afford, in control or out of 
control status of the process. We might not reduce the interval due to high 
sampling expenditure. 


3.1.3 The number of subgroups 

The number of subgroups depend on some factors such as the 
population size ;however , if possible, 25 is recommended for the number 
of subgroups to be collected before trial control limits are calculated. 


3.2 Process Capability Index 

To evaluate the capability of an in-control production process, the so- 
called process capability indices, denoted by PCIs, are used in quality 
control. The indices compare the output of an in-control! process to the 
specification limits. 


Capability Index for Normally distributed process 
The indices used to evaluate an_ in-control and normally distributed 
process include Cp & Cpk,C CC Cy,.,Cy, ;among which Cp & 


pmk ? ~ pm Npm? ~ Npk ?~ Np? 
Cpk are well known. 


3.2.1 Definition of Cp 


If the production process is normally distributed and is in control about 


U +L 


the nominal value @= where U and L are upper and lower 





specification limits(this requires the process mean coincides @), Cp is 
defined as follows: 


where 

U-L is the specification range or tolerance, 

o is the process standard deviation and 60 is the process range or natural 
tolerance, 

It is evident that to the extent that the quantity of o is less than the quantity 
of (U — L)/6, the quantity of C, will be reduced. 

It should be added that: 

- usually o is not available; if the process is in control and normally 


distributed it is estimated by 6=S or 6= & 
Cc 2 


=~ 
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- for using C, as process capability index, “= X has to coincide with 
U+L 
6 =—. 
2 
-if 
Cy < 1, the process is not good, 
1< C< 1.33 the process acts well, 


C,, 2 1.33 the process acts very well, 
1.66 <C,, <2 the process is excellent, 
Cc, > 2 the process is very excellent, 


-many American companies suggest a minimum target value of 1.33 for C,; 
a minimum value of 1.66 for Cp has also been suggested for critical 
characteristics such as safety, strength,... Table 3-1 shows the portion of 
products falling out of U,L for several Cas assuming the process is 
normally distributed. It could be easily verified that for a given C, if the 


ae ; U+L 
process is normally distributed with mean equal to @0= —> that is 


(i =X = @), the portion of products that fall outside U,L could be 
calculated from 

p= 1a 5 Gane Oe Z< +3C,) 

or using MATALB from p=1-normedf(3*Cp)+normedf(-3*Cp). 





Table 3-1 the portion of products falling outside U&L, given a normal and in control process about 0 = = 











U-L 30 4o 60 80 9,780 100 120 
CG, 0.5 | 0.67 1 1.33 1.63 1.66 2 
Proportion 
falling 13.36 | 4.44 | 0.27 66 1 0.64 0.002 


tside U&L f°) 
moro | 2 | % | % | ppm ) ppm | ppm | ppm 








Min Cp 
3-sigma for many 

Production American 

companies 


Minimum Cp 6-sigma 
for critical product 
characteristics ion 


Observations 


























Figure 3-1 shows some capability indices. 
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portion Recommended 
Process ait re 
U&L ctlons 
pee > 5% Heavy process 
control, 
Rework 
0.27% | Relatively heavy 
process control, 
i USL reduced 
66ppm Inspection, 
selected use of 
control charts 
Ge 2.33 
1 ppm spot checking, 
St 4 USL selected use of 
control charts 
C = 1.63 
Fr 
———— 














Fig. 3.1 
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4 values of capability index 


Figure 3-2 shows four different normally distributed processes with mean 


6 having different Cp's producing a product. The more the Cp, the more 
the proportion fall inside the specifications limit. 
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f@) 





Fig. 3.2 4 processes with 4 values of capability indices” 


Cp for single specification 
If only the lower specification or the upper specification (L or U) is given, 
the following indices are used: 








Note that 
- Ll, the process mean, is estimated as fi = X. 
-The values of CpU or CpL less than 1 are undesirable. 


3.2.1.1 Interpretation of - 
p 


Since 60 = —(U —L), then the process range is equal to = of the 
Pp P 


ee 1 ar : 
specification range. In other words a 100 indicates the portion of the 
Pp 


specification range which covers the process range. For example 
if Cpis 1.55, the process range (60) takes = x 100= 64.5% of the 
P 


specification range i.e. U-L. 
if Cy is 1, the process range takes = xX 100 = 100% of ULL. 
Pp 


if Cy is 0.5, = X 100 = 200% i.e. the process range is as twice as of ULL. 
Pp 


3.2.2 Definition of C,, 
In defining Cp it was assumed the process was in control and normally 
distributed and the process mean was equal to nominal value i.e. 


U+L U+L 


ai =% = IX + 3 and we would like to evaluate the 





1 . a . ‘i i 
For a detailed discussion refer to references such as www.qualityamerica.com 
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process capability, another index denoted by Cx and defined as follows is 


C4. =min|¢ a2 - 44} 


U ? pL 
= 30 : 30 


used. 





It could be shown that the above relationship is equivalent to the 
following relationship: 

Cy =C,0-k), 
where 





a= u 
D: U-L 





C,, =C,(—k) shows that always C=C, and if Cu =C, then 


pk — 
k=0 >u=8. 
The larger Cpk is, the less likely it is that any item will be outside the 
specification limits. 
When Cpk is negative it means that a process will produce output that is 
outside the customer specification limits. 
Figure 3.3 compares 4 normally distributed processes whose means are 
not equal to the target value 9. They have different Cpk's. The more the 
Cpk, the less the proportion fall outside the specification limits. 


f@) 








Fig. 3.3 4 processes with 4 values of Cpk producing the same product. 


3.2.2.1 Explanation of Cp, values 

Cpk = Negative number: Your products will be outside U&L. 
Cpk =0.5: a bad process. 

Cpk =1: there are some nonconforming products 

Cpk =2: Great! You have a great clearance 

Cpk =3: Excellent! You have excellent clearance. 
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3.2.3 Definition of o level 
Up pe 
oc o 


distributed, to the extent this quantity is more than 3, the more capable 
the process will be. 


Sometimes min li called o level. If the process is normally 


Example 3.1 
Assume a production process is normally distributed with a standard 
deviation equal to one twelfth of the specification range(U —-L= 120 ) 


and a mean equal to the nominal value /7 = X¥ =0= =< (Fig. 3-4). In 


this case C, = Cn = 2 and the portion of products falling outside U&L is 
0.002 ppm calculated from normally distributed. 





L=LSL U=USL 
——_ 


Ie 






Fig 3-4. The process mean coincides nominal value. 


Now suppose, the process mean( wu ) has shifted to the right side of 


nominal value(6 -——) as much as 1.50, while the type of 
distribution and its standard deviation remains constant(Fig.3.5). In 
this case the capability index of the process is equal to 


Cyq = min {2H ARE} - min {$92 752 15. 
30 30 30,0 30 





L=LSL 





U+L 


Fig. 3-5 Shift of the process mean to the right of 6 = a 
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Then based on normal distribution, the portion of the products falling 


outside U,L is 


EAH og UH 21 py_-7.5<Z <4,5)=0.0000035 
Oo 








1-Pr(L <X <U)=1-Pr( 
oO 


that is 3.5 ppm. Therefore in a normally distributed production process 


U+L 


withC,, = 2 if the process mean shifts 1.50 from 0 = ,the portion 





of products falling outside the specification limits is still insignificant. 


Example 3.2 

The specification limits a product is 30 +10 , and from 10 subgroup of size 
5 we have )) 72, S; = 20.21; 
If the production process is under control and normally distributed 
with mean equal to (U+L/2), what can be said about the capability 
of the process? 


Solution 
_ 20.21 
(jeg eis ee Oro UO det ah a Be 
= = = Z4. - = 
Ober. Pes 200d P~ 6*215 


The process is a good one and = x 100 = 64.5% i.e. the process uses 
p 


=1.55 


64.5% of the process specification limits. 
Find the process capability If the process is normally distributed and 


Sy x 23310: 


i=l 


Solution 
In part b we have to calculate C,,, (why?) 


Vax MEL -* Sa =1.05 








C, =min 


° 


36 36 


’ 


3x2.15 3x2.15 


Supposing a is unchanged, the portion of the products falling outside 
U,L is 
20 — 33.19 40 — 33.19 
1 — Pr(——_—_—_ < Z < — ——__) = 0.0008 
2AS 2.15 
The mean of the process has shifted from nominal mean =) and 


0.08% of the products has fallen outside U,L. 
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3.3Some notes on C,,,&C, 
-C, resembles the potential capability of the process and always C,, < Cp. 
-if Cox = Cp, the process mean coincides the nominal mean (=). 
- Cox < Cy indicates the process mean has shifted from the nominal 
U+L 

mean one. 

- to the extent that the quantity of C,), is less than quantity of C,, the 
process mean has shifted further from the nominal mean (>). 


Some companies recommend C, of 2. 
-As well as Cy,,C,some other capability indices such as Com, Cpm and 
their extensions Cypk,Cnpm, Cnphave been introduced. 


For example C,,, is defined for a normally distributed production process 


as follows: 
U -L U -L U -L 


ofec, -T)2 ofec, —y)2 Ae a éoy? +(u-r 


























or 
C= 
where 
f= X, The target value; T is not necessarily equal tog — UY + © , though often it is 
- The process mean estimated with fi=X 

7 The process standard deviation 
u-T The deviation of the process mean from the target, 


It is worth mentioning that Vanmann(1995) proposes he following two- 


Goren Skier oi 


variable relationship for calculating Cs so ae 











d- -0 

CyUu,v)= ae |e | , 
Yo, tle 

where 

d half of the tolerance(=—) 
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L The lower specification limit 
=X; The target value 
Uu, Binary variables (0 ,1) 

The upper specification limit 


x Estimate uw 
6 Norminal value, g _ U + 4 
2, 
HL Process mean 
ron Process standard deviation 
Then: 
Cp,(0,0)=C,, C,d,0) ho a Cp OD=C pm: Cp AD=C ong . 
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Exercises 


3.1 
Consider two production processes used to produce a product with 
L = 96.5 and U = 103.5. The first process produces products which are 
normally distributed with mean 99 and variance 1; the products of the 
other process are uniformly distributed on the interval (97,103). The target 
value is T = Xj = 100. Can you calculate the process capability for the 2 
processes? 
3.2 
A customer requires a Cp > 1.33 for a specification of 15.5 + 2.0. If the 
supplier’s process has a mean of 15.0 and a standard deviation of 0.5, 
describe the process capability. ( http://asg.org/cert/resource/pdf/sample- 
exam/cqe-sample-exam.pdf) 
Answer: C,, not acceptable and product requirements does not meet 
specifications. 
3.3 
Given identical specification limits, which of the following process 
distributions has the highest C, value? Why? (source: 
http://asq.org/cert/resource/pdf/sample-exam/cqe-sample-exam.pdf) 





(A) LSL USL 
(B) LSL USL 
(C) LSL o-4\ OUUSL (D)  =LSL USL 
3.4 
a)Will Cpm,Cpx and C, be the same, if T = X9 coincides process mean? 


— U+L 
2 


b)If the process mean coincides 0 will Cy, and C, be equal? 


, 
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3.5 

The following sample has been taken from the production process of 
certain product wih specification of 100+0.30. Find the process capability 
index. 

X, = 99.88 X, = 100.11 X3 = 99.99 xX, = 100.02. 


Many people live either in the future or in the past; the 
present time is God's present to us 
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Chapter 4 A review of Probability and Statistics Key 
Concepts 


Aims 


This chapter aims to introduce some of the fundamental concepts 
and results of probability and statistics theory. Some distributions as 
well as the central limit theorem regarding the limiting distribution 
of the mean of a sample and a founding stone of the extreme value 
theory i.e. the Fisher-Tippett theorem regarding the limiting 
distribution of the maximum& minimum of a sample are described. 
A graphical technique called Q-Q plot is also introduced for 
determining if a statistical distribution fits a series of data. 


4.1 Review of definitions 
Random experiment, sample space, event 


4.1.1 Random experiment: An experiment whose outcome cannot 
be predicted with certainty, although the possible outcomes are known. 


4.1.2 Sample space(SS):The collection of all possible outcomes of a 
random experiment. 


4.1.3 Event: A subset of sample space. 


An event is said to have occurred if one of its elements has occurred. 
Example for an experiment, sample space and event are given below: 











Experiment Sample space Event 
Casting a die {1,2,3,4,5,6} A ={2 3} 
Ambient air {t |-10<r < 45} . ={15<t < 20} 


Temperature 

















astra eGR | 1.) gx <20} | C={4ex<17} 
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4.1.4 Frequency, Relative Frequency and Probability 

Suppose a random experiment with k possible outcomes has been 
repeated n times and the frequency of the i” outcome is equal to 
fi, i= 1,2,..,k; its relative frequency of the outcome is defined as fi/ Nn. 
The following table shows the frequency and the relative frequency of each 
outcome. 




















outcome | Frequency | relative frequency 
X1 f, f,/ n 
X2 f, f,/ n 
Xk fi, f,/ n 
Sum n 1 

















4.1.5 A priori or classic probability 

Consider a random experiment has S.S = Vis ban a as its sample 
space. If the outcomes x,,i =1,2,.,k are equally likely, then the classic 
probability of occurring X, denoted by Dx (Xx )is defined as: 
1 


Dx (Xx) = k 


4.1.6 A posteriori or statistical probability 
If a random experiment has the sample space S.S = VG Ni sso Hi \ a 


posteriori or statistical probability is the relative frequency when the 
experiment is run for a largish number of times i.e. 


Pr(X =%;)=lim,,.7*. 
n 


4.1.7 Conditional probability 
The probability of Event A conditioned on B is defined as 
p(aieyo 2 52) 2 P(AB) . 
P(B) ——P(B) 





Ee MC eC 
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Example 4.1 

Suppose we have 4 defective and 6 non-defective light bulbs. What is the 
probability of both non-defective in a sample of size 2 when sampling is 
done without replacement? 


Solution 

Let Events E and F be defined as: 
Event E: the 1* outcome is non defective 
Event F: the 2™ outcome is non defective, 
then 


6 5 1 


4.1.8 Chain rule for factorization in probability theory 


In probability theory, chain rule for factorization allows us to factor a joint 
probability or density function into a product of much smaller conditional 
probabilities or conditional density functions. 


4.1.8.1 Chain rule factorization of joint probability 


Given n events £;,..., E,, the joint probability of the events is 

factorized as 

Pr(E, ,...£,) = Pr(E, | E,_,,..-E,)...Pr(E, | £,) Pr(£,); 
And also 
given a set of random variables Xj,...,Xn, define the parents of Xi to 
be the variables Xj with j<i. Then any given probability Pr(X;,...,Xn) 
is equal to the product of all X;'s conditioned on "its parents" 
Pr(X1,....Xn)= 

Pr(Xn|Xn-1)+++)X1)- «+ Pr(X3|X2,X1). P(X2|X1). Pr (X21) 


or 
pe Pr({X,, Se a =1,) - 


= Pr(x, =X, Py = Xp po Xy = x) Pr (X44 =X, | Xp_9 =A pegs X] = 4) Pits = 





x, - x,) Pr(x, - x) 
or 


In practice it is not necessary to condition on Xp-1,....X1; m terms are 
enough i.e. to condition on Xp-1,...,Xn-m: 


L= 
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-Pr(X xX 


m+1— akon m 


m depends on the particular and its value is something to be tackled. 


4.1.8.2 Chain rule factorization of joint probability density 
Let 


n 

Xn Xpipes re ee f x 

X .|parents i 
i 


is] 


but in practice m terms are enough to condition on: 


Le I] dea 


i=l 


In case of independence 


Pr(X a =x,)=Pr(X,, om )..Pr(X =x,} 


(AEX) fee X imi (IX Xp poo X I (4mm) 


For example : 


Fy de garyen 4x ghey a 03! ae ype, Ox («,) 


Pet eg Xr (4737271) ; 


4.1.9 Permutation and combination 

Suppose F objects are chosen from N objects without replacement and 
are put into r cells, the number of objects that could be placed into each 
cell is: 





n n-1 vos n-r+1 





Permutation 

A permutation, also called an "arrangement number" or "order "Is one of 
the many different ways or forms in which these cells exist or can be 
arranged. 

In general, the number of permutations of n things taken r at a time is 
given by the formula 
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(ain —Ddn— r+ 1) = Ded r+ Mfr rYin=r— Dll) 





(n—r)....{1) (n—r)! 


In particular if r=n 
n! n! n! 
(n-n)} O! 1 


i.e. the number of different ways n objects can be arranged is n!. 


=! 





Combination 
! 


(n-r)! 
drawing are called combinations. The number of different combinations of 
r objects that may be drawn from a lot of n objects is given by 


n n! 
r (n _ r)ir! 
Example 4.2 


The combination of r =80 drawn from n=100 objects is equal to 
; (0 }- 100! 
20 20! x80! 
Handling factorial of large numbers 
If for a particular n, n! is not possible to be calculated by hand ora 
software such as MATLAB, there are tables in some books which gives the 


logarithm of n!. For example k_ in the above relationship could be 
calculated from: 





Out of permutations, the sets without regard to the order of 





log k =1log100!- log 80!— log 20! = 157.97 —118.8547 —18.3861 = 20.7292 


.k =10%?? = 5,36043457 816143 x10” 


The logarithm of 100! , 80! and 20! have been read from Table H of 
Grant&Leavenworth (1988). 
For n>100 sterling's formula i.e. 


n 
nt=(2] j20n , 
e 


is also useful. 
For example 
1500 1500 
1500!= | ———_]_ x J2x3.14x1500 = (551.82) x 97.05. 
2.71828 
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4.2 Introducing some statistical distributions 
The aim of this section is to remind certain properties of some 
distributions used in statistical quality control. 


4.2.1 Hyper geometric distribution 

A sample of size n is randomly selected without replacement from a 
population of N items. In the population, k items can be classified as 
successes, and N - k items can be classified as failures. The probability of 
the number of success in the sample is given by the probability function of 
hyper geometric statistical distribution : 


na) 
Pr{X = d|N,D,n} or Pr(d|N’ Dn) = d )\ n-d 


8 


where integers N,D,n,d denote 


N Population (lot, batch,...)size 

D The number of items in the population that are classified 
as successes 

n Sample size 

D The number of items in the sample, classified as successes 


(") N! 
n’ nix (N—n)! 
The mean and variance of hyper geometric distribution are: 





E(x) =-= 

Var(X) = 
D(N-D)(n)(N-n) (4 =" _D- 
N2(N —l) =m (1-P) yy PON 


In MATLAB, the command hygecdf(d,N,D,n) calculates the cumulative 
probabilities of the distribution and command hygepdf(d,N,D,n) returns 
the value of probability density function at d. 


Example 4.3 
In a lot of size 50 there are 4 defective products; a random sample of size 
5 is drawn from the lot. 


a)what is the probability of 1 defective product in this sample? 


b)what is the probability of less than 3 defectives in the sample? 
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Solution 
a) 
N =50 n=5 Da4 d=1 
7 4\ (46 4! 46! 
P = Ne —QC2)_ Gee) Gem). 
ryX =1/D =4}=~5S* = ai = 0.31 
n=5 es (scasi) 
MATLAB : hygepdf(1, 50, 4, 5)=0.3081 
b) 
Pr(X<3) 
=Pr| d =0| D =4 |+Pr| d =1) D=4 |4+Pr| d =2} D=4 |= 
n=5 n= n=5 
4\(46) (4\(46) (4)(46 
WAS) GAG) 23) _ vxt370754 | 4x163185 | 6%15180 _ 2114574 _ 4, 
(*) (*) 2) 2118760 2118760 2118760 2118760 
5 5 5 


MATLAB: hygecdf(2, 50, 4, 5)=0.9980. 


4.2.2 Binomial distribution 

Suppose 100 p is the proportion defective in the process of a special 
product of a factory ;_ in other words the probability of observing a 
defective product in the population is Dp. The probability of observing r 


defectives in a sample of size n taken randomly from the 
population(process) is given by the probability density function of a 
binomial distribution: 


n ' n-r ' 
Pr(X =n) = (") (p) G-p’ O<p <1. 
In MATLAB 
the command binopdf(r,n,p') computes this probability and binocdf(r,n,p') 


calculates Pr(X <r). 


Example 4.4 
Suppose 20 percent of a population is defective. What is the probability 
of observing 3 defectives in a sample of size 10. 


Pr(X=3)= Ge) (0.2)3(0.8)” = 120 x 0.008 x 0.2097 = 0.2013 
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Using MATLAB: Pr(X = 3) =binopdf(3,10,0.2)=0.2013. 
If X is the number of defective items in a sample of size n drawn from a 
population having p’ as its defective proportion then X is binomially 
distributed and the mean and standard deviation of X is given by : 

E(X) = np’ ox = ynp'(1—p’). 
in the sample of size 10 in the above example, the mean and standard 
deviation of the number of defectives in the sample are: 
E(X) = np’ =10x0.2 =2 
Ox = Jnp'(1— p') =v10 xX 0.2 x 0.8 = 1.27. 


4.2.2.1Mean and standard deviation of sample proportion(p) 
Let the proportion of nonconforming products in a sample be denoted by 
p, then 
_xXx _ X\_ 1 _ np: our 
p=, E(p) =E(-)=-xE@) =" > E(p) =p 


1 1 roe 1 roe — vera 
ar =—Varlr) =—\n =— = oc, = 
Var (p) 2 V (r) —z (np'g') Pa p= Ee 





If the mean of the proportions of the defectives of the samples is 7 ,the 


proportion of defectives in the process(population) is estimated by: p=p. 


Example 4.5 

Forty samples were drawn from a population with p’=17.034%; the 
following table shows the frequencies. Calculate the mean and variance of 
the number of defectives both from 
a)the following empirical information and from b) the theory. 











Order(i) 1 2 3 4 5 
Number of 
defectives (dj) ° ; : 3 - pay 
Number of 
samples having 5 16 9 7 3 40 


























d, defectives(f;) 





Solution 
a)The mean of the defectives in each of the 5 samples of size 10 is 


Yierfidi OX5+1X16+2xX94+3xX7+4x3 





= = 1.675. 
iat fi 40 
The proportion of defectives in the population estimated from the 
empirical information is p’ = p = an = 0.1675. The standard deviation 


of the defectives in sample is: 
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v= RES - eas 
pO Fae pt fae 


b)From theory using a binomial distribution with n=10 & p’=0.17034: 
the mean of defectives in a sample is: 


E(X) = np’ = 10 X 0.17034 = 1.7034, 


The standard deviation is 


ox = /np'q' = J10 x 0.17034(1 — 0.17034) = 1.189. 


Where X is the defectives in a sample 


4.2.2.2 
Approximating hyper geometric distribution with binomial 
distribution 
If the size of the population(N) is largish(N>10n), the probabilities of hyper 
geometric distribution could be estimated using binomial distribution 
n nor D 
formula Pr(X = r) -| jo "x(1-p ') by replacing p’ with 7 
r 


4.2.3 Poisson distribution 
The Poisson distribution is a discrete distribution that expresses the 
probability of a given number of events(X ) happening in a specified time 


period. The events occur with a known average(A) over that time period 
and independently of the time since the last event. The probability 
function of the distribution is: 


Pr(X=x)=%e* A>0, x=0,1,2,3.... 


~ x! 


E(X) = Var (X) =A 


4.2.3.1 Approximating Binomial Distribution with Poisson 

When probability tables or statistical soft-wares are not available or they 
do not give the desired probabilities of a random variable with binomial 
distribution , the — probabilities can be approximated with Poisson or 
normal distribution. Although approximating binomial distribution with 
Poisson distribution is common, however this approximation when the 
sample size is large and the proportion is low gives good results and when 
n >100, np'<10 gives very good results. If a sample of size n is drawn 


from population having p’ as a desired class proportion, the probability of 
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number of elements of the desired class(X) found in the sample is given 
approximately by : 


rupee A=np' 


4.2.4 Normal distribution 

The “normal” or “Gaussian” distribution is a continuous probability 
distribution that has a two-parameter probability density function as given 
below: 





e 2 —w<x <+00 


If X~N(u, 0) |.e.the random variable X is normally distributed with 
parameters LU, o, then 


E(x)=, Var(X) = 0%, 


binek epyaPn 4 27 ~” py Se) ze 
oO Oo Oo Oo 


= 9, (b)—@, (a) = normcdf (b) —normcdf (a) 


4.2.4.1 Approximating Binomial Distribution with Normal 

we will now focus on using the normal distribution to approximate 
binomial probabilities. When p' is close to 0.5 the distribution tends to be 
symmetric as the normal distribution is symmetric. In other words when 
the proportion(p’ ) is near to 0.5 the approximation gives better results 
than when it is near to O or 1. However for any given proportion(p'), as 
the sample size increases, the distribution tends to the shape of normal 
distribution. The grater the sample size(n) the better the approximation. 
Hald(1952) shows that when 

9 

pulp) 
the binomial distribution is acceptably close to the normal distribution 
(Johnson, 2000 page339) . Another common practice for choosing the 
normal distribution to approximate binomial is when 


np'(1-—p’) >9 orn> 


n(l— p')>5, np'>5 or 
= 


min [np',nQ— p')] 5 or 
5 


ee: 
n> min {7 
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To approximate the probabilities of a binomial distribution with normal we 
could use either of the followings: 











Pene)ao,| es o{ =e 
_(r=np 2 
1 ! ! 
Or Pr(r ast rarer 2np'q 


where @z is cdf of standard normal distribution. 
Nowadays , with the development of softwares such as MATLAB , the need 
for approximation has reduced significantly. 


4.2.5 Lognormal Distribution 
Lognormal distribution with parameters (o s ) has the following density 


function and mean and variance: 


2 
Pe 1 na!) 


> 
5 x 20 











xov2r 20 


ra 2 2 
E(X)=e 2? Var(X )=e7#*7'(e* =1) 
Its probabilities could be calculated from MATLAB command /ogncdf or 
from standard normal distribution: 


Pee) Pela Sina Pa 
Oo 


Fig. 4-1 Shows some normal and lognormal distributions as samples. 
0.7 


0.6 
0.5 


0.4 


fit) 


0.3 


0.2 normal€ O 


0.1 





0 
~6 -4 -2 0 2 4 6 
Fig. 4.1 Sample lognormal and normal distributions 
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4.2.5.1 
Calculation of the parameters of a lognormal distribution from the 
mean and variance 

Given a lognormal distribution with mean and variance E(X) & Var(X), 


o* = In [Var(X)/E?(X)] 
w= InE(X) - © 


In reliability theory , lognormal distribution is one of the distributions used 
for product life or repair time, in economics it is used for income. 


4.2.6 Exponential Distribution 
Exponential distribution is a one parameter continuous distribution 
whose density function is : 


t 
f (t)=te" =e 4 


J 


Where A is the parameter and 6 is the distribution mean. 
If random variable T is exponentially distributed with parameter A then: 


=F 
F (t)=Pr <t)=\-e*' =\-e °% =expcedf(t,6) 


E@)=0=-. Var )=0' == 


4.3 Limit theorems 

There are several limit theorems dealing with the limiting distributions of 
mean , sum, maximum and minimum ...of a large number of random 
variables. It is usually assumed that the random variables are either 
independent, or almost independent. In this section we will mention two 
limiting theorem i.e. Central Limit Theorem and Fisher-Tippet theorem. 
In chapter 1 a common version of Central Limit Theorem was stated as 
follows: 


4.3.1 Central Limit theorem(Lindeberg & Levy Theorem) 


If X4,...,Xj-...,XN are independent and identically distributed random 
variables with mean yu and standard deviation a (0<o <0o), regardless of 
the distribution of the variables, as n increases the distribution of the 
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variables mean(X ) tends to the normal distribution N [and also the 
n 


distribution of >: tends to the normal distribution NV (nu,ovn). 
i=l 


Now another version is described. 


4.3.2 Central Limit Theorem(Lyapounov Conditions) 
Let Xz1,...,Xj....,XN be a sequence of independent random variables 


with arbitrary distributions and means /4,..,/4,and finite variances 


0; 4,0, (0<o7 <oo). Also let random variable Yn be defined as 


i=l 
Note that E(Y,) = 0 and Var(Y,) = 1. 
Then, under the following conditions 


as n increase, We have 
Pr (Y,, <x )=@, (x) 


where 
0z(x) is the cumulative density function of standard normal for a given x. 


4.4Fisher -Tippet Theorem 
Let the sequence of random variables Xx....X, are independent and 
identically distributed , then as n increases, the distribution of their 


maximum (max (X;)) tends to a GEV distribution; and their minimum tends 
to another GEV. 


4.5Pickands’ Theorem 
What is known as Pickand’s theorem (Pickands,1975)could be stated as 
follows: 


Suppose that we have a sample of N mutually independent and 
identically distributed (iid) random variables with common but unknown 
continuous distribution function F(x), then the distribution of the data 
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exceeding a_ large threshold u converges towards a generalized Pareto 
distribution(GPD). In other words 

the conditional distribution of X given that X >u tends to a GPD. This 
theorem, which is applicable to a wide range of continuous distributions, 
is used in a method called POT method in the theory of extreme value 
analysis. 


4.6 Estimation of Mean, Standard Deviation and 
Variance of a Production Process 


Let k random samples with sample sizes Nj .... ,, have been drawn from 


a production process or a population, then the mean, standard deviation 
and variance are estimated as described below: 


4.6.1Point Estimate of Process Mean 
If from a process ,k sample with means Xi i= 1,2....,k is available 
then the estimate of the mean of the process is given by: 


4.6.2 Confidence Interval(Interval Estimate) for the 


Process Mean 
If the process is normally distributed or almost normally distributed, and 


the sample sizes Ny... ,M, are different but close; then a confidence 


interval for the process mean is given by: 


Where Sj,..., Sx are standard deviations of the k samples drawn from the 
process. 


4.6.3Estimate of the Process Standard Deviation 


If the process is normally distributed and in statistical control, then 
standard deviation is estimated by: 


Co= 


k 
where c, is read from Table U for n =n = yon, Ee 
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4.6.4 Estimate of the Process Variance 

Let - i,= 1,..,k be the variances of k samples taken from a process 
or population with variance co‘, and the process is in control, then the 
estimate of o” is: 


Needless to say if the sample sizes are equal the estimate of o’ would be 


Py) 
=§s*'= . 


k 


ae 


o2 


4.7 Goodness of Fit 

What should be done to evaluate fitting a statistical distribution to a 
series of data or a frequency distribution? Two ways for dealing with this 
purpose are: 1) goodness of fit tests such as Pearson Chi-square general 
goodness of fit test, Bartlet goodness of fit test for exponential distribution 
and 2)a graphical device named Q-Q plot. The tests are easily found in 
text books; Appendix A at the end the this chapter delas with Bartlet test. 
The Q-Q plot is described here. It should be added that before using the 
test or the plot, drawing the histogram and the calculation of coefficient of 
skewness of the dataset are useful to evaluate the symmetry of the 
distribution of the dataset. This coefficient is a measure that studies the 
degree and the direction of departure from symmetry. 


4.7.1 Q-Q plot 


Quantile-Quantile(Q-Q) plot is a graphical device to observe whether 
a particular distribution fits a dataset or not. In this graph the observed 
data and the corresponding data obtained from the distribution are plotted 
against each other in an X-Y coordinate plane. The better the population 
follows the distribution, the closer the points to the angle bisector of the 
first quarter of the X-Y plane .The procedure for preparing a Q-Q plot is as 
follows: 
Sort The sample of data from minimum to maximum, giving rank 1 through 
n: X pay acess © ony 
Allocate a number F(i), called plotting position calculated from one the 


following formulae toeach x,,). In fact F(i) isa number near to relative 
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frequency and an estimate for the cumulative distribution function 
at x (i): 


There are many formulae for plotting position including the followings: 
A)Gumbel Plotting position 


One of the first formulae for Plotting position was given by Gumbel: 
i 


a aa 


i=l,...,n 





B) Plotting position for normal distribution 
There are some formulae for the normal case including 
(Besterfield,1990 page52): 





F()= i -0.5 
or (Goda,2000 page 287): 
FOS i —0.375 
n+0.25 


C) Plotting position for Weibull distribution with parameters A,B,C 
(Goda,2000 page 287): 


os Pape = bao 90 


n+b we IC: 





F(i)= 


D) Plotting position for Exponential Distribution 
Since Exponential distribution could be considered a Webult with 
C=1 then: 
| —0.47 
G)S 
n+0.43 


For each F(i), i=1,..,.n calculate X ..,i=1,..,n from Fe [Xe] = F (i) where 


(ji)? 
F, is the cumulative distribution function of the distribution under study. 

Plot the pairs ( x; Kiss ) in an X-Y coordinate plane, and fit a line to the 
points. The closer this line to the angle bisector of the first quarter of the 
plane, the better fits the distribution to the dataset. It is worth knowing 
that the better the distribution fits the data set the closer the correlation 
coefficient of x; & x,,, to 1; but the vice versa is not necessarily true i.e. 


if the correlation coefficient of x; & %,,, is close to 1,necessarily the 


distribution does not fit the dataset well. 
The correlation coefficient is calculated by the following formula: 
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R= nd twit o~ WwW 
2 2 
2 A 2 A 
n> xa “(> Fas) n> Fay (zu) 
Example 4.5 


The following table shows a sorted random sample, xj 's, from a 
population. Is the sample a representative of normal distribution? 





Solution 
To answer, a Q-Q plot is drawn. The mean and variance of the distribution 
is estimated as follows: 


RAS 
C4 
F(i), i=1,...n was computed using F(i)= see as the plotting 
+0.25 


position, and inserted in the table. Then the corresponding Ky is 


calculated by equating the F(i)to the normal standard cumulative 
distribution, and calculating e from these equations. 


x 





Se ke 
Pr(X <X)) = Pr(Z <—! SOE FQ) =X, o=—. 
C4 
sample calculation follows: 
Fori =1: 
fqy-B . Xqy 5481 
Piz 2 — pear Gy. PZ < )= 0.0294 => £9) = 32.37 
6 11.7287/0.9876 


or £4) = norminv(0.0294,54.81,11.8751) = 32.3698. 


The following table contains all the results 






































Rank(i) | F(i) Xi) Rank(i) | *« F(i) Xi) 
1 32 0.0294 | 32.37 12 59 0.5471 | 56.24 
2 34 0.0765 | 37.84 13 59 0.5941 | 57.64 
3 39 0.1235 | 41.06 14 60 0.6412 | 59.10 
4 44 0.1706 | 43.51 15 61 0.6882 | 60.64 
5 46 0.2176 | 45.55 16 64 0.7353 | 62.28 
6 47 0.2647 | 47.34 17 67 0.7824 | 64.08 
7 50 0.3118 | 48.98 18 68 0.8294 | 66.11 
8 51 0.3588 | 50.52 19 70 0.8765 | 68.56 
9 51 0.4059 | 51.98 20 70 0.9235 | 71.78 
10 52 0.4529 | 53.41 21 71 0.9706 | 77.25 
1 56 0.5000 | 54.81 
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X iy "sand Key 's have been plotted against each other in Fig. 4.2 and a line 
fitted to them. 





























- QQplot 80 
+ "0-0 plot 
a pp=(i-0.375)/(n+0.25) _ 70 ppr(i-0.5yn 
ra math) 
3 60 ae 3 60 
oO aa rt] 
ao a ec 
a a 
a 40 
40 ie 
aa + . . . 305 
30 40 50 60 70 80 Observed = 4% 5) 
Observed 
Fig. 4.2 Q-Q plot with Fig. 4.3 Q-Q plot with 
: 1-0.375 : 1-0.5 
F( i )=—__- F( f)= . 
OEY n+0.25 ae, n 


Since the points are near to the fitted line and the line is close to the angle 
bisector of the first quarter of the X-Y coordinate plane, it is concluded that 
the normal distribution fits the dataset. 


In MATLAB, the command qqplot could be utilized to make a QQ plot 
from the dataset X.’ The Q-Q plot of Fig. 4.3 was made by this command. 
The difference of the two plots is not significant. 

The correlation coefficient(r) between x (,,,x ;;) is calculated by 
R=corrcoef(X,Xhat);r=R(1,2) 

where 

X is the vector containing X(i), |,=1,2,3.. 

Xhat_ is the vector containing <(i),i = 1,2,.. 

which gives 0.9826. This value, being near to 1, together with the Q-Q 


plot of Fig. 4-2 or Fig. 4-3 indicate that normal distribution is a good fit for 
the data best fit. 





*>> X=[....data]; pd=makedist('normal', mu, sigma);qqplot(X,pd) 
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Some solved problems: 
Example 4.6 

25 percent of a kind of fan have a life of more than 100,000 hours. 
In a sample of size 45 from this product ,what is the probability that 
13 fans work more than 100,000 hours. 


Solution 

Let X=Number of fans with life greater than 100000 hr in the 
sample. 

a)With binomial distribution( Exact Solution) 

p'=0.25 n=45 

P(X =13) = 2) (.25)13(.75)45-13 = binopdf (13, 45,.25) = 0.1093. 
b)With Poisson Distribution 

Verify that the conditions for approximation with Poisson 
distribution are not satisfied. 


c)With Normal Distribution 

Since np’ > 5,n(1 — p’) > 5, then the conditions for 
approximation with normal distributions are satisfied. 
p'=0.25 n=45 


np'=11.25 .{np'q'=2.905 


_(r—np i 
: | 2np'g' _ 9.1145 


In another way: 
; r—np'+0.5 r—np'—-0.5 
nalne (9208) g (tat 


np’ np’ 
P(X =1r) = @z(22) — 9z(21) 


‘tp rN. ISI 25Se 05" 225° - B25. . 
\np'g’ ———- V45x0.25x0.75  V8.4375 2.905 

ee Romp US... DM 205s ~. 
Jnp'‘d-p') V45x0.25x0.75 

Pr(X =13)=¢, (z,)—¢, (z,) = 0.7794 — 0.6664 = 0.113. 


Pr(X =r 





P(X =r) or Pr(r 




















Z 
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Example 4.7 
From a production process a batch of size 10000 is prepared, this 
process produces 0.1% nonconforming items or defectives. 


a)What is the probability of existing exactly 10 defective products in 
the batch, 

b) find r=umber of defectives in the lot in such a way that the 
probability of existing more that this value as defective products in 
the batch is 0.05. 


Solution 
a) 
Exact solution 


n ' 

PX =7)=( Je )'q"" n=10000 p'=0.001 r=10 
" 

Pr(X=10)= binopdf(10, 10000,0.001)= 0.1252 


approximation using the following normal distribution pdf : 
a2, 
(r= np’) 


Pr(X =r ene 





; 1 
n,p j2————e 
Eales 
Pr(X = 10|n = 10000, p’ = 0.001) 
= normpdf (10,10000 * (0.001), sqrt(10000 * (0.001) 
* (.999))) = 0.1262 
b)Using normal approximation 
n=10000_ p'=0.001 Pr(X>r)=0.05 r=? 
E(x)= = 10000 x.001 = 10 


ox =,/np'q' = V10000x.001x.999 = 3.161 











—np' -10 
Pr(X >r)=1-Pr| Zz <7? |=005 — Pr(Z <——) =.95 
O, 3.161 
ra 21.6457 = 15.499 
3.161 


or — r=norminv(.95,10,3.161)=15.199 > 15 
binoinv(0.95, 10000,0.001)=15 gives the exact answer. 


Example 4.8 

Abatch contains 56 non-defective and 4 defective products . Arandom 
sample of 5 is selected. What is the probability of observing no defective, 
3 defectives and less than 3 defectives in the sample. Do not use 
approximation; find exact solution. 
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Solution 
The exact distribution is hyper geometric 
N =56+4=60 D=4 n=5 


4 
N =60 20 
OA. 5) 43819816 











Pri r=0/D=4 |= = 0.699 
a 5461512 
n=5 
5 
Or hygepdf(0,60,4,5)=0.6994 
A\56 
Pri y=3p=a. |= Said caer, 7) 
S 5461512 
n=5 
5 
Or hygepdf(3,60,4,5)= 0.0011 
N =60 N =60 N =60 IN =60 
Pr| r<2|D =4 Pr} r=O|\D =4 |4+Pri) r=l]D=4 |4+Pr| r=2|D=4 |= 
n=5 n=5 n=5 n=5 


hygecdf(2,60,4,5)= 0.9989. 


Example 4.9 

40 random samples were drawn from a production process and the 
proportion of the defectives in each sample was calculated; the following 
table shows the results; 

















Sample 0.04 | 0.03 0.02 0,01 0 
proportion defectives(p;) 
| Frequency(f;) | 3 | 7 | 9 | 16 | 5 | 





a) Estimate the proportion of defectives in the process and the standard 
deviation of this proportion. 

b) If the samples are of size 10 and the proportion of the defectives in the 
process is p'=17.034%. What is theoretically the mean and standard 
deviation of the proportion of defectives in each sample? 


Solution 
a)the mean of proportion(p) is estimated: 
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p = Bx0.04)+ (7 0.03)+ (9%0.02)+ (16 0.01)+(0) _ 0-67 _ 9 1675 


40 
and the standard deviation: 





Theoretically the mean of the sample proportion defective(p) is E(p)=p' 
=0.17034 
and its standard deviation is 


pq’ 0.17034 )(1-0.17034 
a -|| ) ) 6.1189. 
vn 10 
At the end of this chapter some concepts of descriptive statistics’ are 
reviewed without illustration, which is easily available on the internet. 








ie) 


4.8 Measures of Central tendency 

The central tendency measures of a set of measurements are some 
numbers that best summarize the entire set , numbers in some way 
"central" to the set. An application of central tendency measure is in the 
comparison of frequency distribution. These measures, including mean, 
mode and median, are described here. 
4.8.1 Arithmetic mean 
The arithmetic mean of aset x,,...,X,, with frequencies f,,....f,,, 


denoted by X is calculated as follows: 


ea yoy pec 


The following table illustrates the calculations 


























x |S | GS 

2 12 24 

3 16 | 48 

8 18 144 

9 19 171 x= 380. = 5.59 
a. 1 | ag 68 

5 il 5 

sum 68 380 























. Descriptive statistics deal with the presentation, numerical processing and 
graphical representation of a data set. 
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It worth mentioning that the mean of a random sample, or the mean of 


several X's, denoted by X are unbiased estimators for the population 
mean (iu): 


i=X orX. 


4.8.2 Median 

The median related to a data set, denoted by Me orX isa value that 50 
percent of the total set falls below and 50 percent falls above it. If the 
dataset is odd, the number falling in the middle of the sorted set is the 
median; if the data set is even the arithmetic mean of the 2 numbers that 
fall in the middle of the sorted set is the median. The median of a 
distribution is a value that bisects the distribution into 2 equal parts. 


Example 4.10 

To calculate the median of {190,180, 200,195,185}, first we sort the set 
as follows:{200,195,190,185,180}; the median is: Me=190 
To calculate the median of {200,195,190,185,175,170}, since the set is 
sorted and even the median is: Me = dee NsS = 187.5. 
4.8.2.1The Median of Grouped Data 

If the variable is continuous and a the sample is not available , but instead 
it has been grouped into k classes of width c with given frequencies, the 
median is given by: 


where 
f; The frequency of i** group 


n The total frequency 
L The lower bound of " median class " 
Median class is the first class whose cumulative frequency is greater 


n 
or equal — 
2 


K no of classes 
F_ the cumulative frequency before the median class 
Cc 


f the frequency of the class median 


c the class width 
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4.8.3 Mode 


Mode is the value that has the highest frequency in a data set. 
For the dataset X),....X , with f,,...,f, the X; with the highest frequency is 
the median. 


4.8.3.1 The Mode of Grouped Data 
For grouped data, , use the following formula to the mode: 


Mode=L+ d, XC 
d, +a, 





where 
c The width of the class with the highest frequency( modal class ) 


d, the difference between the frequency of the modal class and the frequency of 
the class preceding the modal class, 


d, the difference between the frequency of the modal class and the frequency of 
the class succeeding the modal class 


L Lower boundary of the modal class 


4.8.3.2 The Mode of a Distribution 

If the probability density function(pdf) of the distribution of a random 
variable is given, to calculate the mode of the distribution, get the 
derivative of the function and equate it to zero. The mode results from the 
solution of this equation. Figure 4.4 shows the modes of two pdfs. 








Mean Me 


Fig. 4.4 the mode of 2 probability density functions 
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4.8.4 Geometric Mean 


The geometric mean is a measure of central tendency. The geometric 
mean (G) of the non-negative dataset x ,,...,x ,, is defined as: 


G=3/x,x,..x, OF G=nll[x, or 
i=l 


logG = eee = +S log Xx; 
n——.——~"_ na 


log x, +log x, +...+log x, 
If the weights w j ,i=1,...,k are allocated to X,,..,x, , the formula for 


the geometric mean would be: 


atl Ss 
G= [+ Pr : 
i=1 


A useful application of G as a measure of summary is when changes in 
the data occur in percentages. If there is any negative or zero values in the 
data, do not use this mean. 


Example 4.11 

The production of a factory in the last five years has been reported in 
ratios as follows indicating the production of each year to the production 
of its preceding year: 
1.1, 0.9, 2.3, 1.3, 1.35. 
What is the mean of production ratio in the pat 5 years. 


Solution 


1 
G=4/x,x>...x, =(1.1 * 0.9 * 2.3 * 1.3 * 1.35)2 = 2 
That is on the average the production in each year of the past 5 years has 
been doubled. 


4.9Measures of dispersion 

Measures of dispersion give us an indication of how broadly our data are 
spread out from their central tendency. Mostly used measures of statistical 
dispersion i.e. the variance, standard deviation and range are dealt here. 


4.9.1 Range(R) 


The range of a sample(* 17777 ) is the difference between the highest 
and lowest scores in the data set: R=Xmax - Xmin- 
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4.9.2 Variance (S*) 
The variance of a set of data X,,...,X 


n 


Is : 


; ee -x) _ Dia? -2(nX )(X)+n(X?) area 


S = 
n-l n-l n-1 





S’ is an unbiased estimator of the population variance, however the 
following value is a biased estimator for the population variance. 


2 dls, -x) = Dei _X? 


ms 
n 
If the data contains frequencies, then 


Dib XY _ Dye 
Qe ai ee 5 
_ Sf, -1 n-1 n= Doh 


4.9.3 Standard deviation 


Oo 








i 








Neither Snor 0;m, given by: 


sR aaa: WOO, 3 eee ne 
om = Peek ~ Peet. Y plz, -X) ce ys 


is an unbiased estimator for population standard deviation; but for the 
standard deviation of a normal distribution the following formulae are 
useful: 





Cig Oke OS, a 
C , is read from Table U or calculated from MATLAB: 
n=....;c4=sqrt(2/(n-1)).*gamma(n/2)/gamma((n-1)/2) 
d,is also read from Table U or calculated in MATLAB from: 
n = -++;pd = makedist('normal',O,1);fun = @(x) (1-(1- cdf(pd,x)).4n- 
(cdf(pd,x)).4n); d2 = integral(fun,-inf,inf) 


. . oe R 
However, as stated earlier, the estimator 6 = a has a larger mean 
2 


square error(MSE) than does 6 = — ; some references strongly 


S|o 
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. a 5S F ae 
suggest using 0 = — to estimate the standard deviation of normal 
4 


populations (Derman &Ross,1997 page 92). 


APPENDIX A 

Barltlett's Goodness of fit test for exponential 
distribution 

There are several tests concerning probability distributions 
(goodness of fit). Some of them could be used for all distributions, 


such as Pearson’s chi- squared goodness of fit test. But there are 
tests developed for a specific distribution . One of the tests of the 
latter kind is described below. 


Bartlett’s test for exponential distribution 
To deal with the following hypotheses 

Ho: The distribution is exponential 

H,: The distribution is not exponential 
using Bartlett’ test do the followings: 


Take a random sample of size at least 20 :t, .....t, 17 2 20, where 


t; is the time of the i” event; calculate the statistic B given by: 


1+ = 
6r 
which has a chi-squared distribution with r-1 degrees of freedom 
under the null hypothesis. If B is outside [ a ee Nog |, 
2” 2’ 


B 


reject Ho; a is the level of significance of the test. 


Example A-1 
The following random sample of size 20 was taken from the life of a 
kind of lamp. 





32.0) 6.2 | 84.9 | 42.6 | 99.1 | 36.3 | 96.5 | 31.1 | 20.9 | 50.1 | 





10.7 | 88.6 | 84.6 | 11.5 1.8 2.9 4.6 14.2 | 87.7 30.4 





Is the life of the lamps distributed with 0.95 level of confidence? 
If yes, give its mean and its pdf. 


137 


Chapter 4 A review of Probability and statistics 


Solution 

Ho: The life distribution is exponential 

H,: The life distribution is not exponential 
The statistic is: 


(S20 (Em 


r+l 
6r 
>t, = 50.14 20.9 +...+88.6 + 10.7 = 836.3 


>" Ln(t,) = Ln50.1+ Ln 20.9 +...+ Ln 88.6 + Ln10.7 =63.9385 


B= 





1+ 

















2420] Laf 8363) 88.24 
B= 041 =19.34 
+ 
6x 20 


Xia, = chi2inv(0.05,19) = 10.1170 
oa 


Xa _, = chi2inv(0.95,19) = 30.1415 
x 


The value of B is inside [ ee = 10.1 Ce = 30.1] 
2," 2:" 


Therefore H, is not rejected i.e. one of the distributions fitting the lifetime 


20 4. 
teat = —" = 41.82 and the density 
-t 


-t 
function f@ = “ xeo= ve X e4182, 


is the exponential with mean@ = 
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APPENDIX B:Testing Hypothesis concerning 
exponential distribution mean(@)! 

The development of this hypothesis test is based on the fact that n 
items are placed on test and the test is truncated at the c 


failure(r<n); and = is distributed as a chi-square with 2r degree of 
freedom; 

Consider the hypotheses 

Hy: 8 = 8o, 

Hi: 0> Oo. 

Then for a significance level of a, the probability of accepting H, is 


2r6 
Pa=Prl—__ = ys, 
Ao : 





@=0))=1-a 


where 


9 is MTTF for the product given by (Kapur & Lamberson ,1977 page 
252) 


j= din 4 + (2 — 1) Xr 
r 
where 
n : is the sample size 
x, : time(cycles,...) toi failure i=1,2,.., r 


X(r) ‘the maximum of time (or cycle,...) to failure among the r failed 
items (7 $7) 


The procedure for performing the test is : 

Take a random sample of size n, 

Place the devices in the sample on test without replacement, 
When the r"" failed item( “<7” )happened, stop the test, 


Calculate the statistic yé = = 
0 
Reject Ho if (Kapur &Lamberson,1977 page 264) 
2 2 
Xo > Xar- 


The rejection criteria for other alternative Hypotheses are given in 
the following table : 





* Extracted from Kapur & Lamberson ,1977 page 263 
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Testing Hypothesis concerning Exponential Distribution mean(@) 
Ho: 6 = 05 ‘ = ae 
80 
H, Reject Hg Do not reject Ho 
Xo ne 
0646) 2 2 
2 2 
af > » Raf oy Eee a 
6<@ OF 220 
se Xo ay Ae i ELL a» ? 00) 
é>0 
Ne So: A Elo ° oA 














Note that this test could be used for testing the failure rate of an 
exponential distribution which is the reciprocal of its mean. 


Example B-1 


Consider the data in the following table, which represents an 
ordered sample of cycles to failure for throttle return springs. 20 
springs were tested under conditions similar to those encountered in 
actual use. The test was truncated at the time of the tenth failure 
among n=20 springs. 











i 1/2/13 |4/);5 |6 |7 |8 |9 | 10 
veneer Bell Soi) Racal Ran | Senta |e | || 
to S/aAlxnI|rvjps}|oao}]sg]altnxns] & 
failure elolfal/s|/s]/a]/Ssg;og) 3 

SN | ©} eB | © | S ro) oe | ye Ae 
Ordered 



































Suppose the cycle numbers are distributed exponentially and we are 
interested in testing whether the mean of this distribution is greater 
than 1million cycles. Estimate the mean cycle to failure and perform 
the appropriate test with a = 0.05. 

Answer 


H,:0<10°cycles 
H,:0>10°cycles 
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n=20 ,r=10 

X(P)=max (X(1),..X(r)) = 2,099,199 
2rd 

Xo = *O- 

Ae dizi Xi) + (M— 1) xe 

. r 

6 = 2871391 


If x6 > Xa2r Ho is rejected 
2 _ (2)010)(2871391) 

Xo = 10° 

Then Hg is strongly rejected and we conclude 

8 > 1000,000 cycles. 


=57A> Yoo5 =31.41 
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Exercises 
4.1 
If the probability of observing a defective in a sample is 0.025, what is the 
probability of observing 15 defectives in a sample of size fifty? 
-Using binomial distribution 
-Using Poisson Approximation 
-Using normal approximation 
4.2 
A random sample of size380 was taken from a production process with 3% 
defective proportion. What is the probability of observing 15 defective 
products in the sample using 
a) normal approximation 
b) Poisson approximation 
Which approximation is better? Why? 
4.3 
A batch contains 4 defective and 56 non-defective products. A sample of 
size 5 is selected from this batch, what is the probability of observing 3, 2 
and 1 defective(s) in the sample? What is the probability of observing less 
that 2 defectives in the sample? 


4.4 
The following samples was randomly taken from a population; using Q-Q 
plot determine if an exponential distribution fits the data? 
0.9106 2.7064 0.2603 0.3373 3.1250 13.8574 4.7871 1.5136 
4.8462 0.6998 0.2442 5.2073 0.2001 2.6728 8.5476 0.6205 
5.9222 4.8475 3.9038 12.5448 


If youth but knew, If old age but could, 
Si jeunesse savait, Si vieillesse pouvait, 
(French Proverb) 
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Chapter 5 


Two Attribute 
Control Charts: 
op Chart& 
np Chart 
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Chapter 5 p &np Control Charts 
Aims 

In this chapter , 2 control charts used for attributes i.e. p chart and np 
chart are described. p-chart is the chart for fraction rejected as non- 
conforming to specifications. np-chart is the chart for the number of 
defective items in the process. While both of these 2 charts could be 
used for monitoring fraction defectives, np chart is used when the sample 
sizes are the same. 


5.1 Introduction 

One the limitation of the control charts introduced earlier is that they 
could monitor variables(measurable quality characteristics) while many 
quality characteristics can be observed only as attributes. Attribute 
characteristics are either “good” or “bad.” In other words, they either 
conform to the prescribed specification or not. This chapter and the next 
deal with control charts for attributes, most common of them are: 
1-p-chart 2-np-chart 3C-chart 4-u-chart D-chart 

This chapter in concerned with the first 2 control charts which deal 
with monitoring defectives ina production process and the next chapter 
with the other 3 charts which deal with number of defects in the product. 
Before dealing with these charts let us define the proportion defective in 
asample. The proportion of defectives in a sample (p)is: 


p= 
The number of nonconforming products (defectives) observed in the 
sample divided by the sample size, 


The percent defectives ina sample = 100 x p. 
For a sample of size n drawn from a population or process with fraction 
defectives p', the mean and standard deviation of p would be: 


ap" 
o, = pup), Repo" 


5.2 p control chart 

The most common control chart for attributes is the p-chart. p is the 
sample the fraction defectives of sample of size, say, n drawn from the 
process. A simple rule used to determine the sample size for plotting 
control charts used for proportion defective( p and np charts )is : 
Start testing the products individually as they are produced. 

Do as much as observations until the first defective product is produced; 
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The no. of observations until reaching the first defective product, is 
selected as sample size n. 


5.2.1 Steps for constructing a p-chart 


“several random samples of size n;,i=1,...,k are taken from the 
process, 


-the number of nonconforming products in each subgroup(sample) is 
determined(r;) 


— p,, proportion of nonconforming items in the i a! subgroup is calculated: 
Pi = —t and 


ni 


a table like the one below is prepared: 

















Subgroup No. n. Tj Dd. 
(i) 
1 100 2 0.02 
2 800 4 | 0.005 
K 




















p chart limits —-standard(p,) known 


If py, the standard or aimed-at proportion defective for the process is 
given, calculate 3-sigma control limits as follows, as it is conventional in Dr. 
Shewhart's control chart to calculate 3-sigma limits unless otherwise 
stated: 

3,/p',(d-p' 
UCL =E(p)+3o0_ =p'y4 LeU) 
P P in , 











CL=E(p)=Py, 


3./P'o1- p'y) 
LCL =E =p' : 
CL, =E(p)-30,, =P Te 





If the value obtained for LCL,, is negative ,set LCL, = 0. 
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p chart limits —standard(p, unknown 
If the standard or aimed-at proportion defective for the process is not 
given, the mean of proportion defectives of the samples (_ p )is substituted 


for Po in the above limits: 

















Total number of defectives observed in all 
subgroups 





Total number inspected 





If the sample sizes of the k given subgroups are equal, then: 


_ dnp, yp _ DP 
k 


n=n p= a 
when the sample size is not constant, the control limits would not be 
straight lines, but all comments mentioned regarding in-control and out-of- 
control conditions in the discussion of the previous Shewhart's control 
charts are valid here. 
Example 5.1 

Using the following table(IshikKawa, 1983),construct a suitable control 
chart . 
































Subgroup Sample Number of Proportion UCL= LCL= 
No. size(n) defectives defective me Sa (%) 536 (%) 

(np) p(%) > p 

1 115 15 13.0 18/8 1.8 
220 18 8.2 16.5 4.1 
z zl 23 10.9 16.6 4.0 
4 220 2 10.0 16.5 4.1 
5 220 18 8.2 16.5 41 
Gg 255 15 5.8 16.0 4.6 
ts #40 44 10.0 14.6 6.0 
£ 365 47 12.9 15.1 5.5 
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Subgroup Sample Number of Proportion UCL= LCL= 
No. size(n) defectives defective ee (%) 7-30 (%) 
(np) p(%) 2 P 
9 255 13 5.1 16.0 5.0 
10 300 33 11.0 15.6 5.0 
ul 280 42 14.6 15.8 4.8 
12 330 46 13.9 15.3 53 
13 320 38 11.9 16.5 4.1 
14 225 29 12.9 16.4 4.2 
15 290 26 8.9 15.7 4.9 
16 170 17 10.0 17.3 33 
17 65 5 7.7 21.6 0 
a 100 7 7.0 19.4 1.2 
19 135 14 10.4 18 .2 2.4 
20 280 36 12.8 15.8 0.8 
#1 250 25 10.0 16.1 4.5 
22 220 24 10.9 16.5 4.1 
23 220 20 9.1 16.5 4.1 
24 220 15 6.8 16.5 4.1 
25 220 18 8.2 16.5 4.1 
Sum 5925 610 
Solution 
DP _ 610 


Central line: p= 





= 0.103(= 10.3%) 


yin ~ 5925 


3,/p (1— p) =3,/0.103(0.897) = 0.912 





6 i! te 


: a6 2: Sample no. 


Fig. 5-1 p- chart for Example 5.1° 











Upper Limit : UCL = p +3 ae 2 Pry > fpa— P) =0.103+ aa 
n 


Lower limit : LCL P-3 P(1-P) = 0.103 0.912 


Vn 











* With thanks to Mrs Hosna Khazad, former student of Dept. Of Industrial Eng. of 
the college of Engineering of Shahid Bahonar University of Kerman, Iran 
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The limits for each subgroup depends on the subgroup size. Therefore the upper 
and lower limits of the chart are not straight lines. The calculated limits and p for 


each subgroup are in the above table and chart is shown in Fig. 5-1. 


As it is evident from Fig. 5-1, since the sample sizes are not equal, the control 
limits are not be straight lines and since the points have fallen within the control 
limits and are scattered randomly and no special pattern is observed it is 


concluded the proportion defectives in the process is in-control. 


Example 5.2 


Calculate the 3-sigma limits of p-chart for the data given in the following 
table. 


Solution 
The control limits of each subgroup is calculated as follows: 








UCL, =p +30, 

LCL, =p —30, 

_— Dap 36 0.05 
Yn 720 


3g = NP UR?) 

oF 
Vn 

3,/p (1- p) = 3V0.05x 0.95 = 3x V0.0475 = 0.65 


The limits and p for each subgroup based on the above formulae are 
shown in the following table. 










































































No of 30p = UCL. = 
Hour samniple defectives ~ p G = ue 5, LCLp 
size(n) (np) . PTO, | =p—3oy 
1 48 5 0.144 0.10 0.094 0.1438 0 
2 36 5 0.17 0.14 0.11 0.1583 0 
3 50 0 0.14 0 0.09 0.1419 0 
4 47 5 0.146 0.11 0.095 0.1448 0 
5 48 0 0.144 0 0.094 0.1438 0 
6 54 3 0.136 0.06 0.088 0.1385 0 
7 50 0 0.14 0 0.09 0.1419 0 
8 42 1 0.154 0.02 0.1 0.1503 0 
9 32 5 0.177 0.16 0.12 0.1649 0 
10 40 2 0.158 0.05 0.42 0.1528 0 
11 47 0.146 0.04 0.095 0.1448 0 
12 47 4 0.146 0.09 0.095 0.1448 0 
13 46 1 0.146 0.06 0.096 0.1458 0 
14 46 0 0.147 0 0.096 0.1458 0 
15 48 3 0.144 0.06 0.094 0.1438 0 
16 39 0 0.16 0 0.104 0.1541 0 
Bite 35 np pal 36 95 3B —8) = 0.65 
= 96 rn 720 
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The following figure shows the corresponding p-chart. 








0.0z -t—2 34 $5 6 S 91041 12 13 44 15-46] 


Hour 





Fig. 5-2 p- chart for Example 5.2° 
End of Example 5.2. 


The results and decisions based on the p-chart 

After constructing a control chart for monitoring the proportion 
defectives of a process, some results could be obtained including the 
following: 

1) 

Detecting the subgroups falling outside the control limit; searching for 
and resolving the causes if possible. The causes may be attributable to such 
factors as a specific machine, worker or group of workers, a new batch of 
raw materials, a new supplier, anew method, to name a few possibilities. 
2) 

Deciding on the status of the proportion defectives of the process; 
whether it is in-control or out-of-control. 

3) 

Estimating the percent defectives of the process. If there are no sign of 
out control in the p-chart , p is the best estimate of mean number 
conformities per product in the process(extracted from Besterfield ,1990, 
page 185) 

4) 
Decision on the control limits for future use. 


The following g example illustrates the p-chart and the decisions. 





* With thanks to Mr. Ali Maghsoudi, student of Dept. Of Industrial Eng. of the 
college of Engineering of Shahid Bahonar University of Kerman, Iran 
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Example 5.3 (An extensive example ((Example 4-3 Grant and Leavenworth, 1988, page 245) 
ILLUSTRATION OF CALCULATIONS NECESSARY FOR CONTROL CHART 
FOR FRACTION DEFECTIVE 


Facts of the Case 


This example applies to a 4-month record of daily 100% inspection of a 
single critical quality characteristic of a part for an electrical device. It is 
intended chiefly as an illustration of how control limits are calculated with 
variable production, and of the setting and revision of standard values for 
fraction rejected. 

When, after a change in design, the production of this part "was started 
early in June, the daily fraction defective was computed and plotted on a 
chart. At the end of the month, the average fraction defective p was 
computed. Trial control limits were computed for each point. A standard 
value of fraction defective p' was then established to apply to future 
production. During July new control limits were computed and plotted 
daily based on the number of parts n inspected during the day. A single set 
of control limits was established for August, based on the estimated 
average daily reduction. At the end of August, a revised p' was computed 
to apply to September, and the control chart was continued during 
September with this revised value. 


Calculation of trial control limits 

Table 5-1 shows the number inspected and the number rejected as 
defective each day during June. The fraction defective each day is the 
number of parts rejected divided by the number inspected that day. For 
example, for June 6, p = —— = 0.0093 = 0.93%. 

At the end of the month, the average fraction defective p is computed. 


It should be emphasized that the correct way to calculate jp is to divide 
the total number rejected in the period by the total number of parts 
inspected during that period. Whenever the subgroup size (in this case, the 
daily number inspected) is not constant, it is incorrect to calculate the 
simple average ofp,values. The standard deviation of the fraction 
rejected was calculated based on this value of ? =0.0145. Note that the 


value of 3,/p(1— p) was calculated only once to apply to all calculations 


0.3586 
waged 7 +0.0062. 


The daily values of p; and the control limits for each day are shown in Fig. 
5-3.1. Inthis figure, per cent rejected (I00p) rather than fraction rejected, 
has been plotted. 





of the control limits. Thus for June 6, +30, = + 
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Table 5.1 
Calculation of the trial control limits of p chart for June. 


Data on a single quality characteristic of a part of an 


electrical device 








5 Number Beak UCL, = 
ate ni rejected i = LCLp 
= = +3 7 
6 Pic FR) * BOB) PO | =p — 30, 





June 6 | 335 31 | 0.0093 0.0062 0.0207 | 0.0083 | 
0.0337 0.0062 0.0207 0.0083 
8 | 1509 28 [0.0186 0.0092 0.0237 | 0.0053 































































9 219 20 0.0091 0.0077 0.0222 | 0.0068 

11 [2678 35 [0.0131 0.0069 0.0214 | 0.0076 
{| 12 |3252 | 68 | 0.0209 | 0.0063 | 0.0208 | 0.0082 

13 464 0.0053 0.0198 | 0.0092 
0.0087 
0.0079 
0.0083 
0.0086 
0.0080 
0.0084 

21 0.0089 
| 22 |3042 | 70 0.0080 
| 23 [1623 | 12 0.0056 
[ 25 [915 | 9 0.0026 
| 26 |1644 | 41 0.0057 
| 27 [1572 | 22 0.0055 
| 28 | 19 | 3 0.0064 
| 29 [2440 | 3 0.0072 
| 30 |2086 | 41 0.0066 

















Totals 










total number rejected z i, 880 
— =— = 0.0145 


60688 


pp =————— = 
total number inspected 
2 nj 





3pa -p) = 30.0145 - 0.145) = 0.3586 





Because per cent defective is more readily understood by both shop and 
administrative personnel, it is usually desirable for fraction rejected to be 
converted to per cent rejected for all plotting. 


Determination of aimed-at value of fraction rejected po 

If all the points fall within the trial control limits, the aimed-at value po 
may be assumed to be equal to p. 

Here many points fell outside the trial control limits. In such cases, the 
decision as to the value of po to be used calls for judgment as to what 
process average fraction rejected can be maintained in the future, 
provided the occasional assignable causes of bad quality can be eliminated. 
An aid to such judgment may be obtained by computing a revised value of 
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p , eliminating the days on which p fell above the upper control limit. With 
these days, June 7, 12, 13, and 22, eliminated, the remaining number of 
rejects is 290 and the remaining number inspected is 46,399. The revised 
p = 290/46399 = 0.0063. After consideration of this and of the previous 


record on similar parts of slightly different design, it was decided to assume 
Po = 0.0065. 


es 


eer 


Per cent rejected 





UV hy = “pox 085% | ifaw KX 
" | b\naggye4\ im’ i: 


6-9 I-16 18-23 25-30 2-7 9-4 16-21 23-28 30-31 


June Date July 


Fig 5.3.1 p-control chart for the months of June and July 
( after Grant & Leavenwoth, 1988 ) 


Calculation of control Limits based on standard Fraction rejected, po 
Table 5-2 gives the daily numbers inspected and rejected during July and 


shows the calculation of control limits based on the aimed-at fraction 
rejected. 


This calculation appears to be almost identical with that shown in Table 5- 
1. The value of pg is used in the calculation of limits in Table 5-2 wherever 
p was used in Table 5-1. The practical difference is that where 7p is used, 
no control limits can be computed until p is known, i.e. not until the end of 
the period. Where a standard or aimed at value pg _ is established in 
advance, the limits can be computed each day and drawn on the control 
chart as the day’s point is plotted. In this way, the control chart provides a 
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basis for immediate action whenever a point goes outside the control 
limits. 






























































Table 5-2 Computation of daily control limits based on p, 
for Julypata on a single quality characteristic of a part of an electrical device 
Number 30 p = 
i ' ' 
Date n, rejected | pi [3 |PoF-P'o | UCL» | LCL, 
(r) 
nj 
| July 2 2228 | 4 0.0018 0.0051 0.0116 0.0014 
| 3 2087 | 9 0.0043 0.0053 0.0118 0.0012 
5 2088 3 0.0014 0.0053 0.0118 0.0012 
6 1746 2 0.0011 0.0058 0.0123 0.0007 
7 2076 1 0.0005 0.0053 0.0118 0.0012 
9 2164 al 0.0005 0.0052 0.0117 0.0013 
10 2855 5 0.0018 0.0045 0.0110 0.0020 
11 2560 5 0.0020 0.0048 0.0113 0.0017 
12 2545 14 0.0055 0.0048 0.0113 0.0017 
13 1874 1 0.0005 0.0056 0.0121 0.0009 
14 2329 24 0.0103 0.0050 0.0115 0.0015 
16 2744 30 0.0109 0.0046 0.0111 0.0019 
| 17 | 2619 | 77 0.0294 0.0047 0.0112 0.0018 
| 18 |_ 2211 | 5 0.0023 0.0051 0.0116 0.0014 
| 19 | 1746 | 19 0.0109 0.0058 0.0123 0.0007 
| 20 2628 | 28 0.0107 0.0047 0.0112 0.0018 
| 21 |___2366 | 5 0.0021 0.0050 0.0115 0.0015 
| 23 | 2954 | 23 | 0.0078 | 0.0044 | 0.0109 _|_0.0021 | 
[24 | 2586 | 32 | 0.0124 | 0.0047 | 0.0112 _| 0.0018 | 
[25 | 2790 | 8 0.0029 0.0046 0.0111 0.0019 
| 26 | 2968 | 30 0.0101 0.0044 0.0109 0.0021 
| 27 |___ 3100 | 13 0.0042 0.0043 0.0108 0.0022 
| 28 | 1359 | 4 0.0029 0.0065 0.0130 0.0000 
| 30 |__ 3940 | 39 0.0099 0.0038 0.0103 0.0027 
| 31 |___ 3138 | 11 0.0035 0.0043 0.0108 0.0022 
Total 61701 393 


























Establishment of Control Limits Based on Expected Average Subgroup 
Size. 

Although the correct position of 3-sigma control limits on a p chart 
depends on subgroup size (in this case, a subgroup is the number of parts 
inspected each day), the calculation of new limits for each new subgroup 
consumes some time and effort. Where the variation in subgroup size is 
not too great (for example, where the maximum and minimum subgroups 
are not more than 25% away from the average) it often may be good 
enough for practical purposes to establish a single set of control limits 
based on the expected average subgroup size. In this way, limits may be 
established at the start of a period (for instance, a month) and projected 
ahead for the entire period. 
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Table 5-3 Record of daily fraction rejected with control limits 
computed on daily production and aimed-at value of py 
Number Number 
Date n; rejected pi Date rejected 
(r) (r) 
+1 Aug 3068 6 0.0020 | ++1 Sept 0.0012 
2 776 3 0.0039 3 0.0066 
3 2086 16 0.0077 4 | 9 | 0.0059 
4 3652 10 0.0027 5 0.0060 
6 2606 3 0.0012 6 0.0054 
7 2159 21 0.0097 7 0.0019 
8 2745 27___|__0.0098 8 | 
9 2606 3 0.0012 10 
10 2159 21 | __0.0097 Ti. — | 
11 2745 | 22 0.0080 | 12 3186 | 7 | 0.0022 | 
13 3114 | 30 0.0080 | 13 2646 | 5 | 0.0019 | 
14 1768 | 18 0.0102 | 14 2714 | 4 [0.0015 _| 
15 3208 | 29 | 0.0090 | 15 2878 | 5 | 0.0017 | 
16 2629 | 2 | 0.0008 | 17 23384 | 6 | 0.0025 | 
17 3576 | 9 0.0025 | 18 2639 | 5 | 0.0019 | 
18 2262 15 0.0066 19 3160 7 0.0022 
20 3294 5 0.0015 20 1895 0.0058 
21 3026 5 [| 0.0017 21. -+| 4287 13 0.0030 
22 2713 | 10 0.0037 _| 22 2917 | 3 | 0.0010 | 
23 2687 | 24 0.0089 | 24 2479 | 1 | 0.0004 | 
24 3824 | 23 0.0060 | 25 1991 | 2 | 0.0010 | 
25 3265 | 12 0.0037 _| 26 3280 | 10 | 0.0030 | 
27 1205 | 14. | 0.0116 | 27 2195 | 15 | 0.0068 | 
28 3035 | 7 | 0.0023 | 28 2570 | 3 | 0.0012 | 
29 2793 | 6 | 0.0021 | 29 3323 | 3 | 0.0009 | 
30 3295 | 14 0.0042 _| | | | 
31 3227 | 18 0.0056 | | | | 
Total 73523 | 373 | Total 65978 | 177 | | 
|+For August: = ; 73523 
Estimated average daily production =2600 Average daily production for August ~~33~ =2723 
= 0065 
Aimed-at fraction rejected Po For August p- __ 373 = 0051 
j j 73523 
ens Po(1 — po) _ ++For September 
aa n Estimated average daily production =2700 
|0.0065x(1-0.0065 Aimed- at fraction rejected p, = .0051 
3 EN) = 0.0047 ; Po 
n 30, = 0.0041 
UCL, =Py #36, =0.0065+0.0047=0.0112 UCL, =0.0051+0.0041=0.0092 
: LCL_ =0.0065-0.0047=0.0010 
LCL, =P, 30, =0.0065-0.0047=0.0018 P 





At the end of July the situation was reviewed to consider the possibility of 
doing this. It was decided that daily output was well enough stabilized to 
justify the use of a single set of control limits during August. Average daily 
production during July had been 61701/25 = 2468. The estimated average 


daily output during Month of August was 2600; this was assumed 


as the 


value of n for calculation of control limits. As p during July had been 
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393/61701 = 0.0064, no change was made in the aim-at pp of 0.0065. The 
calculations for the control limits for August are shown in Table 5-3. 

Whenever control limits are set in this way on an expected average value 
of n, any points on the control chart that are either outside the limits or 
just inside the limits require more critical examination to see whether the 
limits as drawn really apply to these points. Whenever the subgroup size is 
larger than the assumed average value of n, the true limits are inside those 
drawn. Whenever the subgroup size is smaller, the true limits are outside. 

Such a calculation was made for August 27, when p was 0.0116. This is 
above the upper control limit of 0.0112 which was computed for the 
assumed daily production of 2,600. A revised upper control limit for this 
day based on the actual production of 1205 is 0.0134. The revised limits for 
this day are indicated on the control chart (Fig. 5.3.2) ; they show that the 
point was actually not out of control. 


Further Revision of po 


373 9.0051. 
73523 


No points fell above the upper control limit. This value, 0.0051, was 
therefore assumed as po to apply to September. Control limits for 


September were based on an estimated average subgroup size of 2700. 
73523 





During August, the average fraction rejected P was 





(Daily production during August had been = 2723. Daily values for 
September with calculated control limits are shown in Table 5-3 and 


plotted in Fig. 5.3.2. 










BE 20+ —— LCL =0.18% ——— UCL =0.92% 
‘& LS ——— py =0.51% 

x HCL 1.12% _ 

: okt ee es > LCL 0.10% 
pos 


4 Gell 3918 20-25 BF) RB OOH -22 4-29 
August Date September 


Fig 5.3.2 p-chart for Month of August and September 
( after Grant & Leavenwoth, 1988) 


The process quality during September improved even more. Although only 
two points fell below the lower control limit during the month, 
confirmation of the existence of a new better level of quality was given by 
an extreme run for eleven points -from September 7 to 19 — below the 
central line. For the month, the process average P was 177/65978 = 
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0.0027. This justified a further downward revision of pp to 0.0027 for 
October. The data and the control chart for October are not shown here. 
EndofExample5S5.3. 


Aimed —at process average and necessity for its revision 

When plotting daily of weekly p-chart, it has to be noticed whether the 
calculated p is appropriate as the central line. If all the points fell inside 
the chart, and no special pattern has been formed, the aimed-at process 
average(po) is the calculated p. If, for example, most of the points fall 
below the central line or above it, a revision has to be made on pg. In Fig 
5-3.1 most of the points fell below the central line, and some outside the 
upper limit. Discarding the points that fall outside and have assignable 
cause, new 7 is calculated and a new pg is set. 


Tests based on the theory of runs 

Notice that the tests based on the theory of run, described when 
discussing control charts for variables, are valid for all Dr Shewhart's 
control chart. 


5.3. np Control Chart 

np control chart is another control chart used to monitor non- 
conforming products. This chart is an alternative to p-chart, used 
whenever the sample sizes are equal. When sample sizes are unequal, p- 
control chart is used for monitoring rejects (non-conforming productcs); 
however when the sample sizes are equal, either of the 2 charts could be 
used. 

If ris the number of non-conforming products in a sample of size n drawn 
from a population or process with fraction rejected p’ and the fraction 
rejected in the sample is p, then 


r=npand E(r)=np’, Var(r)= np'(1-p’'). 

The upper and lower control limits for np control chart is given by: 
UCL,,, =np' +3./np'\l— p 

Central line = np’ 

LCL,, = np' - 3/np'(1— p') 


Since a negative number of rejects is not possible, if the calculated value 
for the lower control limit is negative, the limit is set at 0.00. 

If p', the standard or aimed-at fraction rejected for the process, is not 
given p is substituted for p’. 

All comments mentioned earlier on  in-control and out -of -control 
conditions of control charts are valid here. When no sign of out-of control 
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is observed on the chart, the process mean of nonconformities per unit 
product is under control and p is a good estimate for the mean. When 
the upper and lower limits are calculated based on the standard value p' 
and there is state of in control, the process mean of nonconformities per 
unit product coincides p'. 


Example 5.4" 


Table 5-4 shows the number of defectives in 30 subgroups of size 100 


drawn from a certain electroplating process. 


chart. Is the process operating is in control or out of control? 


Construct a suitable control 




































































Table 5-4 Number of defectives in 30 samples drawn from an 
electroplating process 
Sub- | Sample Number Sub- | Sample | Number Sub- Sample Number 
group | Size of group Size of group Size of 
No. (n) defectives No. (n,) defectiv No. (n,) defectives 
i} 1 1 
(i) (i) = (i) 
1 100 1 11 100 2 21 100 12 
2 100 6 12 100 1 22 100 6 
3 100 5 13 100 3 23 100 3 
4 100 5 14 100 1 24 100 4 
5 100 4 15 100 4 25 100 3 
6 100 3 16 100 5 26 100 3 
7 100 2 17 100 4 27 100 2 
8 100 2 18 100 1 28 100 5 
9 100 4 19 100 6 29 100 7 
10 100 6 20 100 15 30 100 4 
sum 3000 129 
| | mean 100 4.3 
Solution 


The limits for the np control chart: 


UCL,, = np +3.jnp(1— p) =np +3.J/np J1— p = 4.30+ (6.22) (98) = 4.3+ 6.09 = 10.39 





LCL,, =np -3Jnp(1— p) = 4.3-6.09 <0=> LCL,, =0 


129 





= 4.30 





CL =np =100~ 
3000 


In MATLAB the following instructions result in Fig. 5. 4 for this 
example; 





Taxtracted from Persian translation of Ishikawa( 1983 )with minor changes. 
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DATA=[1 6 5 5 4 3 2 2 4 6 2 1 31 4 °5 
4 1 615 12 6 3 4 3 3 2 5 7 4); A=DATA; 
st = controlchart(A,'charttype’,{'np'},'unit', 100);fprintf(‘Parameter 
estimates: mu = %g, sigma = %g\n',st.mu,st.sigma); xlabel('Sample No.'); 


NP control chart 


1§ 








10 
2 
5 
0 
. 0 oe No. * = x 


Fig. 5.5 np control chart for the data of Table 5-4 using MATLAB 
According to Fig. 5-4 which shows the control chart, the process 


percent of nonconforming items is out of control because some 
subgroups have fallen outside the chart. 
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Exercises 
5. 1 P.7-1Grant &leaven worth ,1988 page 267) 

An electronic company manufactures several types of cathode ray tubes 
on a mass production basis. During the past month, Type A has caused 
considerable difficulty . The following table contains data from 21 days of 
this troubling period. Compute the central line and 3-sigma control limits 
for a p-chart for this tube process. 100 units are inspected daily. 


















































fraction fraction 
rejected Day | rejected 
(Pp) (p) 
0.22 12 0.46 
0.33 13 0.31 
0.24 14 0.24 
0.20 | 15| 0.22 
0.18 | 16| 0.22 
0.24 | 17/| 0.29 
0.24 | 18 | 0.31 
8 0.29 19 0.21 
9{[ 018 | 20] 0.26 | 
10 0.27 5 ee 
11 0.31 
Answer 0.392, 0.260 , 0.128 


5.2 

To compute p_, it is not always correct to calculate the regular 
(unweighted ) mean of p's. To show this, calculate the right value of p for 
the table given below. Compare this with the regular p . Why are they 
different? Why unweighted index is not a suitable index for proportion 
rejected of the population? 























Batch | Number Number 
No. of out of P 
inspected | specifications 

1 1200 18 0.0150 
2 750 40 0.053 
3 1150 26 0.023 
4 75 15 0.200 
5 225 23 0.102 

Sum 2400 
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5.4 ( 7-4 Grant &leaven worth ,1988 page 268) 

A manufacturer purchases small bolts in cartons that usually contain 
several thousand bolts. Each shipment consists of a number of cartons. As 
part of the acceptance procedure for these bolts, 400 bolts are selected at 
random from each carton and are subjected to visual inspection for certain 
non-conformities. In a shipment of 10 cartons, the respective percentages 
of rejected bolts in the samples from the 10 cartons are O, 0, 0.5, 0.75, 
0,2.0, 0.25, 0, 0.25, and 1.25. Does this shipment of bolts appear to exhibit 
statistical control with respect to the quality characteristics examined in 
this inspection? 

Hint. Plot p-chart (LCLP=0 , UCLP=0.016) 


5.5( 7.5Grant &leaven worth ,1988 page 268) 

An item is made in lots of 200 each. The lots are given 100% inspection. 
The record sheet for the first 25 lots inspected showed that a total of 75 
items did not conform to specifications. 

a) 

Determine the trial limits for an np chart. 
b) 

Assume that all points fall within the control limits. What is your estimate 
of the process average fraction nonconforming [Hp ? 
c) 

If this remains unchanged, what is the probability that the 26th lot will 
contain exactly 7 nonconforming units? That it will contain 7 or more 
nonconforming units? 
Answers: 

(a) UCLnp=8.157 LCLnp=0 (b)0.015 (c) 0.022, 0.034 


5.6 ( P.7-6grant &leaven worth ,1988 page 268) 

Daily inspection records are maintained on the production of a special- 
design electronic device. 100 items have been inspected each day for the 
past 21 days. A total of 546 items failed during a psevere heat stress test. 
The 4 highest and lowest values of p are: 

















| Highest | Lowest | 
| 0.46 | 0.18 | 
0.33 0.18 
0.31 0.20 
0.31 0.21 





a) compute the central line and 3-sigma trial control limits for a p chart. Is 
the process operating in control? 
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Answer: 0.392 0.260 0.128 
b) Recommend an aimed-at value for the mean and 3-sigma limits for 
continued use of the p chart. 
Answer: 0.380 0.250 0.120 
5.7 

A production process has 1% as nonconformity proportion. Several 
samples of size 200 have been drawn from this process. 
a)What is the expected number defective product in each sample? 
b)Calculate the upper control limit for an np chart such that the probability 
of falling a sample above this limit is 5% . 


5.8( P.7.15Grant &leaven worth ,1988 page 270) 

A manufacturer wishes to maintain a process average of 1% 
nonconforming product or less. 1500 units are produced per day, and 2 
days’ runs are combined to form a shipping lot. It is decided to sample 250 
units each day and use an np chart to control production. 

(a) Find the 3-sigma control limits for this process. 

(b) Assume that the process shifts from 1 to 4% nonconforming product. 
Find the probability that the shift will be detected as the result of the first 
day’s sampling after the shift occurs. 

5.9 

Three samples of size 100,150 and 1800 have been extracted from a 
process. What are the upper and lower control limits for a p-chart with 
aimed-at po=2%. 














Answer: 
= LCL = 
Sample cd P 
No. ' ' 
Po +30 : Po 30, 
1 0.062 0 
2 0.054 0 
3 0.03 0.01 

















Learn truthfulness before speaking 
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Chapter 6 


Control Charts 
for Defects: 


c,u& D 
charts 
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Chapter 6 C,u & D Control Charts 
Aims 


This chapter deals with a set of attribute control charts for monitoring 
non-conformities or defects in a manufacturing process; i.e.C chart and u 
chart and D-chart are introduced. While both C and ucontrol charts are 
used for monitoring a nonconformity ,C chart is used when the sample 
sizes are the same. D-chart is a modification of the first 2 charts used to 
monitor simultaneously several different categories of defects of varying 
importance ina product. 


6.1 C Control Chart 

C control chart is an attribute control chart usually used to monitor 
the number of one kind of defect or nonconformity in a unit of product or 
or in a group of items, based on the samples taken from the process at 
given times (hours, shifts, days, weeks, months, etc.); however, this chart 
sometimes allows the practitioner to assign each sample more than one 
kind of defect which are similar. The suitable distribution for the total 
count of a kind of defect in an individual unit products (or in individual 
samples of equal size) is Poisson with mean and variance A and probability 
function: 


Where 
A is the mean of the count of non-conformities per unit. 


The upper and lower control limits for the C chart are calculated 
using the following formulas; if a negative value for the LCL was 
obtained, replace it with zero. 


6.1.1 C-chart limits -standard(C') known 

If C’, astandard or aimed-at value for average number of 
nonconformities per sample size(n) is given then, where n is usually 
1 or any constant value in all samples ,: 
UCL. = C' + 3VC’ 
C.L.= C’ 
LCL, = C’ — 3VC’ 
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6.1.2 C-chart limits —C' unknown 
If nostandard of aimed-at value for C’ is available then 


UCL, =e +¥Ve 
CL =¢ 

LCL, =@-\Ve 
where 


zis the average of observed non-conformities per sample . 

when c_ has been _ used, if all samples fall within the upper and 
lower limits and no special pattern is observed, conclude no special 
problem exists the process; otherwise there is a problem or some 
problems within the process which have to be identified. when C' 
has been used in the calculation of the limits, and the above 
conditions are hold, the mean of the count of the defect or 
nonconformity under study is in-control. 


Example 6.1 
Plot the c chart for the following data: 





Date Number Count of 
inspected defects(C) 
1/1 1 0 
1/2 1 1 




















1/3 1 3 
Solution 
Since C' is not given, c is used: 
0+1+3 
c= = 1.33 





3 
4 _|4 

UCL, weinFahes[baas 
3 V3 


Centralline: ¢ = 1.33 
po 3/4 4 6 
a ade 8 NG 


Figure 6.1 shows the chart. 


LCL, =¢ -3 

















0.9761 <0-> LCL, =0 





C 
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Number of Defects 
a IM UCL 
4s) 
bad 35 
z 5 a 
5 7 - 
i 
“ : cL 
os 
pfiaecinsanteicerie sae tata alias ics CRC R See w BOL 


Fig. 6.1 the c chart for Example 6.1. 


Example 6.2 

The following table gives the number a kind of defect found in 20 
samples of the same size drawn from a production process. Find c , 
compute trial control limits and plot a c control chart . What value of 
aimed-at number of defects co, would you suggest for the following 
period? 









































Number 
Number 
Sample Sample of 
of 
No. No. Defects 
Defects(c) 
(c) 
1 7 11 6 
2 5 12 3 
3 3 13 2 
4 4 | 14 7 
5 3 15 2 
6 8 16 4 
7 2 17 7 
8 3 18 4 
9 4 19 2 
10 3 20 3 
Sum 82 
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Solution 
Since the sample sizes are the same C chart could be used. C' is not 
given then c is used instead: 
z= TS ae 7 82 aa 
20 20 


LCL, =@ -3Vé =4.1-3xV/4.1=-1.97<0>0 
UCL, =€ +3Ve =4.143x V4.1 =10.17 





The control chart for nonconformities is given in Fig. 6.2. 











number ofdefect 











0 1 2 3 4 5 6 7 a 9 10 11 12 «#153 «14 «115 ~«16~«17 «618 618 20 271 


sample number 
Fig 6.2 Control chart for non conformities; data of Example 6.2 


Since none of the points is out of the limits and no other special out-of- 
control sign is observed, C is a good estimate for average number of non- 
conformities in the process per n (sample size )products. Furthermore for 
future use the current limits are recommended. 


6.2 u Control Chart 

For monitoring the number of defects in the process, if the sample sizes 
are unequal, u control chart is used instead of c chart. ui is the 
number of conformities per unit of the product in the he sample: 


uj = < (orin general u = “), Unit of the product could be a meter, a 

i 
square meter, one component etc... In this chart we are allowed to define 
every say 5 mor 5m2 as one unit. u chart is usually used when the 
sample sizes are different; however there is no restriction for using the 
chart when the sample sizes are the same. In the latter case the limits 
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would be straight lines, in the former case each subgroup would have its 
own limits. The upper and lower limits of u chart are calculated as follows: 


6.2.1 u chart limits -standard(u') known 

If w’,the standard or aimed-at number of nonconformities per unit 
product(1 meter , one component.,..), is given, then: 
if the standard or aimed-at number of conformities per sample is denoted 


cl ul 
by c', we have u’ = — and o,,= |— because: 
n u n 


Cc 1 Cc 
u=—=>Var(u)=—Var(c)=— 

n n n 
ee nu’ u' u' 
n n n n 


Then, the limits in this case would be: 


3Ju" 








UCL, =u't+ 
ns 

CL =u' 

LCLy eee 


dn, 

where n; is the size of i sample. 

when the sample size is not constant, the control limits would not be 
straight lines, but all comments mentioned regarding in-control and out -of 
-control conditions in the discussion of previous Shewhart control charts 
are valid here. 


6.2.2 u-chart limits —u' unknown 


If u' is not available, U calculated as follows, substitutes u’, 
> os Total observed defects in k samples 
= Sa = Sum of k sample sizes 





S| 


and the control limits are: 
UCL, =u + aie 


P / 
Nn; 


LCL _ 7 —3Ne 


P 
a/N, 
i 


whenLCL, <0 LCL, =0. 
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If all points fall within the limits and no special pattern is observed, 
conclude the variations are random and there is no problem in the process 
from the point of view of the number of conformities in the product. 
Otherwise there are problems whose causes have to be detected. And 
also if u' has been used as a standard value, conclude that the mean of the 
number of the nonconformity under study is according to the given 
standard. 

In all Shewhart's control chart including u chart if the sample sizes are 
unequal, the control limits would not be straight lines and each sample 
would have its own limits. If the variation of the sample sizes is not that 
much, a mean sample size(n) could be computed and a common upper 
and lower control limits be calculated for all the samples, which would be 
straight lines;e.g. in the case of u chart: 


control limits = u+3o, 





BI | eI] 


Example6.3 
Plot the suitable control chart for the following 20 samples. Is the 
process in control? 

























































































— Sample count of a ene UCL, = LCLy = 
(i) length special defect in | per meter = = 
in meter the sample in the “+3 ut a —3 i 
(ni) (ci) sample(u;) n; nN; 
1 1 4 4.0 8.20 0 
2 1 5 5.0 8.20 Oo 
3 1 3 3.0 8.20 O 
4 1 3 3.0 8.20 ie) 
5 1 5 5.0 8.20 Oo 
6 1.3 2 1.5 7.56 0 
7 1.3 5 3.8 7.56 Oo 
8 1.3 3 2.3 7.56 0 
9 1.3 2 1.5 7.56 Oo 
10 1.3 1 0.8 7.56 Oo 
11 1.3 5 3.8 7.56 Oo 
12 1.3 2 1.5 7.56 Oo 
13 1.3 4 3.1 7.56 Oo 
14 1.3 2 1.5 7.56 Oo 
15 1.2 6 5.0 7.75 Oo 
16 1.2 4 3.3 7.75 (0) 
17 1.2 10) 0 7.75 (0) 
18 1.7 8 4.7 6.99 Oo 
19 1.7 3 1.8 6.99 Oo 
20 1.6 8 5 7.11 Oo 
Sum 25.3 75 i= 55 = 2.965 Uu=3 
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Solution 
Since sample sizes are different, then for each sample the upper and 


sn 75 : 
lower control limits have been calculated using U = Pe = 3 and inserted 


into the above table. Figure 6-3 shows the chart for u. No point has fallen 
outside the limits and no special pattern is observed; therefore the 
variations are random and the process is in control from the viewpoint of 
the count of the special defect (nonconformity) per meter of the product; 
furthermore u can be considered a good estimate of nonconformities per 
unit in the process. 


U control chart 








‘Sample No, 


Fig. 6-3 u- chart for the data of Example 6.3 


Notice that 

-all comments mentioned regarding in-control and out -of -control 
conditions in the discussion of the previous Shewhart 's control charts are 
valid here. 

-the tests based on the theory of runs, described when discussing control 
charts for variables, are valid for all Dr Shewhart's control chart including c 
chart and u chart. 


6.3 Classification of Nonconformities and their Weights 
Possible defects of a unit product are classified according to their 

seriousness. A common procedure divide the defects into 3 or 4 classes. 

Depending on factors such as the complexity of product a type of 
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classification is used. Two types of classification of defects are described 
here: 


6.3.1 Three-class Defect Classification 
The catalogue of standard Mil-STD-105D classifies defects or 
nonconformities into 3 classes’: 


6.3.1.1 Critical defect 

A critical defect is a defect that judgment and experience indicate 
it would result in hazardous or unsafe conditions for individuals 
using, maintaining, or depending upon the product or a defect that 
judgment and experience indicate is likely to prevent performance of 
the tactical function of a major end item such as a ship, aircraft, 
tank, missile, or space vehicle. 


6.3.12 Major defect 

A major defect is a defect, other than critical, that is likely to result 
in failure, or to reduce materially the usability of the unit of product 
for its intended purpose. 


6.3.1.3 Minor defect 

A minor defect is a defect that is not likely to reduce materially the 
usability of the unit of product for its intended purpose, or is a 
departure from established standards having little bearing on the 
effective use or operation of the unit. 


6.3.2 Four-class Defect Classification 


The late H.F. Dodge classifies the defects into 4 classes as follows 
(Extracted from: Grant & Leavenworth ,1988, p. 293 and Stamatis,2003 page175 ”) 


6.3.2.1 Class “A” Defects — Very serious. 

This class 

-Will render unit totally unfit for service; 

-Will surely cause operating failure in service which cannot be readily 
fixed on the job 

-ls likely to cause personal injury or property damage. 





1 From Catalogue: MIL-STD-105-Sampling Procedures & Tables for Inspection by Attributes 
2Stamati, D.H.2003, 6 Sigma and Beyond: Statistical Process Control, Vol 4 St Lucie Press 
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6.3.2.2 Class “B” Defects — Serious. 

This class 

-WII probably, but not surely, cause Class A operating failure 

-Will surely cause trouble of a nature less serious than Class A 
operating failure, e.g. adjustment failure, operation below standard, 
etc. 

-will surely cause increased maintenance or decreased life. 


6.3.2.3 Class “C” Defects — Moderately serious 

This class 

-May cause operating failure in service. 

-May cause trouble of a nature less serious than operating failure. 
-Is likely to cause increased maintenance or decreased life. 
-Forms major defects of appearance, finish, or workmanship. 


6.3.2.4 Class “D” Defects — Not serious. 

This class 

-Will not cause operating failure of the unit in service. 
-Forms minor defects of appearance, finish or workmanship. 


6.3.3 Weighting 

Once a classification of all defects is established, demerits( weights) may 
then be assigned to each class of defect. Common weights are in the 
ranges (0,1) or (1,10) or (1,100). For example some researchers have used 
weights 1 for minor defect , 3 for major and 9 for critical in 3-class type 
(Besterfield,1990, page189) and weight 1,20,40,100 in 4-class type for class 
D, C, B and A respectively (Grant and leaven worth,1988,p1ge294). 


6.4 D control chart 


A demerit control chart (D-chart )is a modification of the first 2 
charts and is used to monitor simultaneously different classes of 
defects of varying importance in a product. An application of this 
chart is in the field of Total Quality Control. 

After classifying and weighting the defects, D chart is plotted. The 
variable defined for this chart is denoted by letter D. In a 3-class 
type of classification, D for each sample is given by (Besterfield,1990 
page 189): 

D = Wu + Wnatma + Winitmi 
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Uc Count of critical defects per unit in the sample 
Count of major defects per unit in the sample 
Umi Count of minor defects per unit in the sample 
W, Weight(penalty) assigned to critical defects 
Wma Weight assigned to major defects 

W mi Weight assigned to minor defects 


D which is an index of the defect per unit could be called demerit per unit 
in the sample. D control chart plots all demerits per unit product. 


6.4.1  D chart Upper and Lower control limit 

Depending on whether a standard value for the index of defects in 
the product, denoted by Dg , is specified or not 2 cases are 
distinguished below: 


6.4.1.1 Dchart limits: Do known 
For the 3-class Type defects, if the standard nonconformities per 
unit for the defects in the process (i.e. uoc, uoma, uomi )are known, 
the central line of the control D chart is computed from: 
Dog = WeUoc + Wmitoma + WnaUomi 

and the limits are calculated from: 
UCLy =D; + 355 
CL= D, 
LCly =D, = 3G 

If LCL <0 set LCL = 0. 
where 





Uoc The standard nonconformities per unit for the critical defect in the process 





Unees The standard nonconformities per unit for the major defect in the process 





Uomi The standard nonconformities per unit for the minor defect in the process 








2: 2. 2, 
roy = Ww. Wg aa Waa tO aa Uni, 
0D 7 n ‘ 








=The standard or aimed-at index per unit product = 
Do Do = Wmitomi + Wmatoma + WeUoc 








To enter the i” subgroup into the chart , calculate D; as follows and 
show point D; onthe chart ; 
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Count of critical defects in i™ subgroup 
D; = W.( =“ ) 
U 
Count of major defects in ha subgroup 
nj ) 
Count of minor defects in i” subgroup 


nj 








+ Wma 





+ Wii ¢ 


or Dj = W, (Uc)itWna (Uma)itWini (Umi \b 


6.4.1.2 Dchart limits: Do unknown 

When the values of Ugma, Uomi) Uoc are not known for the process, replace 
uoc, uoma, uomi with the following variables respectively, when 
calculating the central line and the limits : 


— _ Count of major defects in k subgroups 
oe sum of k subgroup sizes 





— Count of minor defects in k subgroups 
am sum of k subgroup sizes 








e sum of k subgroup sizes 
k 
Sp 


and replace p, by p =! — 
k 


rae Count of critical defects in k subgroups 


Example 6.4 (Based on Besterfield,1990 page 190) 

Assume that Wc= 9, Wma =3,Wmi = 1 are used for a three-class weighting 
system. Determine the central line, and control limits for a D control chart, 
when Ug-=0.08, Ugma=0-5, Upgmi=3- The data of six samples are given in 
the following table. 












































S oe a sr 
ample e 5 os 
Nociy | Pate e critical | major | minor 
defect | defect | defect 
a] 1/1 40 1 15 130 
2 2/1 40 1 22 153 
3 3/1 40 1 10 173 
4 4/1 40 0 15 119 
5 5/1 40 1 15 130 
6 6/1 40 2 26 160 
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Solution 
Calculation of aimed-at D, 
Dy = Wmittomi + Wmatloma + Wetloc = 3 + 3(0.5) + 9(0.08) = 5.22 





2 2 2 
n=40 = Ge ~ [ates +Wo Moma + W U9. =-0.59 


n 
UCL, =D, +30 op 
LCL, =D, —30 op 
Since the sample sizes are equal ,the upper and lower control limits are 
straight lines: 


UCLp = 5.22 + 3(0.59) = 6.99 
D, = 5.22 
LCLy = 5.22 — 3(0.59) = 3.45 


Using the data of the problem, the variable for the li sample was 
calculated from 


D; = We (Uc)itWna (Uma)itWmi (Umi )i =9(Uc)i+3 (Uma)i+1 (Umi )1; 








where 
(Xc)i _ count of critical defects in i‘® sample 
(Uc) — _ “th : , 
nj i™ sample size 
(u ) _ (Xma)i _ count of major defects in it sample 
ma na ith sample size : 
(u ) _ (Xmi)i _ count of minor defects in it sample 
ny -  — eaeiaaioe. i. 9 


Ni ithsample size 


The results are in the last column, 


















































Count of | Count of | Count of Demerit per unit product 

sate Sample Sample critical major minor 7 

No.(i) size defects defects defects { Di=9(u,);+3 (Uma)i+1 (Umi); } 

(Xc Ji (Xma )i (Xmi )i 

1/1 7 a : a 130 D, = 945) ‘ 32) + CS = 4.6 
2/1 2 40 1 22 153 Dz = 5.7 
3/1 3 40 1 10 173 D3 = 5.3 
4/1 4 40 0 15 119 Dy = 4.1 
5/1 5 40 1 15 130 Ds = 4.6 
ml © 1 @ [ [| [oceol)+9Co)+ Cie) 
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Figure 6.4 shows the c 


D 


Demerit/Unit 


hart. 


yi | Poe 


6.C 


123456 


Sample no.[i) 





Fig. 6-4 Demerit control chart(D Chart) for Example 6.4 
(Besterfiled,1990 page191) 


Example 6.5 


Classifying defects into 4 classes, weights 100, 50, 10,1 are given to the 
samples of size 1500 were drawn from the 
production process and the following table shows the results. If the 


classes A,B,C and D. 3 


standard indices for nonconformities per unit of Types A,B,C,& D are 


respectively Ug, = 0.001, Ug = 0.003, Upc = 0.008 &Ugp = 0.009. 
Plot an attribute chart which monitor the all 


simultaneously. 


classes of defects 






































Sample | Count of Count of | Count of Count of 
Sample Size Class A Class B Class C Class D 
No.(i) (n;) Defects Defects Defect Defects 
(Xa )i (Xp )i (Xc )i (Xp )i 
1 1500 2 5 12 13 
2 1500 1 6 10 20 
3 1500 3 2 8 24 
Solution 
D chart is suitable. Using the above standards i.e. 
Uoa = 0.001 Uopg = 0.003 Uoc = 0.008 Uop = 0.009 


and the following demerits weights 
Wa, =100, Wg=50, Wc=10, Wp=1 swe proceed as follows: 


The central line would be: 
Do = UoaW a + UopWe, + UocWc+ UopWp or 
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Do = 0.1+0.15 + 0.08 + 0.009 = 0.339 








2 2 2 2 
— [Wado, t+ Wetton tWeloc + Woon 
Oop = 
n 
1 

















10000 x +2500~x + 100 x } 
2 1000 1000 1000 1000 _ 
1500 
[ortss08+ 0.000 aaa 

1500 
The limits: 


UCLy =D, +30op = 0.339 + 3 x 0.11 = 0.669 
D, = 0.339 


UCLp =D, —30op = 0.339 — 3 x 0.11 = 0.011 


C ,u & DControl Charts 


For each sample, the variable D has been calculated using 
Dj=Wa(Ua)it Wap) tW (uc); +Wo Up). 


where 


= Ga) 
(Ua)i= nj , 


_ i | 
(Up)i = nj , (UC); 


_ Ki 


(Up) = ni 


(Xp)i 


The following table shows the 3 D;’s and Fig. 6.5 shows the chart. 





























a Di=Wa(Ua)itW Ua) +W (uc); + Wud): 
12 13 

1 D1 = 100(—) + 50(—) + 10’) + (——) = 0.40 
1500 1500 1500 1500 
2 1 10 20 

D> = 100(—) + 50(—) + 10(—) + (—) = 0.35 
1500 1500 1500 1500 
3 2 8 24 

3 D3 = 100(—) + 50(—) + 10/7) + (—) = 0.34 
1500 1500 1500 























sampel number 
Fig. 6-5 D- chart for Example 6.5° 








* With thanks to Mr Amin Jafari former student of IE Dept ,college of Engineering 


of Shahid Bahonar University of Kerman, Iran 
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It should be pointed out that: 
i) 
Using Dg as central line , and in the calculations of D chart limits implies 


an intent to apply pressure to bring a process to no worse than the 
k 
: oo <1 Dj ; : F 
stipulated level. Using D = Be as central line and in the calculation of 
limits implies an intent to illustrate how a process is performing 


(Grant&Leavenworth,1988 page 295); whether defects are randomly 
distributed in the products or not. 


ii) 
Q control chart is another attribute control chart similar to D chart , 
discussed in references such as Grant &Leavenworth(1988). 


iii) 

Points indicating out of control status on D chart are harder to interpret 
than they are on the c chart and do not necessarily direct attention to the 
causes of a problem. It may prove more desirable to use several c charts 
for process analysis purposes, one for each class, reserving the Q and D 
chart for upper-level management reporting (Grant, Leavenworth, 
1988,page295). 
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Exercises 
6.1 ( 8.1 Grant &Leaven worth ,1988 page 296) 

The following table gives the numbers of missing rivets noted at aircraft 

final inspection 















































number number number 
Airplane of Airplane of Airplane of 
No. missing No. missing No. missing 
rivets rivets rivets 
201 8 | 210 | 12 | 218 14 
202 16 211 22 219 1 
203 | 14 | 212 | 16 | 220 | 9 
204 | 19 | 213 | g | 221 1o | 
| 205 | 11 214 | 26 | 222 | 23 | 
206 15 215 | 15 223 7 
207 | 8 216 | 9 | 224 | 27 
208 | 11 | 217_| 9 | 225 9 | 
209 21 | | | | 











Find C , compute trial control limits, and plot a control chart for c. What 
aimed-at value of cj would you suggest for the central line for the 
subsequent period? 

Answers: UCL:=25.28(25.5) , LCLc= 2.80(2,5) cg=12.96 


6.2 Use Poisson distribution to find 0.995 and 0.005 probability limits ore 


c chart when c'= 4, =4.2 and also when c'=9.5 . 


Answer:1 , 8 &5 ,15 

6.3 Find the trial control limits of a u chart for monitoring the surface 
finish of a certain product using the following data; plot the chart . Suppose 
the points falling outside the chart have assignable causes. Calculate the 
revised control limits. 



































Batch Sample es Batch Sample ie 
No. Size eontamitios No. Size confomities 
1 10 | 45 =a 1g 
2 10 51 16 i 
3 10 17 10 
4 9 48 18 10 
5 10__| 42 | i9 | 10 
6 10 20 10 
7 10 21 10 
3 8 22 10 
10 8 24 10 
(ca ee 25 10 
12 12 26 10 
13 12 al " 
14 10 28 10 
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6.4 ( 8-10 Grant &Leaven worth ,1988 page 297) 

A textile manufacturing initiates use of a c chart to monitor the number 
of imperfections found in bolts of cloth. Each bolt is the same length, 
width, weave, and fiber composition. A total of 145 imperfections were 
found in the last 25 bolts inspected. The four highest and lowest counts 
were: 





Count of imperfections _| 
Highest | powest | 
| 
| 
| 








20 
16 | 
10 | 
oat 














aj 





a)Calculate 3-sigma control limits of an appropriate chart for this 
process 

b) Is this process in control? If not, what aimed-at values for central 
line and control limits would you recommend for the next period? 


6.5 ( P.8-27 Grant &Leaven worth ,1988 page 301) 

A uchart is used to control imperfections in the preparation of mats for 
advertising copy to be used in print media. The control statistic is number 
of flaws per 100cm of mat area. A standard value of [ly of 1.5 flaws per 
100cm? is used. A particular mat subjected to inspection is 18cm by26 cm 
and was found to have 16 flaws. a)Calculate control limits for this sample 
and test for conformance to the standard. 

b) At the time that this inspection was performed, the process actually was 
operating at a 1, of 3.0 flaws per 100cm”. What is the probability of not 
detecting this fact from the sample? Use Poisson’s approximation ( where 
c= nu). 

6.6 ( P.8-30 Grant &Leaven worth ,1988 page 301) 

A Producer of metal medallions and commemorative coins uses c charts 
to control imperfections on large orders for single items. All imperfections 
are recorded but not all cause and ultimate destruction of the item. 30 
items constitute an inspection unit. After 20 inspection units have been 
inspected and the data recorded , the total count of imperfections is 35. 


a)Calculate the control limits for c chart for this process. 

b)What is the probability of type | error for this chart. 

c)Find the probability of type II error, should the process shift to au, of 
4.0. 
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6.7 Construct a control chart for the data in the given table for empty 
bottle inspections of a soft drink manufacturer. Assume assignable causes 
for any points that are out of control. What aimed-at values for central 
line and control limits would you recommend for the next period ? 



























































FOREIGN 
OF. [scraroHes, | warenia, | MATERIAL | TOTAL NON. — 
BOTTLES OTHER ON SIDES BOTTOM 
40 9 9 27 45 
10 1 29 40 
40 8 0 25 33 
40 8 2 33 43 
10 6 46 62 
52 12 16 51 79 
| 52 | 15 2 43 | 60 
52 13 2 35 50 
52 12 2 59 73 
52 11 1 42 54 
52 15 15 25 55 
| 52 | 12 5 57 74 
52 14 2 27 43 
52 12 7 42 61 
| 40 | 11 | 2 30 | 43 
40 9 4 19 32 
=a 5 6 34 45 
40 8 | 11 14 33 
| 40 | 3 9 38 | 50 
40 9 9 10 28 
52 13 8 37 58 
| 52 | 11 5 30 | 46 
| 52 | 14 10 47 | 71 
| 52 | 12 | 3 41 56 
52 12 2 28 42 


6.8 Assuming that W.= 10, Wma =5, Wmi = 1 are used for a three- 
class defect classification system , determine the central line, and 
control limits for a D control chart, when Ug-=0.08 ‘Ugmq=0.5 ‘Ugmi=3 
and n=50. If a sample of size 50 has 1 critical nonconformity, 35 major 
nonconformities and 110 minor defects, will this sample fall within 
the limit of the D control chart? 


A low percent of people live 90 years 
A great percent repeat one year 90 times 
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Chapter 7 Warning Limits & Adaptations of Control Charts 
Aims 

The objective of this chapter is to provide a description of occasionally 
used control charts. Control charts such as X chart with unequal sample 
sizes, control chart for individual measurements, control charts for 
variables with probability limits, and X chart with linear trend. The concept 
of moving range and its application to statistical quality control is also 
pointed out. The set of warning limits used in control charts is also 
introduced. 


7.1Warning Limits on Control Charts 


Some authors of quality control have advocated the use of 2 sets 
of limits on certain control charts i.e. the outer and inner(warning) 
limits. The outer limits, sometimes called action limits, are the 
conventional limits, usually set at 3-sigma from the central line. The 
inner limits are recommended as warning limits and are usually at 2- 
sigma. Figure 7-1 shows a control chart with these two sets of limits 
i.e. UCL and LCL, upper and lower warning limits(UWL&LWL). 

What follows in this section is some comments on warning limits of 
X chart from Grant &Leavenworth (1988) page 307. 


Distribution é 









of sample z 
means / UCL 
4 eS 
" a 
ge ——, SE 
/ Sol fn Process 





Individuals 
population 
distribution 7 
Fig. 7.1 Asample X chart with UCL &LCL and UWL&LWL. 


On the conventional X chart with only one set of limits, the chart seems to give 
only two kinds of advice. It either says, “Look for trouble,” or it says, “Leave the 
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process alone.” This has the virtue of definiteness. However, any such definite 
advice is sure to be wrong part of the time. Limits placed at 3-sigma are seldom 
wrong when they say, “Look for trouble,” but are much more often wrong when 
they say, “Leave the process alone.” 

The inner limits or warning limits seem to add a third kind of advice. This might 
be phrased, “Start being suspicious that trouble is brewing.” 

At first thought, the idea of having warning limits on X charts may seem 
attractive. Nevertheless, there is a sound reason for the common practice of 
having only one set of limits and having these limits at or near 3-sigma. This reason 
is the greater definiteness of a single set of limits. Two sets of limits tend to be 
confusing with regard to the exact action to be taken when a point falls between 
the inner and the outer limits. This is particularly true if many of the people in a 
manufacturing plant who are using the X and R control charts as a basis for action 
are not fully clear as to the principles underlying these charts. Inner limits will be 
exceeded at least 5% of the time as a matter of chance. If a single point just 
outside the inner limits is to be used as a basis for hunting for trouble there is 
bound to be unproductive hunting which may tend to destroy confidence in the 
control charts. Usually in a manufacturing plant so much trouble really exists that 
it does not pay to hunt for trouble without strong evidence that it is present. 

Nevertheless, even though inner limits should not be drawn on most control 
charts, they can be extremely useful in the sophisticated interpretation of control 
charts by people who understand control-chart theory. Here the clue to action is 
given not by a single point outside either of the inner limits, but rather by two or 
more points, both outside the same inner limit. This is really a matter of sizing up 
extreme runs; it is somewhat comparable to the interpretation of extreme runs on 
the same side of the central line. For example, 2 points in succession outside the 
same inner limit on an X chart give even stronger evidence of a shift in process 
average than a single point outside the outer limit. Two points out of 3 beyond one 
inner limit, 3 out of 7, or 4 out of 10, may all be considered as appropriate grounds 
for action. 

However, this type of interpretation may be made by the quality control 
engineer or other qualified individual without confusing matters for his colleagues 
by having inner limit lines actually drawn on all X charts. When a suspicious 
sequence of points is observed close to a conventional 3-sigma limit, the quality 
control engineer may imagine an inner limit two-thirds of the distance from the 
central line to the control limit. Or, if this is too much strain on the imagination, 
such a line may be drawn lightly on the portion of the chart to be studied( Grant 
&Leavenworth ,1988 page 307-8.) 
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7.2 Control charts adaptations 
In this section the objective is to introduce some control charts that are 
occasionally used. 


7.2.1 X control chart with unequal sample sizes 

If the sample size is not constant, the control limits would not be straight 
line and each sample would have its own limits varying with its size, such as 
the dashed- lines on the chart shown in Fig. 7-1. 





Fig. 7-1 Xchart illustrating variation of control limits with 
sample size 
(Extracted fromGrant &Leavenworth, 1988 page303) 
What follows are some formulas for the limits of this case. 


Case1: p and oof the process are known 


If the standard or aimed-at mean of the process in known, for i" 
subgroup with sample size n; the limits would be calculates as: 


3 
UCLz = u+—=o 

iri 
CL= yu 
LCLz = p -———oa 


Nj 
Case 2: Process mean is known 
In this case the limits for i", subgroup with sample size n; are calculated 
from: 


= 3 
UCLz = X +—=a 
= nj 
CL= X 
= 3 
LCLz = X —-——oa 
nj 
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where 
X, the mean ofall X's, is calculated from 





k isthe number of subgroups, 
nj _ is the size of itt sample, 


pee 

Tm 

Needless to say, the samples with the same sample sizes have the same 
limits. 


A is equal to 


Case3: o of the process is unknown 
The standard deviation (o)of a normally distributed process, when not 
known, has to be estimated by either of the following ways: 


-For each subgroup calculate its standard deviation s; then, if the 


ae a _S; 

measurements are normally distributed, calculate 06, =——. The process 
Cc 
4 


O14--40k , 


standard deviation is estimated from 6 = ; Cis read from Table U. 





-For each subgroup with range R; ,if the measurements are normally 


~ —R, CG 
distributed, calculate 0, =—+ thend = ree d, is read fromTable U. 


2 





When the sample sizes are large, the following points worth knowing: 
i) 
For large samples, unless the largest subgroup 1s at least twice the 
smallest, it is satisfactory to compute un-weighted averages for the 
data(Grant and Leavenworth,1988 page 305): 
aa gy 
Te Beak ae k 


instead of 


Fa Me ong Fag = [CTV Sie (UH DSE 
Yani P Ny tNgt-—k : 
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ii) 
Table U shows that c, approaches 1 as sample size increases to a 


largish number and in this case S would estimate the process standard 
deviation: 


Pa Pee ee 
0 =—_—=SsS = —_—- 
C k 
iii) 
It could be verified that for large sample sizes the weighted average of 
the sample means(X; 's) and the un-weighted X ieX = Pisg Pet 
i=1 
a rh . 
and X = ig are not that different. 


iv) 
For large samples the following formulas could be used for X and 
S charts( Grant & Leavenworth,1988 page 304): 








UCL, =X +A,S=X+AS LCL, =X -AS=X-AS A= 


UCI BS: LCL. = B.S en ee By w1-—. 


One application of approximating B,-A,,B,as above is when they 
are not available from Table U for large sample sizes. 


v) 


If the sample sizes are large or small but close to each other, an average n 


k 
Ln, 
could be calculated from ,, -;- i=!" and straight line limits be calculated 
k 


using this average sample size. This simplification is usually satisfactory for 
a start; separate limits for individual subgroup may be computed later for 
any doubtful cases ( Grant & Leavenworth,1988 page 305); for the samples 
we are not sure fall outside or not. 


Example 7.1 ( Grant and Leavenworth, 1988, page 305) 

The shear strength of a spot welding process is under study. From 9 
similar welding devices 9 random samples of different sizes are given in 
the following table: 
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& |Number of|Shear strength (MPa) | 
5 tests | 
s | (n) Average | Standard | 
| deviation 
A | 128 | 743 | 63 
| B | 127 | 695 | 47__ | 
C 126 711 67 
| D 114. | ~=—668 51 
—E | 1296 | 736 | sot 
F | 126 791 | 58 
G | 126 | 686 | 50 | 
H 111 801 
J 119 604 
Sum 1103 | 6435 











The differences in sample size are not large and the largest subgroup is less 
than the twice the smallest. Therefore according to the rough rule in Sect. 
(i) it is satisfactory to compute un-weighted averages: 


—X,4+..4X, — 6435 
k 
SoS ce. 579 


S= = =64 MPa 
k 9 


For astart, the control limits are computed based on average subgroup 


x =715 MPa 








size and later separate limits for any doubtful cases, if applicable. The 


average size is 


The factors A3‘B3 & By are not available from Table U for this large sample 
size; but may be computed as follows: 





~ =: 3 
A,= A= 
jes ee 
Wo Og 


charts: 
_yLaAGyr ng = 
UCL =X+A,S = 715 +=—x 64 732 
A 








J = 715 —3=x 64 = 698 


190 


Statistical methods in Quality Control 


3 3 
bee Bei ose 
pT 3 Jon’ 4 on 








3 

UCh =e") 276 24 
: J2x123 

LCL, =(1- )x 64 = 51.76 


V2x123 


If you plot the control charts with these limits, you will notice that both 
charts show lack of control. That is, even though these spot welders are 
identical in design, they perform differently both with regard to average 
strength and uniformity of strength of welds(Grant and Leaven worth, 
1988 page306). 


7.2.2 X charts with probability limits 

It is worth remembering that X values of the samples taken from a 
normally distributed universe follow the normal distribution and even from 
a non-normal universe, they approximately follow normal distribution 
when the sample size is 4 or more( Grant & Leavenworth,1988, page 316). 
It could be easily shown that, without a change in the universe, if the limits 
of X charts are computed according to the formulas given in the following 
sections the probability a point fall above UCL or under LCL is equal to a 


7.2.2.1 probability limits for X charts pp & oknown 
If the standard y: & o are given or are obtainable from the design 
specifications of the quality characteristic, then: 


Za 


UCL, ="+— Ao 
CL=pu 

Za 
LCL, =u-=Ao 


Where A is read from Table U and 
Z, from Table 6 at the end of the book. 


7.2.2.2 Probability limits for X charts 2 & ounknown 


If u & o are not given or cannot be obtained, then the central line is set as 
= Za 


x , and for upper or lower control limits Az and A; are multiplied by ey 
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Az and Az are read from Table U. 
For example if n= 5 and we would like the probability of the type | error in 


X chart ( falling a point under LCL, or above UCL, while no change has 
occurred) to be totally 0.05 then A, =0.577and A3=1.427 are 
1.96 


multiplied by Z ows = 
3 3 


Example 7.2 

Assume that probability limits rather than 3-sigma limits are to used for 
Xchart using samples of size 4 with S =2.1 X =10.2. If the probability of a 
point falling outside each limit, sampling from a normal universe were to 
be 0.001 without a change in the universe, find the upper and lower 


control limits of the X chart. 


Solution: 


* 9001. CL=X n=4 


= 


From Table U A3=1.64. 
Using MATLAB) = Zy 0091 = normcdf(.999) = 0.8411 
0.001 


UCLg = 10.2 + are X 1.63 x 2.1 = 11.16 


Zo.001 


LCLg = 10.2 — ag X 1.63 x 2.1 = 9.24 


C.L.=X =10.2 
If subgroups data were given in the example the command 


xbarplot(data, 1 — a) in MATLAB would draw the X chart. 
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7.2.3 S Control Chart with probability limits 

Assuming the production process is normally distributed, non -3- 
sigma control limits for S control charts based on type I error (a) are 
given by: 


UCL,=B ,o 
1-—,n 
2 


CL = cyo 

LCL, =B, o 

where - 

o isthe process standard deviation which may be estimated by =, 
4 


a is the probability of type I error i.e. the probability, that with no 


change in the process or universe, a point will fall outside of the limits 
(Grant &Leaenworth,1988 page 316) 


C, is aratio given by Table U 


B,_«,, & Ba are factors whose values are given in Table 7-1 for 3 a's. 
2? 2’ 
































Table 7-1 Factors B,_«, & Ba, for probability limits of S chart 
2’ 2’ 
(Grant &Leavenworth, 1988 page 317) 
| Lower limits Upper limits 
” Bo.oo1 Bo. 005 Bo.o25 Bo.975 Bo.995 Bo.999 
2 0.00 0.00 0.03 2.25 2.81 3.30 
3 0.04 0.07 0.16 1.92 2.30 2.63 
ee eee ee 2a: | 
5 0.15 0.22 0.35 1.67 1.92 2.15 
| 6 | 021 | 028 | 041 | 160 | 1.83 2.03 | 
7 0.25 0.33 0.45 1.56 1.76 
8 0.29 0.37 0.49 1.52 
9 033. | 041 | 052 | 148 | 1.65 
10 | 0.36 0.44 0.55 1.45 1.62 | 1.76 














Example 7.3 

The aimed-at standard deviation of a normally distributed process is 
o =0.2. Samples of size 5 is drawn from the process. Find the probability 
limits of the S-chart with a = 0.002. 
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Solution 
Since the distribution of the process is normal we could use the following 
relationship to calculate the probability limits 


UCL, = Boog 50 = (2.15)(0.2) = 0.43 
CL= c,o =(0.94)(0.2) = 0.19 
LCL g =Bigi vo = (0.15 0.2) =0.03 


7.2.4 R chart with Probability limits 

Assuming the production process is normally distributed, non -3-sigma 
control limits for R control charts based on type one error are given 
by(Grant &Leavenworth, 1988 page 317): 


UCL, =a o 
oe ron 
LCL, = D, © 
Where 


© isthe process standard deviation, 
d, is a ratio given by Table U, 
































D,_«,, , Da, factors whose values are given in Table 7-2. 
2° 2 
Table 7-2 ‘Factors D,_«,,, Dea, for probability limits of R chart 
2 2’ 

(Grant &Leavenworth, 1988 page 317): 
n Upper limits factors 
2 ; 0.04 BAT | [4.65 
3 0.06 | 0143| 030] 368 | 442| 506 | 
4 0.20 0.34 0.59 3.98 4.69 5.31 
5 0.37 0.55 0.85 4.20 | 4.89 | 5.48 
6 053 | 075| 1.07 | 436| 503] 562 | 
7 0.69 0.92 1.25 4.49 5.15 5.73 
8 0.83 4.60 5.25 5.82 

| 9 | 097 1.21 1.55 4.70 | 5.34 | 5.90 
10 1.08 1.33 1.67 4.78 5.42 5.97 











* Extensive tables Harter, 1960, Tables of Range....The Annals of Mathematical Statistics, 
vol. 31, p. 1122 ttps://projecteuclid.org/download/pdf_1/euclid.aoms/1177705684 
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7.2.5 §% chart with Probability limits 

If an aimed-at or standard or actual value for the process variance (07) is 
given and the probability of type I error( a )is known, then the probability 
limits of S* control chart for a normally distributed processis given 
by(Derman & Ross, 1997 page 97): 


n-l 





i 
Pr(S* >UCL,.) = s ==> Pr(y?, > “UCL: jas UCh ay 5 


2 


oO 2 
UCL2=— X Xa 


gn-1 


2 
Oo 








xa n-1 and Xi_« n-1 ate read from Table 8 at the end of the book or 
2’ 2’ 
could be calculated using MATLAB: 
a 
2 = bas we - 
On = chi2inv (5m 1), 
2 _ we = a aa 
Hy Sn = chi2inv (1 5 1). 


1 


o”,if not given, may be estimated by the mean of sample variances 


: 2 
ie. S*. 


Example 7.4(Derman &Ross ,1997) 

Draw the S’ control chart having probability limits with a = 0.27% for 
monitoring a normally distributed process of which 20 samples of size 5 
and the variances given in the following table . 





ili (2 |3 |4 [5 |6 |7 |8 |9 |10 
“§? | 17.6 193 |62 |9.8 17.5 |21.4] 11.1 | 26 | 14.4 | 38.4 


i_jit 12 (13 | 14 [15 16 [17 18 [19 | 20 
S? | 16.4 | 15.6 | 9.9 | 162 | 122 | 67.2 | 63.3 | 159 | 17.4 | 12.6 















































Solution 
The sample sizes are equal; the variance is estimated as follows: 


c= (17.6 +... +12.6)/20 = 20.92 


The control limits are : 
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__ 20.92 


UCLa=2—x yh, = 2x 178 = 93.1 
_ 2 
C.L.= 5? = 20.92 
e 20.92 
LCL2=—— x Rtg a 0.106 = 0.554 


Hi ny and Knot were calculated using MATLAB: 
ca = chi2inv(0.00135,4) = 0.106 
Xia, = chi2inv(1 — 0.00135,4) = 17.8. 

4 


Figure 7-2 shows the control charts for S’ with the above control limits. 


UCL 
7 


00 





Fig. 7.2 S* Control Chart for Example 7.3. 


45 








40 
x 
x 
K x 
x 
51 x x x x x * 
x ¥ x 
x 
x 
LCL 
x 

24 a ——— 

a 5 mi 15 Mb 24 


Subgerauigy 


Fig. 7.3 X Control Chart for Example 7.3 


( Derman & Ross,1977page 97) 
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Another control chart related to this example i.e.X control chart 
shown in Fig.7-3, as well as the following comment on the process 
from m Derman &Ross (1997), is worth paying attention: 


" Note that Xi9 and Xs fall outside theX control limits with the first value lying 
below LCL and the second above UCL. In addition, X,, is very close to its upper 
control limit. Hence, even though all of the sample variances lie within their 
control limits, it seems that the process has not yet established any type of 
statistical control for its average value—that is, it does not appear at present that 
the data values can be thought of as coming from some common normal 
population. We should thus delay for the moment any attempts to determine 
appropriate control charts for this system" (Derman &Ross ,1997 page97). 


7.2. 6 Chart for individual measurements 

It is reminded that USL and LSL are upper and lower limits of the design 
specification. | For example if the specification set by the designer is 
0.4037 + 0.0013 we have USL=0.4050 , LSL=0.4024. Figure 7.4 shows, as 
a sample, a kind of chart that is not a control chart but sometimes are 
made from the individual measurements of each sample in Table 7-3. The 
5 observations of every subgroup are plotted vertically on the chart with 
USL and LSL as chart limits 


Individual measurements, inches 





Sample number 


Fig. 7-4 Chart for individuals using LSL and USL 
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Table7-3 Measurements of pitch diameter of threads on 
aircraft fittings 
Values are expressed in units of 0.0001 inch in excess of 
0.4000 in. Dimension is specified as 0.4037+0.0013 inch 
| Sample | Measurement on each item | Range 
| No. — Average | H 
of five items per hour 
36| 35| 34| 33 340 |4 
2 31/| 31| 34] 32| 30] 316 |4 
3 30 | 30| 32| 30 308 |2 
| 4 | 32/ 33| 33| 32 330 [3 
| 5 | 32| 34| 37| 37 35.0 [5 
6 32 | 32[ 31| 33 32.2 |2 
| 7 | 33| 33] 36/ 32] 31] 330 ([5 
| gs | 23| 33| 36| 35| 36] 326 |413 
| 9 | 43| 36| 35| 24] 31| 338 19 
| 10 | 36| 35| 36/ 41| ai| 378 [6 
[ 11 | 34| 38] 35/ 34] 38| 358 [4 
[12 | 36| 38/ 39/ 39] 4ao| 384 (|[4 
[| 13 | 36| 4o/ 35/ 26| 33| 340 (|4aa 
14 36 | 35| 37| 34[ 33| 350 [a 
15 30 |_ 37 | 33 | 34 35 | 338 |7 
| 16 | 28|{ 31/ 33| 33| 33] 316 [5 
| 17 | 33| 30| 34/ 33/ 35] 330 (5 
| 18 | 27| 28| 29| 27| 30] 282 (|3 
32| 318 |9 
6 
124 














The chart may be of interest to production supervision, but does not give 
the definite basis for action(Grant &Leavenworth, 1988 page 8). 


Tad 
Combination of Chart for individual X and Moving Range 
(I-MR chart) 

In some processes it may be desired to plot X values in a kind of graph 
described here. In this case if process a is not available, estimating o 
from R is not possible, because each sample consists of one observation 
and no R is available; instead we use moving range(MR). Some examples 
of applications for individual X and Moving Range chart (I-MR chart) are 
certain chemical processes or slow industrial processes ; short production 
runs where data are scarce; destructive testing; special process test, and 
any process where individual measurements are necessary or expensive. 


7.2.7.1 Definition of moving range(MR) 
It is easier to illustrate moving rang than to define it. Suppose 
having a sample of size k, successive subgroups of size ni.e. 


be ee eee, an J =1,2,...,k —n +1 ts 
1X 5X ja janahed are artificially constructed from 


the sample. The subgroups are 
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{Xp Xyreeee Xb 


1 eX Gast wea at 
. and 
{Xp onserre Xa 


Then the range of each subgroup, called moving range, is calculated: 
MR , = max{Xx |X jap X jan-r}— Min{X |X jap X jana}, J =1,2,..,k8 —n +1 n 
, 
is usually 2 or 3. If n=2 then moving range is simply the difference 


between two consecutive data points. 


























X MR(n=2) MR(n=3) 
X1 { 
|“! —» j|x,-x, | 
|. zee 4 = ee | 2 { Xmax “min | 
X3 
Xx; 
}—+— > { X jy 7%; | 
ae > (Eee ae 
Xj+2 
Xk PN Kg si 














Example 7.5 
Given the random sample (x, =2.1,x,=2,x,=2.5,x,=1.9,x, =2.3,x, =1.8) 
find MR's with n=3. 
Solution: 
MR, =max{2.1,2,2.5}— min{2.1,2,2.5} =0.5 
MR, = max{2,2,5,1,9}—min{2, 2,5,1,9} =0.6 
MR, =0.6,MR, =0.6,MR, =0.5 
—, 0.5+ 0.64 0.64 0.5 
MR = Se 0.55 
End of Example. 
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7.2.7.2 Chart for individual measurements- u&o:known 


If the standard or aimed-at values for process mean and standard 
deviation (u&0O) are known, then: 


UCLy = u+ 30 
CL= wu 
UCLy = u-— 30 


7.2. 7.3 Chart for individual measurements- “w&o:unknown 
If U&O are not known or cannot be determined, they are estimated 








, if the process is normally distributed. 


X is the mean of X,,X,,.-%, 


MR MRi+MR2+.. Dyer + MRj 
the number of MR’s k-n-1 
d> a factor obtainable from Table U given the size of moving 


subgroups i.e. n. 


The following example illustrates the control chart for individual 
observations using moving ranges” 


Example 7.6 
A new chemical process was studied to monitor its flow rate. The 


following 10 measurements have been reported 
49.6 47.6 49.9 51.3 47.8 51.2 52.6 52.4 53.6 


construct a control chart for the individual flow rates. Use moving 
range concept. Suppose the flow rat is normally distributed. 


Solution 

Column 3 of Table 7-4 shows the calculated moving ranges with n=2 
Since 

UCLy = u+30 C.L.= wp UCLy =u- 30 

Short term estimates for u&o are as follows: 





‘(http://www.itl.nist.gov/div898/handbook/pmc/section3/pmc322.htm). 
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Table7-4 Data on the flow-rate of a process 
Measurement No. (j) | Flowrate(x;) MRj(n=2) 
1 49.6 
2 47.6 49.6-47.6=2 
3 49.9 49.9-47.6=2.3 
4 51.3 1.4 
5 47.8 3.5 
6 51.2 3.4 
7 52.6 1.4 
8 52.4 2 
9 53.6 1.2 
10 52.1 1.5 
242.3 4+°++1.5 
Prestige Seni a ete eats eas So, ME 9 = 1.67 
= ie 10 See aie 1.128 as 
Then the control limits are given by: 
UCLy = (i+ 36 = 50.81 + 3(1.67) = 55.80 
C.L.= 50.81 
UCLy == fi — 36 = 50.81 — 3(1.67) = 45.82 
Control Chart for individuals 
57 
We 
$5 
§3 
51 Canter 
43 
47 
LEL 
45 


3 4 5 


6 7 6 


1 2 
Fig. 7-5 Control chart for Example 7.5 using moving range 
(http://www. itl.nist.gov/div898/handbook/pmc/section3/pmc322.htm) 


Figure 7-5 shows the control chart. Since none of the plotted points fall 


outside either the UCL or LCL and no special pattern is observed. The chart 
indicates the process is stable and the flow rate is in control, It is worth 
mentioning another way to construct the individuals chart is by using the 
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sample standard deviation to estimate the process o . Then, if the process 
is normally distributed, we can obtain the control limits of the chart from 


UCLy =X +3—~ 


C4 
CL=xX 
UCLy = X -3~ 
C4 
where 


S is sample standard deviation 

C, afactor obtainable from Table U given the size of the sample 
(individual measurements). 

For example the standard deviation of the above individual 
measurements of flowrates i.e. x1;=49.6,..., X19=52.1 is S=2.0339 and 
from Table U for size 10, cy = 0.9727; 





then 
UCLy = 50.81 + 3 cael 57.11 
— l x = Fi 
* 0.9727 
CL = 50.81 
LCLy = 50.81 —3 med 44.52 
= ' —3X = 7 
x 0.9727 


The plot of the individual chart with these limits is left as an exercise 
to the students. 


7.2. 8Moving Range Chart 

The moving range (MR) chart is used to monitor the variability of a 
process for which samples are of size 1 is available. For this purpose 
moving ranges are calculated and the lower and upper control limits for 
chart are calculated using: 

UCLyp = Dy X MR, 

CL= MR, 

LCLur = D3 X MR; 


D4&D3 are factors obtainable from Table U, given the size of 
moving subgroups i.e. n. 

Of course if the aimed-at or standard process standard 
deviation(o*) is given then 

UCLyyp = D2 Xo, 

CL = d,o, 

LCLyr = D, Xo; 
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D2&D, are factors obtainable from Table U, given the size of moving 
subgroups i.e. n. 

Then the MR's are inserted into the chart and ordinary interpretation 
takes place. 


7.2.9 X chart with a Linear Trend 
(Grant &Leavenworth ,1988 page 323; Besterfield, 1990 page 112) 


When the plotted points of a chart have an upward or downward trend, 
it can be attributed to an unnatural pattern of variation or to a normal 
pattern of variation such as tool wear. In some machining operations tool 
wear occurs at a uniform rate over the period of use of a tool. This wear, 
considered to be normal, may be one of the factors influencing the average 
value of some dimension of the product manufactured and may be 
responsible for a trend in this average. Where subgroups are selected in a 
way that spaces them uniformly with respect to this wear, control charts 
for X often look something like Fig. 7-4 which reflect die wear. As the die 
wears, the measurement gradually increases until it reaches the upper 
reject limit (URL). The die is then replaced or reworked. 

The R[ or s Jchart , however , is likely to remain in control yielding 
constant estimate of process o (based on Grant and Leavenworth, 
1988,page 324); however the dispersion may also be increasing. 

The central line and control limits for X chart in such a case should 
be sloping rather than horizontal. The equation for central line is, 

X =a+bh : 
where 


X subgroup average and represents the vertical axis 
h subgroup number(h=0,..,k) and represents the horizontal axis 


a&b are calculated as follows: 
k 


_ k kK a 
kyX,-pD AyD X, DX, b> A 


b _ h=0 h=0 h=0 = h=0 h=0 
k k 
h=0 h=0 


X; is the mean of sample number h. 
The control limits are sloping lines parallel to the central line; AzR 
above and —A,R below it. 
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On certain operations in a machine shop it was a common experience for a 
definite steady trend in the average value of a dimension of the parts to be 
caused by rapid tool wear. Subgroup of size 2 were used in sampling which 
resulted in the following X & R for the dimension. Construct the trended 


X chart with URL=60 and LRL=10 






































| samole#(h) | [4 ]2 [3 [4 [5 [6 [7 [8 [9 | 10 | 11] 12] 
X 17 | 18 | 24| 31 | 33 | 37 | 33 | 36 | 41| 44/56 57 | 54 
ae eee ee eee ee Clea oe 
Solution 


The following commands in MATLAB were used to draw Fig. 7.4 
>>Xbar=[17 18 24 31 33 37 33 36 41 44 56 57 54]'; 


>>R=[2 3 15 4 
>>h=(0:1:12)'; 


>>H=[ones(size(h)) h];regress(Xbar, H) 


17.2537 3.2912 


2 4 0 5 10 3 4 2]; 


Then the central line has the equation X = 17.2527 + 3.29h; 


>>plot(h, Xbar,'+'); 


Since for n=2 from Table U is Az = 1.88; the following commands 


were used to plot 


UCL2,LCL. =CL AAR. 


>>CL=17.25+3.29*h; UCL=CL+1.88*(mean(R)); LCL=CL- 


1.88*(mean(R)); 


>>hold on;plot(h,CL);plot(h, UCL);plot(h,LCL) 


>>y=0*h+60;hold on; plot(h,y);% plots upper rejection limit 
>>y=0*h+12;hold on; plot(h,y); %plots lower rejection limit 


>>hold on; plot(h,Xbar, '+') 


Fig.7-4 shows the trended chart. 
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xbar cart with trend 
rill 


60 


50 


40 


bar 


30 


20 


2 4 6 8 10 12 
subgrop no. 


Fig. 7-4 Illustration of an X chart with trend. 


the correlation coefficient between X and sample number is 
V,¢ = 96.57% as obtained from MATLAB: 


>>corr=corrcoef(Xbar, h);r=corr(1,2) 

r=0.9657 

Those readers engaged in these type of charts, for a full discussion on the 
charts including interpreting the points falling outside the control limits 
(UCL &LCL) could refer to Grant and Leavenworth (1988) page 326. 

There are other control charts for process mean including EWMA; 
Modified Shewhart — EWMA(Klein ,1997) and CUSUM  forX. EWMA 
control chart is more sensitive to some pattern of variations and less 
sensitive to some others with respect to X chart . EWMA chart is dealt with 
in many references including Montgomeri and Rungers(1990) and MATLAB 
Help. 
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Exercises 

7.1 (9-1Grant and Leavenworth, 1988 page 336) 

A certain company manufactures electronic components for television sets. 
One particular component is made to a critical length of 0.450 inch. On the 
basis of past production experiences, the standard deviation of this 
dimension is 0.010 in. Because of the critical nature of the dimension, the 
quality control group maintains warning limits onX control chart as well as 
the normal 3-sigma control limits. The X chart is based on subgroups of 
size four, and warning limits are maintained at two standard deviations 
from the mean. Compute the warning limits and the control limits for the 
X chart. 

Answer: 0.460, 0.440,0.465,0.435 

7.2 Problem7.1 asked for the calculation of both warning limits and control 


limits foranX chart. Using those data 
(a) What is the probability that a subgroup average will exceed the UWL 
but not exceed the UCL when the process is correctly centered? 


(b) Supervisor should be notified 

(i) if 2 successive subgroup averages exceed one of the warning limits or 
(ii) if one subgroup average exceeds either of the control limits. What is 
the probability that, when there has been no change in the process, the 
supervisor will have to be notified because of (i) or (ii)? 


(c) If the process suddenly shifts to 0.460 with no change in the standard 
deviation, what is the probability that 2 successive points will exceed the 
upper warning limit but not exceed the upper control limit? 


Answer: a) 0.0214 b) 0.0005 0.0014 c)0.1165 


7.3-(9.7Grant and Leavenworth, 1988 page 338) 
Both 3-sigma control limits and 2-sigma warning limits are maintained on 
an X chart for the internal diameter of a shock tube assembly. The aimed- 


at value is 35.5 mmand © is 0.25 mm. The subgroup size is 4. 

a)calculate UCL,LCL,UWL,LWL for an Xchart on this process. 

b) Calculate UCL,LCL for an R chart to control dispersion 

c) if the actual mean of the process is 35.75, find the probability that any 


given point would fall above the UCL and the probability that two points in 
succession would fall between UWL and LWL. 
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7.4-(9-20 Grant and Leavenworth, 1988 page 340) 
Control charts for Xand s are maintained on the weight in ounces of the 
contents of a cereal container. The subgroup size is 8. After 18 subgroups, 


YX =595.8 and }’s = 8.24 


a)Compute 3-sigma limits for the X chart and estimate the value of o. 

b)A decision is made to use 95% probability limits on the X chart rather 
than 3- sigma limits what would be the location of these limits ? 

c)lf the mean shifts to 33.4 what is the probability of detecting this shifts 
on the first subgroup after the shift occurs, if the 3-sigma limits are used? 
d)What is the probability of detecting the shift described in ( c) if 95% 
probability limits are used? 

7.5-(9-21 Grant and Leavenworth, 1988 page 340) 

A critical dimension in the production of a certain part specifies a length of 
60.00 + 0.07 mm. It is proposed to use X and R charts employing 99% 
probability limits to control this dimension. After 30 subgroups of 4 
measurements each have been taken >, X =1799.40 and Dy R =2.24. 


a)Calculate trial limits for this process. 

b)Calculate o and estimate the proportion of product which does not meet 
specifications. Assume that the distribution of unit dimensions is 
approximately normal. 

7.6-(Based on 9-24 Grant and Leavenworth, 1988 page 340) 

Summarized below are daily analyses of CO2 as CaO at the intermediate 
stage of a chemical manufacturing process. Compute 3-day moving ranges 
for these data and establish a chart for individual X with limits »+30 anda 
chart for moving ranges to monitor this process basing the control limits on 


a standard process average of 0.660 and R of 0.075. 









































Per cent Per cent Per cent 
Pate’ coras-ta0; |  \\ Cosas Cade | 2 |. <COsae CaO 
5/1| 0.53 | 14 0.65 | 27 0.71 
| O68 
3 | 0.63 | 16 0.60 29 0.74 | 
4 0.54 17 ; 30 0.66 
5 0.50 18 0.65 31 0.67 
6 | 0.50 19 0.65 6/1 0.67 
7 0.51 20 0.67 2 0.68 
8 | 0.53 21 0.71 3 0.72 
| 9 | 0.56 22 0.78 4 0.70 
| 10 | 0.64 23 0.82 5 0.67 
[11 | 0.57 24 0.82 | 6 0.69 | 
7 | 0.68 | 
13 0.55 26 0.82 

















Thinking revives the alert heart and 
is a key to the doors of wisdom 


207 


Statistical methods in Quality Control 


208 


Statistical methods in Quality Control 


Chapter 8 
Cumulative 


Sum Control 
Charts 


209 


Chapter 8 Cumulative Sum Control Charts 


Chapter 8 CUSUM Control Chart 


Aims 


Cumulative sum (CuSuM) control chart which could identify slight 
shifts in a process and are applicable to both variables and 
attributes. As a sample CUSUM chart for monitoring the process 
mean is introduced In this chapter. 


Cumulative sum control chart 

A shortcoming of Shewhart's control charts is their low sensitivity 
to slight shifts of process parameter. An alternative to the charts is 
the cumulative sum control chart frequently called CuSum chart and 
sometimes abbreviated as CSCC. The capability of detecting slight 
shifts by this chart is more than that of Shewhart's. 

A CuSum control chart plots the cumulative sum of " the deviation 
of sample value(X, R,s, p, -..) from a standard or aimed-at value". 
This kind of control chart has been used for monitoring process 
mean, standard deviation, percent defectives.,.... 


8.1 X CuSum chart 
X cumulative sum control chart used for monitoring the process mean. 
To illustrate how the chart is constructed suppose X; is the mean of i? 


sample of sizen(m>1)and £d, is the aimed-at process mean. This chart 


plots the values of cumulative sums (S))’ i.e. 


8, =D(&, -) =X (X, -)(% - 1) 


j=l j=l 


or calculated as follows: 


* Do not confuse S; with the standard deviation of i” sample; it is the cumulative 


sum of X — Lp from the first to the i” sample. 
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5; = Sj-1 + Xi — Uo, So = 0. 
Since the values of S; are plotted on the CuSum charts and these values are 
gained from more than one sample, these charts are more sensitive to 
slight shifts in the process. An application of this control chart is to 
chemical industries where samples are usually of size one. 

The values of S; could be positive, negative or zero. If the production 
process is in-control about //), the values fluctuate around zero. Then if 
the actual mean of the process has shifted to a higher value, the CuSum 
chart shows an increasing trend; and if the actual process mean has shifted 
to a lower value, a decreasing trend on the chart will be expected. The 
actual mean is the value whose estimate is X i.e. the mean of the sample 
means. Therefore a trend on the CuSum chart indicates a shift in the 
process mean. The cause of the shift has to be detected and the 
corrective action taken to eliminate or fix the causes of non-conformities 
or other undesirable situations. 
sample size 

The sample size for the subgroups required to construct this control 
chart has been recommended as(Ewan,1963 referenced by Juran et 
al, 1974 page 23-26): 


2.2507 
n = —_,, 
D 

where 
o” isthe process variance 
D the actual value of shift magnitude, either plus or minus, that 
must be detected with virtual certainty (Grant and Leavenwoth, 
1988 page 380). 
If o° is not known, it can be replaced by the variance of a tentative 


sample (S’) drawn from the process. 


Control limits of CuSum chart for sample average X 

There are two basic ways to present CUSUM control chart: tabular’ or 
algorithmic CUMSUM and V-mask; the latter which will be described in 
this book. Remember that in Schewart's control chart : 


1-The value of the shift (shift of the process mean from a standard value) 
to be detected is not given; instead a desired probability for detecting the 
shift is considered. This probability is increased by replacing the 3-sigma 





* See references such as Montgomeri &Rungers(1990) page 879 
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control limits with say 2.5-sigma or 2-sigma limits; or by increasing the 
sample size(n) ; because the more the sample sze(n ), the less Aisi Aasecs 
and the more tightened the control limits. 


2- There is no rationship between the scales of the 2 axes of the 
Schewart's chart but in CuSum control chart: 


-The amount of the shift ,D, is necessary for constructing the chart and 


- A scaling factor, denoted by y, related to the geometry of the control 
chart and V-mask dimension needs to be given. y satisfies the following 
relationship: 
a=yXb, 
where 
a is the distance between 2 successive subgroups no. on the horizontal 
axis in mm, 


b is the distance between 2 successive units onthe vertical axis in mm. 


y is ascaling factor selected for the geometry of the chart. 
Usually it is a value from the interval (2 to 2.5-2) 


Vn Vin 

As an illustration, let y is selected to be y=4 and suppose rectangular 
coordinate paper on which equal spacing between lines in both direction is 
provided and each 5 mm represent one sample no; i.e. the length between 
2 successive sample no. is 5 mm. Then each 5 mm on the vertical axis 
represent 4 units of the axis; in other words the length between 2 
successive units on the vertical axis 1.25 mm. 

As the second _ illustration, if y=0.5 and the sample numbers on the 
horizontal axis are separated by five-mm intervals; units on the vertical 


. 5 : 
axis have to be separated by b = aT ae 10 mm intervals. 


The magnitude of scaling factor ie. y affects the power of the control 
chart for detecting shifts. 


8.1.1 V-Mask procedure for constructing X CuSum chart’ 
After plotting the Si points, indicate the location of the last Si by P. 
Draw the line PO parallel to the horizontal axis, right hand side. 
The distance of OP in units of horizontal axis(one unit=the distance 





* From Grant & Leavenworth(1988) page350 
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between 2 successive sample numbers) _ is given by: 


E(a)o* 3 E(a)oy” _E (a) 


d= 
nD? D? o 





, 


where 
D __is the required shift to be detected, a positive or negative 


value or sometimes obtained from D = OXOy ; 


The unit of D is the same as that of standard or aimed-at 
process mean, 


is the standard deviation of samples’ means; 


Os 
re) is a negative or positive number. 
a isthe probability of Type | error accepted for the problem 


E(a) = 2In ©) ‘for some values of @ given in Table 8-1: 





Table 8-1 Some values of function E(a) 





0.0027 0.002 0.005 0.01 0.02 0.025 0.05 








13.2153 | 13.8155 | 11.9829 10.5966 9.2103 8.7641 | 7.3778 | 5.9915 

















The process variance is estimated by sample variance. If the process is 
normally distributed, its standard deviation could be estimated from S/c,. 
If the process variance is not available or cannot be estimated, ~> 

Xx 
k ¥2_1, 92 E(a)o,” 
x X?P-kX . 
Bie TEN could be replaced in d =——+- 
k-1 D 
where X, is the mean of i” sample i=1,2,..,k 
Note that if say d=5 the length of PO is 5 times the distance between 2 
successive sample numbers on the horizontal axis not 5 mm. Calculate the 


D 
angle in degree using 0 = arctg ae, or 
y 


0 =arctg ao . If the unit is in radiant, multiply it by 480) 
2yVn a 





to convert into degree. 





‘Ifa and B i.e. the type | & Il errors probabilities of the CuSum chart is given then 


E (Qyresided »B) = 210 a 
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From point O draw the upper and lower control limits with 
angle @ (see Fig. 8-1 as an illustration) . 


Si 





1 2 3B 4 = F 


Fig. 8-1 Atypical V-Mask 
(www2.fiu.edu/~kibriag/Stat5666/Handout/Chapter99. pdf) 


Figure 8-2 shows a typical CUSUM control chart for 
monitoring process mean. The mean is said to be in control 
if the points on the chart are distributed randomly about 
zero and no points fall outside the limits. 













= 3» control Cumulative Sum 
Bs 25 limit Control Chart for 
Pe 4 sample averages 


(X) data from the 
A first 25 subgroups 
‘\ of Table 


a 


Cumulative sum S(k)= & ( 
' 
im 


control 
limit 


Subgroup number 


Fig. 8-2 A typical CUSUM chart for X 
( Grant &Leavenworth, 1988 page353) 
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CuSum control chart is useful especially for the cases where a 
sudden and sustained change(shift) is expected to occur in the 
process. As far as samples are distributed randomly around zero and 
none of fall outside the control chart, the chart shows the 
parameter is in control. 


Example 8.1 
Twenty samples of size 1 ( X,) in the following table shows the 


concentration of a special chemical solution; 





Table 8-2 Calculations of Example 8.1 





























I 1 2 3 4 5 6 7 8 9 10 
Xx, 102 a 98.3 98.4 102.0 98.5 99.0 97.7 100 | 98.1 
X-99 3 4.2 | -0.7 | -0.6 3 -0.5 0 -1.3 1 -0.9 
1 
SS. : : “ u fs = 
+X-99 0.3 12 1.9 2.5 0.5 0.0 0.0 1.3 0.3 1.2 
I 11 12 13 14 15 16 17 18 19 20 
X, 101.3 a 101.1 | 98.4 97 96.7 100.3 101.4 97.2 101 
-3 
X-99 3.2 0 1.2 -0.6 -2.0 -3.2 3.1 4.2 -1.8 0.2 
S.S.+ 
eat 1.1 8.0 2.9 3.2 3.0 -2.0 -0.7 1.7 -0.1 1.9 
X-99 



































Rows 4 and 8 of the above table shows the S,values, computed from 
Si-Si1 + X-99 assuming Wy =99,S, i=1,...,20 
where S, =0. 


If D=2.5, y=2 then 
O=arctan( =) = 0.5586 rad.= 0.5586 x 180 =32 deg. 
a 
E(a)xo? , F 
ap2” © has to be estimated. To do this the 20 
observations are considered as one sample, and its standard deviation is 





For computing d = 


obtained as s=1.976. Since in this example X, = XX a=K . If the 


Dik XP kX? 
k-1 
Note that taking the 20 observations as a sample of size twenty and 
constructing the histogram as shown in Fig 8-3 does not indicate the 
observation are from a symmetric population. Therefore the estimates 
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. MR . 5 
Oo =——— 30 =— could not be used. Instead the process variance 
2 C4 
a? Is estimated with s*=1.976 =3.91. Then 
_ E(.1)xo? _ 5.9915x3.91 


aD? xg? = 3-74 in terms of the horizontal axis units. 











wo 





ine) 





frequency 












































94 X 102 
Fig 8-3 The histogram of X; values in Table 8-2 


Let the units of horizontal axis be 3 mm far from each other, then 
d=3x3.74=11.2mm. 


Locate point P on the last Sji.e. on S5,, 


Draw the line PO on the chart from point P to the right-hand side with the 
length 11.2 mm. Point O is obtained. 

Draw limits from point O as lines of angle @ = 32° with respect to the 
horizon. 

Figure 8-4 shows the X CuSuM control chart for the data of Table 8-2 
using Minitab’. The points are distributed randomly about zero in Fig 8-3 
and no points has fallen outside the chart ; therefore the process mean is 
in control. 

It is worth knowing that there are other control charts such as 
multivariate control charts. Hotelling's (T?) control chart is a well-known 
multivariate control chart. Multivariate control charts allow to monitor 
more than one quality characteristic simultaneously 





* Path: Stat-control charts-time weighted charts —-cusum-cusum options-type of 
cusum-two sided 
in widow h give D value; in window k give y value 
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30 


20 


0 +— : Target=0 


1 3 5 7 9 11 13 15 17 19 
v-mask yw9p % CusuM,|l>90) 


Fig. 8-4 The X CUSUM chart of the data in Table 8-2 
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Exercises 
8.1. (Based on Grant and Leavenworth, 1988 page 359) 


Prepare a cumulative sum control chart for X using the following 
data: 


























Sample Data 

No. 
1 200.5575 200.5655 200.9366 | 200.4809 
Z 200.5251 200.4925 200.3823 200.5119 
| 200.5575 200.5655 200.9366 | 200.4809 
4 200.2707 | 200.5349 | 200.4727 | 200.3335 
5 200.7382 200.4627 | 200.5228 | 200.5589 

















Upper and lower specifications are:201.5 and199.5 in microseconds 
(ms). Use nominal value 200.5 and a risk level a of 0.0027 
(corresponding to 3-sigma limits on a Shewhart control charts). 
Taking D=7.8 ms and y=5, plot the CuSum control chart. Is the 
process mean in control? Plot the X Shewhart control chart for the 
data and compare its results with those obtained from the CuSum 
chart for X. 


8.2. 
Find the procedure of plotting CuSum for R from internet or 
references such as Grant & Leanvenworth (1988) page 355, and plot 


the CuSum for R for the data of Table 8-2. Use as the standard 
2 


value for process standard deviation( 0, ). Shift of o to 1.60, has to 


be detected. Draw the Shewhart R chart too, and compare the 2 
charts results. 

8.3. 

Learn the tabular CuSuM chart procedure and construct an X CuSuM 
tabular chart for the data given in Table 8-2 above. 


Planning with prudence 
safeguards you against regret 
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Chapter 9 Some Aspects of 
Tolerance; Precision, Accuracy & 
Measurement Errors 


Aims 


This chapter deals with the concepts of precision, accuracy and errors in 
measuring systems. Some aspects of tolerance interrelationship are also 
briefly discussed. 


9.1 Relationship of assembled product tolerance & 
components tolerance 


Suppose, using series configuration, n independent components with 
higher& lower specification limitsU,,L,and mean“; and standard 


deviation oO, have been assembled into one product with higher& lower 


specification limitsU _,,L,,,, , mean Zi, and standard deviation O,,,,: 
Hum =) # , 
2 2 2 2 
Com = Or 1O5 tat O,- 
Now if (U > PV ayes = 1G ns ? U,; re L, = (U — LE), — ko, 


and k is the same for all n components, then 


a 2 
Ovum —~ VO) +..+O, > 





2 
A= S22 
i=l 


Suppose the higher & lower specification limits of a dimension of a 
product are U &L and the dimension is normally distributed with mean 


—and the standard deviation o.is . It could be shown that if @is the 
proportion of the distribution falling outside U,L and (vy —L)=ko, then 
kis given byk =2xZ_. 


2 


220 


Statistical methods in Quality Control 


Example 9.1 

n similar independent components with specification u+t are to be 
assembled in series configuration . The assembled product must have the 
specification fe, +A. What is the relationship between Aand t, 


Hsumand ? 
Hsum = XU 


U-L = 
Assume Opart = W=Ypart ang a (U=2)sum wee, = 
A= Sor? or 
i=l 
A= nt? > A=tvn 
Example 9.2 
Three components with the specifications 
1.45 + 0.0040, 0.865 + 0.0032, 1.17 + 0.0028 


are to be assembled into one product in series configuration, what is the 
specification of the assembled product? 
It is assumed (U —L),,, =ko U,-L, =U -L); =ko,;. 


sum sum? 


Solution 


A= 0.00402 + 0.0032? + 0.00287 = 0.0060 





Usum= 1.45 + 0.865 + 1.17 = 3.4850 
Then the specification of assembled product is : 3.4850 + 0.0060. 


Example 9.3 

Twenty five similar components, having specification 20 + 0.1 , have 
been assembled in series configuration, find the specification of the 
assembled product. 
Solution: 

Usum = 2X w= 25 X 20 = 500 t=0.1 


A=tVn 


U 
: =20x 25+ =500+0.1Vn =500+0.5. 
Example 9.4 


Suppose a part is composed of 3 components. The partis required to 
have specification 90.000 + 0.250. What should be the specification of 


each component? 
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Solution: 
Assuming the same standard deviation for the 3 components: 
; A _ 0.250 
For each component: since,t = oa aa: 0.144 


the specification would be 30 + 0.144. 


9.2 On the difference between independent variables 

Suppose a shaft with a cross section normally distributed (U2 ,02) is 
fitted into a bearing with internal diameter normally distributed(, 04). 
The difference between the two is enlarged in Fig. 9-1. 








2) 
(IL: O,) 
1) normal 

(lL, + 0,) 





Fig. 9-1 the enlarged difference between a shaft and a bearing 
diameters. 
The cross section of the space between the shaft and the bearing isa 
random variable normally distributed with mean 4-2 = MW, — My and 


standard deviation of o,, =./o, +03 - 


9.3 Error, precision and accuracy in measurement 

When a measurement is made, the goal is to determine the true value of 
a quantity such as length, mass, time etc. In this regard the concepts of 
measurement error and precision &accuracy of measurement are dealt 
briefly here. 


9.3.1 Measurement Error 
To determine the size of a characteristic, we have to measure. 
Measurement is subject to error such that: 


Measured value= true value+ measurement error. 


Suppose a dimension of a unit of part, say, its internal diameter, is 
measured several times with the same(changeless) measuring procedure 
(consisting of changeless person or team, changeless device and changeless method). 
It is obvious that the true value of this unit is constant, therefore the 
standard deviation of the values obtained from the measuring method is 
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equal to the standard deviation of the method ‘s error. Therefore when 
several repeated measurements of a dimension of one unit of part is 
available, one could calculate the standard deviation of the measured 
values. The standard deviation of the measurement error is equal to 
standard deviation the measurements. 


9.3.1.1 Error Components 
The error of measurement has 2 important components: repeatability 
and reproducibility. 


Repeatability 
Repeatability refers to the variability of measurements of the same part 
by the same operator with the same equipment and the same method 
across all trials; thus, repeatability refers to the variation (measurement 
errors) in the measurement equipment. This component of the 
measurement variability is also referred to as equipment or gage variation. 
The less the variance of these measurements, the less the variance of the 
repeatability and the error. 
If the operator has come up with a sample of n measurements which 


are normally distributed, then 
S R 
Orepeatability Cj or d> 
where 
R isthe range of the sample 
S_ is the standard deviation of the sample 


C, and d,, which depend on n, are coefficients available from Table U. 


Reproducibility 

Suppose there are several operators and each operator measures the 
same part with the same equipment and the same method several times. 
Reproducibility refers to the variability of the averages of measurements of 
the same part with the same equipment and the same method across 
different operators; thus, reproducibility is also sometimes referred to as 
appraiser variation. The less the variance of these averages, the less the 
variance of the reproducibility and the error. 


It is worth knowing: 
1)Getting more training by operators makes the measurements more 
smooth and reduces the error of reproducibility; but using exact measuring 
devices reduces the error of repeatability. 
2)When the same method (including the same operator with the same 
device and the same procedure) measures a product item( not only one 
unit of it), the observed variations in the measurements are of two kinds: 
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Variations due to one unit to another,Variations due to the method; such 


that 
Omy = {St + de 
Where 


Omy is the standard deviation of the measured value, 
2 
Oty 
is the variance of the measured values of one characteristic of different 
units of one product ; the variance of the product process or population, 
2 
Oe 
is the variance of measurement error. 


9.3.1.2 Estimating the variance and the standard deviation of 
measurement error 

To estimate the variance of a measuring system error (o7,), the following 
relationship could be used: 


2 me pel 2 
Og =O repeatability re reproducibility. 


What follows describes how to estimate each of the two components. 
Suppose m operator, and a sample of k products are at hand. Each 
operator measures the a product(; =1,2,...,k ) n times as indicated in 
Table 9-1. The number of such tables are as much as the number of the 
operators i.e. m; in the table 

Xi: 7 measured value by j" operator of the i” unit of the product. 


























Table 9-1 measurements by operator No. J from sample of size k 
Product k measurements obtained by | Variance mean Range 
-th me 
No.(i) j"" operator (Sf) (Xij) (Rij) 
from product Noi 
Xij a | Xije Si 
n Xk j1 acne Xk jk Say Kas Rnj 


























The variances of repeatability and reproducibility could be estimated as 
follows using the m tables. 
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. - 2 
Estimating O'-eneatability 


To estimate the variance of repeatability, for each table calculate the 
2 

eee 
m S? calculated from 


mean of S;,,i = 1,....n and denote it by S?. Therefore we have as much as 


2 


s2 - yn Sb 
y= Lists 
Then Os atanliity is estimated as follows: 


G2 
G2 Rares aye Sy 
repeatcibility” 4j=1 »,° 


. . 2 
Estimating o reproducibility 


To estimate the variance of reproducibility, for each of the m table, 
calculate the mean of X;,i = 1,...,n and denote it by X;: 


Kpe 
j a1 
0 nity is estimated as follows: 
reproducibility : 
2 m (%j-X )? 


reproducibility =)ij=1 mA 


6 
where 
X isthe mean of X;,j = 1,..,m ie. 


X= DR, = DE, 

~ Sj=1 yy, ~ 4 J  mnk’ 

It is worth mentioning X is an estimate for the true value of the 
characteristic being measured. 


Estimating 0 reproducibility & 0 repeatability 
for normally distributed measurements 


If the measurements are normally distributed, to estimate 


Oreproducibility »Orepeatability proceed as follows: 


Suppose we have m operators and a sample of n products; each operator 
measures each of the products k times , as shown in Table 9-1. 

For each operator there are n ranges( Ri, i = 1,..,n) and n standard 
deviations( Spi = 1, wy N); 

calculate the mean of ranges and standard deviations for each operator as 
follows: 


225 


Chapter 9 :Tolerance; Precision, Accuracy & Errors 


“1 R s 
R=), s=) <2 
J n ee ae 


n 
i=1 t=1 


If the measurements are normally distributed, then 


“a R 
(eo) ili =~. or 
repeatability do(k) C4(k) 





where 
m— ms 
R=) s=) 2) 
. m ; . m 
j=1 j=l 


d,(k)&C,(k) are coefficients available from Table U at the end of the 


book; the coefficients depend on k, the number of trials each operator 
make to measure each unit of the sample. 
If the measurements(all Xp ) are normally distributed, then 


= Rg 
Oreproducibility = d (m) 
2 
where 
Rz= max(X;, j = 1 en) — min(X;, j = 1,..,m) 
n— 
ms er 
fun 
i=1 


d,(m) is a coefficient available from Table U. 
If the measurements are normally distributed The estimate could also be 
calculated from: 





= = = 2 
ee ©. rae 
j=l m-1 
Oreproducibility = —  Cy(m) 

4 





C4(im) is a coefficient available from Table U. 


Example 9.5 

A sample of size n=10 has been taken from a production process. Three 
operators measure each of the units of the sample two times. The results 
are shown below: 
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5 Measured by operator 1 Measured by operator 2 Measured by operator 3 
a5 1/2 nae var | range | 1 | 2 - s2 | R 2 ae sz | R 
a =a Xi s Rij y ij y y iy y 
1 15 | 14 | 14.5 0.5 1 16 | 16 | 16.0 | O 0 15 ); 16 | 15.5 0.5 1 
2 17 | 19 | 18.0 2.0 2 18 | 17 |] 17.5 | .5 1 | 18 | 18 | 18.0 0 0 
3 16 | 16 | 16.0 0 0 17 | 15 | 16.0 | 2. 2 15 / 14 | 145 0.5 1 
4 18 | 15 | 16.5 4.5 3 19 | 16 | 17.5 | 4.5 3 20 | 17 | 18.5 4.5 3 
5 20 | 22 | 21.0 2.0 2 20 | 23 | 21.5 | 4.5 3 21 | 20 | 20.5 2.0 1 
6 14 | 17 | 15.5 4.5 3 15 | 18 | 16.5 | 4.5 3 16 | 18 | 17.0 2.0 2 
7 17 | 18 | 16.0 5 1 17 | 18 | 17.5 | .5 1 19 / 19 | 19.0 0 1 
8 23 | 24 | 23.5 mo) 1 21 | 24 | 22.5 | 4.5 3 22 | 23 | 22.5 5 1 
9 22 | 22 | 22.0 0 0 24 | 21 | 22.5 | 4.5 3 23 | 23 | 23.0 0 0 
10=n | 24 | 26 | 25 2.0 2 23 | 25 | 24 2.0 2 25 | 24 | 24.5 0.5 1 
Mean = _ 7 > pan R s S2 Rj 
X= Sf= | R= Mean X= | Sf= | J | Mean X= me = 
18.8 1.65 | 1.5 19.15 | 2.75 24 19.25 0.9 11 






































To calculate error variance , first its components are calculated: 


S* _ 1,65+2.75+0.9 


a2 -~ym — 
0 repeatcibility=2j=1 >, = = 1.7667, 


3 — =,\2 
2s Vv &-X) 
O' reproducibility = Baan] , 


mn 
ll 
p 


18.84+19.15+19.25 





= X. 

X = je = —. = 19.0667 

2 _ (18.87+19.152+19,257)—3*19.06677 __ 
Oreprodieipiieys =~ ———- ge 0.0539 


2 —e 2 
OF orl =e reproducibility +7 repeatbility 





a? 0.0539 + 1.7667 = 1.82. 


error\ 


If the measurements are normally distributed, the following formulae 
could be used to estimate the standard deviations ; 

Px as R S a _ RZ 
Orepeatability = ago C4 (k) , Oreproducibility = do(m) 
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where 


m 
= Rj 
caer 
fim 
j=1 
Rg=max(X;)- min(X;) j=1,2,3=m. 


k=2, in our case. 

As a quick check of normality, the histogram of the 60 measurements was 
built. The histogram, as shown below, is not symmetric, therefore the 
measurement are not normally distributed and we cannot use the above 
formulae for estimation. The histogram of the 60 measurements is shown 
below. 























Frequency 












































0 
14 16 18 20 22 24 26 
xijl 


9.3.2 Precision and Accuracy of Methods of Measurement 

Precision and accuracy are two important different measures regarding 
the ability of measurement methods in determining the value of any 
quality characteristic such as weight, dimensions, hardness, tensile 
strength, etc. A description of these two concepts follows. 


Precision 

In measuring a characteristic of a product, precision is the agreement of 
the individual values obtained in different measuring trials, with each 
other. The closer the values to each other, the the more precise the 
measuring method. In other words, since when measuring with a method 
the best value as the true value of the characteristic is the expected value 
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of the different measured values obtainable by the method, the closer the 
values to their mean, the more precise the method. Therefore precision is 
concerned with the amount of variability inherent in the data set of 
measurement; the less the variability, the more the precision of the 
method. Precision is sometimes defined as the reciprocal of the standard 
deviation of error e die. 
Oe 
1 
precision of measurement method ae : 

e 
SometimesX +S is given as the measure of precision, where X and S 
are the mean and standard deviation of the different measured values 
given by the method from the same characteristic. The more the precision 
of the method, the closer the measured values and the less S and the 
width ofX +S . If the measured values are normally distributed, "we are 
reasonably sure (about 70% sure) that if the same measurement is 
repeated once more, that next measurement will be less than one 


standard deviation away from the average"( www2.southeastern.edu). 
Ss 
vn 2 
taken multiple measurements (n trials) with the mean X and standard 
deviation s._ If you do the entire experiment again with the same number 


of repetitions, be reasonably sure (about 70% ,in normal distribution) the 


sometimes X + is also computed in this subject. Suppose you have 


average value of the new experiment will be less than away from the 


&s 
vn 


average X ( extracted from www2.southeastern.edu)’. 


Accuracy 

The accuracy of a measuring method is concerned with the 
agreement of the individual measured values by the method with 
the reference (true) value. Complete accuracy of a measuring 
method denotes the absence of bias, a deviation from the true 
value. The bias of a measurement method is defined as the 
difference between the expected value of the measurements 
obtainable from the method and the true value. If the mean of the 
measured values equals the true value or 


E(measured value) = the true value, 


there is no bias in the method, and the method is completely 
accurate. The less the difference, the more accurate the method. 


*https://www2.southeastern.edu/Academics/Faculty/rallain/plab193/labinfo/Error_Analysis/08_Multi 


ple_Measurements.html 
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"In an accurate method, the average of value obtained from a set of 
measurements should differ from the true value by not more than 
would be expected a chance variation..."( Grant and Leavenworth, 1988 
page 377). Figures 9-2 and 9-3 illustrate the concept of bias and help 
to the better understanding of precision and accuracy. 

The problem here is how to find the true value in order to talk 
about the method accuracy. One way of knowing the true value is 
using an available highly precise method of measurement "that is 
believed to be without bias or using a part, in say a metrology 
laboratory, whose dimension is known. 


Definitions of accuracy and precision. 
Accuracy is the difference between the 
true value and the mean of the under-lying 
process that generates the data. Precision 
1s the spread of the values, specified by 
Precision the standard deviation, the signal-to-noise 
ratio, or the CV. 


Number of occurences 





$00 800 700 «800 KD «1000 1100 1200 1300 1400 1500 
Ocean depth (meters) 


Fig.9-2 Illustration of accuracy and precision 
(http://www.dspguide.com/ch2/7.htm) 
Reference (true ) 


value 


bias.showmg 
accuracy degree 


Probability density 





+__..,....* Value 
Precision 
Fig. 9-3. Precision and accuracy of a method with normally 


distributed measured values 
(https://en.wikipedia.org/wiki/Accuracy_and_precision) 
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For more details about this subject and the application of control 
charts to it, see references such as Taylor(1997), Montgomeri(2005), 
Merrin(2017). 


Exercises 
9.1 

10 beginner students have measured a characteristic of a part. The 
results have been shown below. Trained students, using a better 
device and method, have obtained 421.58 as the mean of their 
measurements for the same part. Can you conclude anything about 


the precision and accuracy of the beginner measurers? 





Measurements 


Discrepancy 





















































enact eee ees eae 
a | 42159 | 42137 | 0.22 421.48 | 
B | a2.73 | 42165] 0.08 421.69 
C | 421.70 | 422.28 0.58 421.99 
p | 421.79 | 42172 | 0.07 421.76 
E | 421.64 | 421.67 0.03 421.66 
F | 421.58 | 421.56 | 0.02 421.57 
G | 42153 | 421.69 0.16 421.61 
H | 42152 | azi66 | 0.14 421.59 | 
1 | 42169 | 42168] 0.01 421.68 | 
J | 421.76 | 421.69 | __ 0.07 421.72 | 





9.2 


The standard deviation of the measured values of a characteristic is 40. 
But the standard deviation of the measurement error of the characteristic 


is 15. 


a)Find the standard deviation of the true value of this characteristic. 
b)What amount of improvement in the standard deviation of the measured 
values of this technique is required to reduce the standard deviation of 
error to 2% of the standard deviation of the true value? 


9.3 


The weight of one specified part has been measured twenty times 
with one device and one method as recorded in the following table 
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i XxX, x,-X i X, x,-¥ 
1 0.8150 | 0.0002 11 0.8150 0.0002 
2 0.8150 | 0.0002 12 0.8150 0.0002 
3 0.8160 | 0.0012 7 13 0.8150 0.0002 
4 0.8150 | 0.0002 14 0.8150 0.0002 
5 0.8150 | 0.0002 15 0.8160 0.0002 
6 0.8150 | 0.0002 16 0.8140 -0.0008 
7 0.8140 | -0.0008 | 17 0.8140 -0.0008 
8 0.8140 | -0.0008 18 0.8150 0.0002 
9 0.8150 | 0.0002 | 19 0.8150 0.0002 
10 0.8140 | -0.0008 | 20 0.8140 -0.0008 





What value do you recommend as an estimate for the true weight? 
What is the standard deviation of the measurement error? 


Specify the precision interval i.e. X +S for this device 

Answer X + S =0.8148+0.0006. 

If the entire measurement trials are repeated and the mean of the 
measured values is calculated, give an interval which you are 70% 
confident the mean will fall in it. 


9.4 

In figure 9-1, the inner part diameter is normally distributed with mean 
0.5005 & standard deviation 0.0015 and the outer part has a normally 
distributed internal diameter with mean 0.5120 & standard deviation 
0.0010. What is the probability that the inner part have a diameter 
greater than that of the internal part? 
Ans. 8.3548 x 10771. 


9.5 


Suppose a shaft with a cross section normally distributed (12 , 02,) is 
fitted into a bearing with internal diameter normally distributed(u, 0, ). 
What percent of the shafts cannot enter the bearings at all? Find the 
answer in terms of the parameters. 


Your best friend is your good mannerism 
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Acceptance Sampling: 


Some Fundamental Concepts 


& 
Dodge-Romig Tables 
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Chapter 10 Acceptance Sampling: Fundamental 
Concepts& Dodge-Romig Tables 
Aims 


At the beginning of this chapter control methods used to accept or 
reject production lots are briefly introduced . Then the chapter deals 
with one of these control methods i.e. acceptance sampling in detail. The 
chapter also defines double and multiple sampling and introduces 
operating characteristic (OC)& AOQ curves which shows the extent of the 
ability of a sampling procedure for distinguishing between good and bad 
lots. Important points of the OC curve and AOQ curves such as AQL and 
AOQL which help designing sampling plans, are also introduced here. 
Finally this chapter introduces Dodge-Romig tables to design sampling 
plans for accepting/rejecting alot given (LTPD) LQL or AOQL. 


10.1 Inspection Techniques for Accepting or Rejecting 
Production lots 

To know the degree of the agreement of the quality of the input 
materials or produced goods with the given specifications or standards, 
several procedures and tests are used depending on the customer wants 
and needs and the possibility of implementing the procedure. Spot 
checking, 100% inspection , certification and acceptance sampling are 4 
ways of checking product quality which are described below. 


10.1.1 Spot checking 

Spot checking is a quality control system, in which often the quality of 
10% of the product lot is checked (based on yes or no); the lot is accepted 
if the 10% -sample contains no defectives. No special arrangement is 
specified for taking the sample. 

In a different method of spot checking , every say 50" or 20"... unit of 
the product is checked for acceptance. For example in a lot of 1000 units, 
every 50°" is checked. i.e. 50, 100", 150" ,...totally 20 units are checked. 
If one defective was found, all units between this defective and the 
previous observed unit is 100% inspected; all defectives must be replaced 
with new ones. As an example if , say the 3™ one i.e. 150" unit is found 
defective, it is necessary to inspect all units from 101" to 149" 
individually. If none of these units is defective, only 150" unit will be 
replaced with a non-defective and the procedure of checking every 50" 
unit will continue; all the defectives between 101" and 149" units, if any, 
would be replaced by non-defectives. 
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Spot checking is costly and does not obey probability rules and has no 
scientific justification. Statistical sampling is preferred to spot checking. 


10.1.2 100% inspection 

100% inspection at first glance might seem to be the best and most 
certain procedure to meet quality targets; however in practice this 
procedure has proved to be not that precise as it is expected. The 
monotony and repetitiveness of the work content might produce fatigue, 
dizziness and boredom. As a result all defectives are not detected. 
Another negative point of this procedure is the cost, which may cause 
excluding the inspection of some properties to reduce the cost. 100% 
inspection by automated means is likely but often costly. 


10.1.3 Certification 

Supplier / vendor certification assures that a product is produced, 
packaged, and shipped under a controlled process resulting in consistent 
conformance to our requirements. The primary objective of the 
certification process is to assure consistent high quality and conformance 
to our requirements. If the supplier/vendor has good reputation for the 
quality of its product, certification eliminates or substantially reduce the 
need for final quality inspections by its customers. 


10.1.4 Acceptance Sampling 

In this procedure, for accepting or rejecting lots random samples are 
taken from the lots and are inspected. The decision for accepting the lot 
will be made after inspecting the products of the sample based ona an 
attribute characteristic or a variable characteristic. Accepting or rejecting 
lots on a variable basis will be discussed in chapter 13. The rest of this 
chapter and chapter 12 deal with acceptance sampling by attributes. 


10.2 Acceptance Sampling by Attributes 

In this procedure, for accepting or rejecting lots random samples are 
taken from the lots and are inspected on an attribute basis. This 
procedure is called acceptance sampling by attributes. Sampling may be 
single, double and multiple. 


Some examples of attribute inspection are: 
-Checking whether a product is defective or not, 
- Checking whether there is a special sign is on the part or not, 
- Testing a diameter of product by a go/no-go gauge to see if it is sized 
correctly. 
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List of symbols 
AS Acceptance Sampling 
Ac=c Acceptance number, allowable number of defectives in sample 


Cy Acceptance number for first sample in double sampling 
Cy allowable number of defectives in combined first and second samples 
D The number of defectives in the lot 
n Sample size 
n, Size of 1* sample in double sampling 
n, Size of 2" sample in double sampling 
N Lot size 
D lot Proportion defectives 
N Tr 
Pp Proportion defective in sample p = a" 
Dp ' Proportion defective of production process 
The probability of lot acceptance in a sampling plan 
L, 
Poo? Proportion defectives having P of .010, 0.95 and 0.99 etc under any 
Poos> given acceptance criteria 
Pog9> 
r Number of defectives in a sample of size n 
a Producer Risk, type 1 error, the probability of rejecting product of some 
stated desirable quality, @ =1—Pa. Common a ‘s are 0.01, 0.05, 0.10. 
B Consumer Risk, Type 2 error, the probability of accepting a product of 


some stated desirable quality. Common f ‘s are 0.01, 0.05,0.10. 


Acceptance sampling is a statistical technique in quality control. In this 
technique a random sample is taken from the lot, then using some well- 
known tables it is decided to accept or reject the lot. Acceptance Sampling 
is used not only in the final stage of a product, but also for the quality 
control of raw materials and semi-finished products. 

Since no sampling plan gives 100% confidence, to determine an 
acceptance sampling plan the amount of  risks@ and B which are 
acceptable to the concerned user have to be specified. 


Types of Acceptance Sampling Plans 
Acceptance sampling plans can be single, double or multiple: 
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Type Parameter symbol | Parameter Description 
n:sample size, 
Single Sampling n,c c: allowable number of 


defectives in sample 





Ny, Ny: first and 2"° 
bl samples sizes, 
Double Samplin 

Bune C, : allowable number of 
defectives in 1* sample 
Nh 5C1475,Cy p 
C, : allowable number 


of defectives in 
combined first and 
second samples 








Ny... 1, : sample sizes, 


Multiple Sampling C,: allowable number of 


defectives in 1* sample, 
C, : allowable number 
of defectives in 
combined first and 
second samples, 


Ni CiiieMlige, 


C, : allowable number 


of defectives in 
combined samples 1 
through k 











In acceptance sampling, not that costly and time-consuming 
compared to 100% inspection, a product lot is accepted or rejected 
based on simple random samples taken from it. A simple random 
sample is one taken from a population in such a way that the 
members of the population have an equal chance of being chosen. 


10.2.1 Single Acceptance Sampling 

In this sampling procedure, one random sample of size n is taken from the 
lot; if the number of defectives in the sample exceeds a number called 
acceptance number and denoted by “c or Ac”, the lot would be rejected. 
Let us assume that when a lot is rejected, it is 100% inspected and all the 
defectives are replaced by good items at the expense of the vendor or 
supplier before the lot is released. Rejection or acceptance number(c ), 
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sample size( n ) and population size (N) play key roles in single sampling 
plans. Let X denote the number of defectives in the sample, then the 
probability of accepting the lot with a single acceptance sampling plan 
would be: 


Pa=Pr(X <c)=Pr(X =0)+Pr(X =1)+...+Pr(X =c) 


Example 10.1 
A lot of size N=1000 is inspected using the single sampling plan n=5 & c=0; 
what is the probability of accepting the lot by this plan for 


p =0.02% & p' =0.02. 


Solution 
N=100,n=5,c=0. 
Since x = 0.05 < 0.10 the distribution of X is considered binomial. 


Let X denotes the number of defectives in the sample; 


c) 
p'=0.02: P =Pr(X <c =0)= i (0.02)°(0.98)° =0.904 


5 
p'=0.0002: P, = 4 (0.0002)’(0.9998)° = 0.999 


10.2.1.1 Operating Characteristic Curve (OC Curve) 

In quality control an operating characteristic (OC) curve plots acceptance 
probability of a lot of items versus a quality level which is most commonly 
p'( lot fraction defective) or R(product reliability). The former is discussed 
in this chapter and the latter will be dealt in chapter 14. The graph shows 
how well the acceptance sampling plan discriminates between good and 
bad lots. The OC curve with its discriminatory power could be used to 
compare various sampling plans in order to choose an appropriate one. 

The OC curve of an acceptance sampling plan described in this chapter 
depicts Pa, the probability of accepting a lot, versus its quality p’. p' is the 
process fraction defective with minimum zero and maximum 1. When for 
various p', the corresponding Pa's are calculated and plotted against each 
other on an X-Y plot, the resulted curve is the OC curve. On the horizontal 
axis, 100p' could be shown instead of p'. In this chapter the emphasis will 
be on the OC curves for single sampling plans. What follows is a brief 
description of so-called called type A and B OC curves. 
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10.2.1.1.1 Type Aand TypeB OC curves 
The fundamental tool for the analysis of sampling plans is the OC curve. 
OC curves are classified into 2 types: 


1)type A OC curves and 2) type B OC curves. 


Type Ais for sampling from an individual (or isolated); it plots the 
probability that the lot will be accepted against lot proportion defective. 


Type B is for sampling from a large lot or a process (such as the producer’s 
process, which produced the lot). In this type shows proportion of lots 
which will be accepted(Pa) is plotted against the process proportion 
defective. 

Naturally, the probability distributions utilized in plotting these types of 
OC curves are inherently different(Schilling, Neubauer,2008 chapter4) 

In Type A OC curves sampling is done from an individual finite lot, and 
Pa's are computed and plotted versus lot qualities i.e. lot fraction 
defectives. 

In Type B OC curves sampling is done from a process or lots of largish 
size as if the lot size were infinite. Pais computed and plotted versus 
product or process quality i.e. process fraction defectives. 

The statistical distributions utilized for plotting each type are naturally 
different . 

"In principle, Type A curves should be computed using hyper-geometric 
distribution for which the binomial or Poisson distribution often give satisfactory 
approximations. Such curves are discontinuous; e.g. in a lot of 200 items there 
may be 0.5 or 1% defective but not 0.8% defective; however its common to draw 
this type as continuous" (extracted from Grant and Leavenworth,1988 page406). 


In type B, probabilities are calculated as if the lot size is infinite and in 
principle , binomial distribution has to be utilized for this calculation; 
however Poisson distribution gives good results. Such curves are 
continuous. Figure 10-1 shows OC curve for both infinite and finite 
populations. 

For the same sampling plan, type A OC curve is always below the type B 
OC curve i.e. type A curve always gives less probability of acceptance than 
type B curve. As the lot size increases, type A curve approaches type B 
curve. 
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0 2 4 6 8 10 
100 p" 
Fig. 10-1 OC curve for a finite population(A) & an infinite population(B). 


In practice, if the population is infinite or x < 0.1, the probabilities of 


single sampling plan is calculated using binomial distribution. The 
following MATLAB commands could be used to plot type B OC curve: 


>> pprime= 0:.01:1;Pa = binocdf(c,n, pprime); plot(pprime,Pa) 


Figure 10-2 shows the OC curves of 3 plans, which have been 
plotted using the following commands assuming . < 0.1, 
>> pprime=0:0.01:1;pa=binocdf(0,5, pprime);plot(pprime,pa) ; 
hold on; 
>> pprime=0:0.01:1;pa=binocdf(1,5, pprime);plot(pprime,pa); 
hold on; 
>> pprime=0:0.01:1;pa=binocdf(4,20, pprime);plot(pprime,pa); 


Also, in practice if = > 0.1, Pa (the probability of defectives in the sample 
not exceeding the specific number c) is calculated using hyper-geometric 
distribution. The command for Pa=Pr(X <c) in MATLAB is as follows: 


Pa=hygeodf(c.N.D,n) 

where 

C Acceptance number 

N Lot size 

D Number of defectives in the lot 
N Sample size 
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Pa 
o 
n 





: —— 

° 01 o2 O03 O4 O85 O8 Of O08 0O9 1 
Pp 

Fig. 10-2 Comparison of 3 plans using OC Curve Type B' 


Example 10.2 

Plot the OC curves for the following plans. The samples are taken froma 
production process. 
Plan I:n=5 ,c=0 Planil:n=5 , c=1 plan IIl:n=20,c=4 


Solution 
Since the sampling is taken from the process, the population size is 
considered infinite and x assumed small, therefore the OC curve is of 


type B and the binomial distribution is utilized to plot the OC curve. 


Cc 
Pa=Pr(X < oS") "(1-p')"" 
r 


r=0 
For Plan 1: 
Pa= [")e (1 - ag = (1 - p') 


Therefore for constructing the OC curve of plan 1 , compute Pa=(1—p ‘" 


for several p' between O and 1, and plot the pairs in an X-Y coordinates. 
The following table shows the values of Pa calculated with binocdf 





* With thanks to Mr Amir Hossein Ghassemi, a graduate of Shahid Bahonar 
University of Kerman,lran 
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command in MATLAB and Fig. 10-3 shows the OC curve for Plan | 
(n=5,c=0). 





P! 0 | 0.02 | 0.05 0.1 0.2 0.4 0.6 0.8 0.9 0.95 
np' 0; 01 0.25 0.5 1 2 3 4 4.5 4.75 








en 1 | 0.904 | 0.774 | 0.591 | 0.33 | 0.0778 | 0.010 | 0.000 | 0.000 | 0.000 
Cc 























Oc Curve for n=5 c =0 





Pa 











0 0.2 0.4 0.6 0.8 1 


Fig. 10-3 The OC curve for plan 1 (n=5 &c=0) 


For Plan 2: 
cin i 
Pa=Pr(X <c)= "(1-p' 
>" pt-p) 
n=5 c=1 


For plotting the OC curve of plan 2 ,Pa is computed for several p' between 
O and 1, and the points are shown in an X-Y coordinates. In a similar way 
the OC curve for plan 3 is plotted. The following table and Fig 10-4 shows 
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Oc cunes 





0.8 
0.6 
a 

0.4 
0.2 

0 

0 0.2 04 » 0.6 0.8 1 

Fig. 10-4 The OC curves for Plans (n=5,c=1) and 
(n=20,c=4). 


the acceptance probabilities and the OC curves for Plan II&IIl. For example 
if the fraction defectives of a production process is 0.023, the percent of 
the lots accepted using plans II &lll are calculated as follows: 


L(5 . 
pax <=> Joo.23ya-002% 
=o \T 


Plan il =P. =binacdf (1,5,0.023) =0.9949 = 99.49% 
Plan Ill =P =binocdf (4,2,0.023) =0.9999 = 99.99%. 


As the table shows the percent of accepted lots (Pa) is high for low fraction 
defectives. 


Example 10.3 

Plot the OC curve for the single sampling plan n=100,c=1. The lot size is 
largish. 
Solution 

Since the sampling is taken from a large population and - is assumed 
small, the binomial distribution is used for calculating the acceptance 
probabilities: 


(100)... 1\100—x 
P =P (xX <c) P, =Pr(x <=>" Joo (1-p’) 


a 
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however, as the following table shows the Poisson distribution 
approximates it well. 





Comparison of Pa for Plan n=10, c=1 computed with exact and approximate methods 









































p' | np’=A . 
Binomial(exact method) Poisson (approximate method) 
0 0 1 1 
0.01 1 0.735 0.736 
0.02 2 0.403 0.406 
0.03 3 0.194 0.199 
0.04 4 0.087 0.092 
0.05 5 0.0371 0.04 
0.1 10 3.22 410-7 4.99 x 1074 
0.2 20 5.3 < 10" 4.32 x 1078 








Figure 10-5 compares the two set of probabilities. As the figure shows, the 
two sets of probability cannot be distinguished. 


> Binomial 
0.8+ : 4 
4 e Poisson 








Pa 


0.1} B 








0 L L - ! L wo L L L L ry ! 
0 0.02 0.04 0.06 0.08 0.4 0.12 0.14 0.16 0.18 0.2 p 


Fig. 10-5 Pa versus lot proportion defectives for Plan n=100 ,c=1. 





In quality control, OC curve could be used to select the plans that are 
effective in reducing risks. Consider Plans A,B and C in Fig. 10-6. The OC 
curve of each plan has been plotted using the following MATLAB 
command, given n and c: 


plot(0:.01:1,binocdf(c,n,0:.01:1)). 
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0 0.05 o.1 0.15 0.2 


; 
Fig. 10-6 OC curves of 3 plans with the same c and 
different n. 


For a particular proportion defective p', the acceptance probability in 
Plan C is greater than the corresponding values in Plan B and that of Plan B 
is greater than that in Plan C. The choice of right procedure from these 3 
different plans depends on the lot or batch proportion defective. When 
the proportion is high, Plan A is appropriate; when the proportion is low 
Plan C is appropriate (why?). Figures 10-7 and 10-8 compare two OC 
curves; the interpretations are left to the readers. 
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Fig. 10-7 OC curves for 2 plans Fig. 10-8 OC curves for 2 
other plans 


10.2.1.1.2 Ideal OC curve 

An ideal OC curve deals with the inspection procedure in which one 
might want to accept all lots whose proportion defectives are not greater 
than a desired proportion pg and rejects all lots with proportion defectives 
greater than po. The only way to have the ideal OC curve is one hundred 
percent inspection. When the acceptance criterion (e.g. number c in 
single sampling plans "where c is the maximum number of defective items 
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that can be found in the sample and the lot still be accepted", Encyclopedia 
Britannica) is kept unchanged; the larger the sample size of the plan used 
for inspection, the nearer the OC curve approaches the ideal. 









































© 3 OC curves 
e Ideal Oc curve ts 
es 0.8 
06 ost\ \ \ 
© A \  \nes 
0.4 04} | nkto 
. \ okt : 
0.2 0.2 n25 \ \ 
cst : Sy 
Lae iP ° a sc. oe oes 
0 0.010.02 0.1 : aan ae . 
Fig.10-9 An Ideal OC curve. Fig.10-10 Effect of n on slope, 
c constant 


10.2.1.1.3 Effect of sample size on OC curve 

If n is kept constant, when the acceptance criterion c reduces, the 
OC curve tends to ideal and the discriminatory power of the plan in 
distinguishing between good and bad lots increases. See Fig. 10-6. 


10.2.1.1.4 Effect of acceptance number (c )on OC curve 

If the acceptance number( c) is kept constant, as we increase the sample 
size, the slope of the OC curve and the discriminatory power of the plan in 
distinguishing between good and bad lots increases and the curve tends to 
ideal. See Fig10-10. 


10.2.1.1.4 Effect of constant ratio on OC curve 


Before the widespread use of modern acceptance sampling systems, a 
common practice in industry was to specify that the sample inspected 
should be some fixed percentage of the lot such as 5, 10, 20%. Figure 10- 
11 shows how wrong this idea really is(Grant and Leavenworth , 1988 page 
398-9). The absolute size of random sample is much more important than 
its relative size compared to the size of the lot; i.e. fixed sample size tends 
constant quality protection(Grant and Leavenworth , 1988 page 401). 
Instead, fixed n and c for different lot size(N) is much better than fixed - 


(Fig. 10-12). 
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Fig. 10-11 Comparison of OC curves for 4 plans 
having the same c and . F 







N=1000, n=20,c=0 


N=200, n=20,c=0 











i 2 4 6 ts] 10 12 14 16 
percent defective(100p) 


Fig 10-12, Fixed n &c, variable N 
(Grant and Leavenworth , 1988 page 401, re-plotted). 


Definitions 

Associated with each sampling plan there is an OC curve on which two or 
three important points denoted by AQL, LOQL(LTPD) and IP are of interest 
to the users of the plan. These points are defined as follows: 
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10.2.1.2 Acceptable Quality Level (AQL) 

ANSI /ASQC Standard A2 (1987) defines AQL as 

“The maximum percentage or proportion of variant units in a lot or batch 
that, for the purposes of acceptance sampling, can be considered 
satisfactory as process average”. AQL has a high probability of acceptance. 


10.2.1.3 Limiting Quality Level (LQL) 

ANSI /ASQC Standard A2 (1987) defines LQL as 

“the percentage or proportion of variant units in a batch or lot for 
which, for the purposes of a acceptance sampling, the consumer 
wishes the probability of acceptance to be restricted to a specific low 
value”. LQL is a proportion defective with a low probability of 
acceptance. 


10.2.1.4 Indifference Quality Level (IQL) 
Indifference quality level (IQL) or control point for a sampling plan is 
defined as the proportions defective(quality level) having the acceptance 


probability of . This point (IQL, 0.50) on the OC curve is also called as 


‘point of control’. The lots with this quality level will accepted 50% of the 
time using the particular sampling plan. 


10.2.1.5 Type I and Type II error; Consumer and producer risks 

Type | and Type Il error of an acceptance sampling plan which are 
useful in sample size determination are respectively false rejection and 
false acceptance of a lot by the plan. Type | error probability which in 


quality control is also called producer's risk is denoted by a and type Il 
error probability ,called consumer's risk, is denoted by B. 


For a given sampling plan producer’s risk(a ) may be defined as follows: 


The probability of not accepting a lot the quality of which fall within an 
acceptable range of values and is often desired to accept. 


For a given sampling plan consumer’s risk(B )may be defined as follows: 


The probability of acceptance of a lot the quality of which is rarely desired 
to accept and falls within a range of unacceptable values. 


Fig.10-13 illustrates AQL, LQL, IQL, a and B. 
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Fig.10-13 AQL, LQL, IQL = IP,a and 8 — an illustration 





Common values for a and B are 1%,5% and10% in statistics. 

The OC curve and the above points, which are 3 incoming quality levels, 
are not necessarily the unique indexes for the evaluation of sampling plans 
. Another such technique uses the AOQ curve and AOQL , defined below. 


10.2.1.7 Average Outgoing Quality curve (AOQ curve) 

Suppose a lot is inspected with a single sampling plan n & c; if the 
number of non- conforming products in the sample, denoted by r, is not 
greater than c (r <c)the lot is accepted. Otherwise the lot is 100% 
inspected and all nonconforming products are replaced by good ones. In 
any case the nonconforming products of the sample are removed and 
replaced by good products. Now let 


N= _ Lot size 

n= Sample size 

p'= Proportion nonconforming of the process 
Pa= _ Lot acceptance probability by the plan 


Then 
The average number of nonconforming in the lot before sampling 
and inspection =Np', 
The average number of nonconforming in the sample=np', 
The average number of nonconforming in the lot after sampling 
=Np'-np'=(N-n)p', 
The lot proportion of nonconforming after sampling = 

N-—n)p' n\_, 

. ~ (1 - P, 

(Notice: after removing and replacing the defective items of the 
sample with good ones the sample returns to the lot). 
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The lot is accepted with the probability of P, and is screened with 
probability 1—P,. Assuming 100% inspection (screening) finds all the 
nonconforming products and they are replaced by good ones, on the 
average the quality of the outgoing lot (AOQ) with this single sampling 
plan would be: 


n 
A0Q = Px (1-—)p' + (1-Pa)(0) = 
1 n 
A0Q = p'P, (1 = ), 
When “ is very small or N is very large, then AOQ = p’pz; 


A plot of AOQ against p' is called AOQ curve, which, like OC curve, shows 
the ability of the plan to distinguish between good and bad lots. 


Example 10.4 

A single sampling plan n,c is used for inspecting coming lots of size N, the 
probability of accepting a lot with p’ as its proportion of non conforming is 
P,. What is 
a)the expected number of k lots with this plan. 


b)AQQ for an incoming lot inspected with a sample of size n. 


c) AOQ for all k lots with a sample of size kn. 


Solution 

Let 

k =Total number of lots 

kP, =Number of lots expected to be accepted 
Np' =Expected number of defective in a lot 


kP, (N-n)p' =Expected number of defectives in all accepted lots 


The expected number of nonconforming products( defectives) per 
kPg(N-n)p! 
kN 


Average outgoing quality for each lot equals: AOQ = p'P, (1 - ~), 


each accepted lot = 


If a sample of size kn is taken from the population of all lots which 
the size KN, on the average, AOQ would be the same: 


Roti b ep eee =p'P1-). 





kN kN 
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Example 10.5 
Find AOQ for the following plans used for inspecting a lot of size 
N=500 with 3% nonconforming: 


Plan 1: n=49,c=1; 
Plan 2:n=100, c=2. 


Solution 
Let X denotes number of non-conforming in the sample, then: 
Pa=Pr(X <c)=binocdf (c,n,p') 


n 
AOQ =(Pa)(p')\d- Th, 
Plani n=49 c=l1 
4 <0.1—> Binomial Pa =Pr(X <1) =binocdf (1,49,.03) = 0.56 


AOQ =0.57*0.030.—0.01) = 0.015 


Plan2:n=100 C=2 
ae >0.1—> hypergeomet. 


n=100,c=2 Pa=hyge(2,500,0.03* 500,100) = 0.395 
AOQ = 0.03 x 0.395(1 — #2) = 0.00949. 


500 


















































Example 10.6 
Draw the AQQ curve for the plans of Example 10.5: 
Solution 
Plan I n=49 c=l 
p! 0 | 0.01 | .02 | .03 | 0.04 | 0.05 | 0.06 | 0.07 | 0.08 | 0.09] «1 
np' jo|os]| 1 fas] 2 [as] 3 | 35] 4 | 45 | 5s 
P. =Pr(? <c) | 1, 0.9106 0.736 0.555 0.400 0.28 0.190 0.126 0.827 0.053 0.039 
A0.Q(%) | 0| 0.82 | 1.32 | 1.5 | 1.44 | 1.26 | 1.03 | 0.80 | 0.60 | 0.43 | 0.30 
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Plan IT n=100 c=2 N&500 






































a D 0} 0.01 .02 .03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
PW 
D 0 5 10 15 20 25 30 35 40 45 50 
= 1| 0.943 0.678 0.395 0.200 0.093 0.040 0.016 | 0.006 0.002 0.000 
P=P(r<c) 
A.0.Q (%) 0 | 0.754 1.09 0.949 0.641 0.370 0.191 0.090 | 0.0.40 | 0.0.17 0.007 





If the values of AOQ is plotted against p', AQQ curve is obtained. 
Figure 10-14 shows the AOQ curves of the two plans. These curves were 
plotted by the following MATLAB commands: 


>>p=0:0.01:0.1; 


Pa=binocdf(1,49,p); AOQ=Pa.*p*(1-49/500);plot(p,100*AOQ); hold on; 
D=0:5:50;Pa=hygecdf(2,500,D,100);AOQ=Pa.*p*(1-100/500);plot(p,100*AOQ); 


Figure 10-14 compares the 2 plans using their AOQ curves. Plan Il, on 
average, results in better quality of outgoing lots (why?). 


1.5 





0 





Nw 


0.02 0.04 0.06 





"Ss 





0.08 0.1 


Fig. 10-14 AOQ curves for 2 single sampling plans. 


10.2.1.7.1 The Average Outgoing Quality Limit(AOQL) 

When average outgoing quality (AOQ) is computed for all assumed per 
cent nonconforming products in a lot submitted for inspection by a 
sampling plan; the maximum possible AOQ value in the outgoing lot is 
referred to as average outgoing quality limit (AOQL). 


10.2.1.8 The Average Total Inspection(ATI) 


To describe ATI, consider a single acceptance sampling plan. If the lot is 
accepted immediately after inspecting the sample, only the products of 
the sample will be inspected and the defective ones will be replaced by 
good ones; with the probability of P,. If it is not accepted immediately 
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(with probability of 1 — P,), the lot will be screened i.e. all of the N 
products of the lot will be inspected and the defective units will be 
replaced by good ones. Therefore on average, as much as the following 
amount will be inspected : 

ATI =np,+N (1-p,) ="2+(N-n)0-P,). 
ATI could be plotted against p'. It could be verified that Plan Il in Fig. 10-14 
has a greater ATI, which leads to greater inspection cost. 


10.2.1.9 The Average Fraction Inspected(AFI) 

As well as ATI i.e. the absolute measure of the amount of 
inspection in acceptance sampling, AFI is another measure which 
stands for the average fraction inspected. AFI denotes the long run 
fraction of items that are inspected. For a lot of size N being 
inspected by an acceptance sampling plan. AFl is defined as 


follows: 


aprees. 
N 


10.2.1.9.1 The Relationship between AFI and AOQ 

Between AOQ and AFI of a lot with proportion nonconforming p' 
inspected by an acceptance sampling plan whether single, double 
and multiple, the following relationship holds: 


AO 
AOQ = p'(l— AFI) or AFI = a, 
Pp 
Inasingle sampling plan, it could be shown that AFI varies 
between ~ to 1. 


Example 10.7 

A sample of size n=20 is taken from a lot of size N=500. If the 
proportion nonconforming of the production process is 5% and c=2, 
how many products on the average is inspected with this single 
sampling plan? What percent of N is this amount? Find average 
outgoing quality. Solve the problem with n=100 again. 
Solution: 
The number of nonconforming products in the sample ,X, has a 
binomial distribution. The probability of accepting the lot would 


Re 3" Jo"a — p')"’ =0.9196 directly from the binomial 


distribution. Or by Poisson approximation From Table 4 
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For n=20, 
A=np'=20x.05=1 Pa=Pr)X <2)=0.92 
ATI=nPa+N(1-Pa)=(500)(0.08)+2)(0.92)=58.4 


AFI Bee ales or 11.68% 
500 


AOQ =(p')x (I— AFT) = 0/05 x (1— 0.1168) = 0.04416 


For n=100 
A=100x0.05=5 P,=Pr(X <2)=0.125 
ATI =100x 0.125 +500 x 0.875 = 450 





App tte =O sp 5e900 
N 500 
n 5 100 
AOOQO = p'P. (1-—) = ——(0.125)(1- ——) = 0.005 =0.5% L 
Q = p'P,( W? 700 < Xe 500? ob 


AOQ= p'(l— AFI) =0.05x (1—0.9) =0.5% . 
As it is evident with n=100, AOQ would be much better. 


10.2.2 Double sampling plan 

The flow-chart shown in Fig. 10-15 shows how a double sampling 
plan, which is associated with 4 numbers 7,,c,,7, and c,, works. 
7,&r, are number of nonconforming products in the first and 
second samples respectively. 


Example 10.8 

The double sampling n, =50,c, =0,n, =100 &c, =2is to used to 
inspect a lot of size 1000; suppose one nonconforming products one found 
the first sample i.e. r,=1. According to the above flowchart the lot could 
neither be accepted nor rejected. The second sample was taken. After 
inspecting the sample of size 100, suppose 2 nonconforming products were 


found in the second sample i.e. r.=2. Therefore r,+r, =3>c, =2; the 


lot is rejected but all noncomform ing products in the lot have to be 
replaced with good products. 
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Fig. 10-15 The flow chart of a double sampling plan 


10.2.2.1 Arelationship for Plotting the OC curve of Double Sampling 
Plans 

The relationship between lot proportion nonconforming (p') and the 
probability of accepting the lot using a double sampling plan is as follows 
(after Bowker & Lieberman, 1972,page 509): 


Py = Pr(7, Se, Ip") +Pr(r, +1 SC &ey <TH < Cy given p')= 


. a1 a ’ r\Fll— G1 I n ' ' 
S(aprocmras £ a)one-or4] Ss)o 09 


4-0 \41 dy=c,t1\41 d,=0 


ny-dy 


The details could be studied in references such as Bowker&Lieberman ( 1972). 
The OC curve of a double sampling plan could be plotted using this 
relationship. 


10.2.3 Multiple sampling plan 

A multiple sampling plan is similar to the double sampling plan in that 
successive trials are made, if required, Associated with each of the trials 
there is a sample size, and acceptance number(lower limit) and a rejection 
one(upper limit) denoted by Ac and Re. 

As successive samples are taken, the number of defectives in the samples 
are added to get cumulative number of defects. 
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The plan acts as follows’ : 


If, for any sample, the cumulative number of nonconforming products 
(defectives) found exceeds the upper limit specified, the lot is rejected. 
If, for any sample the cumulative number of nonconforming found is less 
than or equal to the lower limit, the lot is accepted. 

If the number of defectives found is between the two limits, another 
sample is taken. 

The process continues until the lot is accepted or rejected. Example 
10.9 illustrates multiple acceptance sampling. 


Example 10.9 
A multiple sample plan is given in the following table: 














| SampleNo. | 1 2 3 | 4 | 5 6 7 
| n 20 | 20 | 20 | 20 | 20 20 | 20 
Ac 0 1 3 5 8 9 10 
Re 4 5 6 8 10 11 | 11 





























According to this plan a sample of size 20 is taken from the lot; 
Let ry=the number of nonconforming products(defectives) in the first 
sample 


if r, is zero the lot is accepted 

if r, is 4 or more it is rejected, 

if r, is between O and four the second sample is taken. 
Let r,=the number of defectives in the second sample 
if r, +r. <1, the lot is accepted; 

if r, +rzis 5 or more the lot is rejected; 


otherwise, i.e. if r; +r. is between 1 and 5, the third sample is taken, a 
similar decision is taken based on the cumulative number of defectives in 
the successive samples. 

Note that 

the Ac and Re numbers increase as we enter a new phase. 

One advantage of double and multiple sampling over single sampling is 
giving a second chance to doubtful lots, and the other is having less ATI. 
From a psychical point of view ,the producer whose lot has not been 
accepted yet in the first phase, expects the lot be accepted in the next 
phase(s). A disadvantage of double or multiple plans over single one 
is their need for more time and expenditure. 





* from web.nchu.edu. tw/pweb/users/arborfish/lesson/12510.ppt 
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Exercises 


10.1-A single sampling plan uses an acceptance number of 1 and samples 
of size 15 to inspect lots of size 50. Use hyper geometric distribution to 
calculate Pa, the probability of accepting the lot of 2,6,10,20 percent 
defectives. 

Answer : 

1, 0.789, 0.524, 0.121 (Bowker &Liberman 1988, p421). 

10.2- (Bowker &Liberman 1988, page 421). 

A single sampling plan has c=3 , n=110. Use Poisson distribution to 
approximate probability of acceptance lot 0.5,1.,2,,3,4,5,6,8% defective. 
Answer : 0.998, 0.974,0.819,0.580,0.359,0.202,0.105,0.025 


10.3-(Bowker &Liberman 1988, page 421). 

Plot the OC curve for the sampling plan in Problem 10.2 using MATLAB 
Software. What are the approximate values of lot percent defective for 
which probabilities of acceptance are0.95,0.50 and 0.10 respectively? 
Answer:1.2, 3.3, 6.1 
10.4-(Bowker &Liberman 1988, page 421). 

A double sampling plan as follows: 

a) Select a sample of 2 from a lot of 20. If both articles inspected are 
good, accept the lot. If both are defective, reject the lot. If 1 is good and 1 
defective, take a second sample of one article. 

b) If the article in the second sample is good, accept the lot. If it is 
defective, reject the lot. If a lot 25% defective is submitted, what is the 
probability of acceptance? Compute this by the method that is 
theoretically correct rather than by an approximate method. 

Answer. 0.859 

10.5-For single plan n=75,c=1, what are Pogs, Po.s, Po.10 ?i-e. what are 
proportion defectives with Pa=.95, .5,.1? 

Ans: 0. 48% , 2.23%, 5.09% 

Hint: Use MATLAB command fzero; for example 
p95=fzero(@(p) binocdf(1,75,p)-.95, .05) 
p95= 0.0048 
10.6-(13-9, Bowker &Lieberman 1988, page 445). 

Prepare an AOQ curve for single plan n=100,c=0 from a largish lot. 
What is AOQL? 
Ans. 0.37% 
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10.7-A multiple sampling plan is as follows: 
































Sample | Individual | Combined | Acceptance | Rejection 
No. | sample size | sample size number number 
| 1 Se = ale =r ee | 
2 a) 10 0 2 
3 5 15 0 3 
4 | 5 20 I | 3 
5 5 25 2 3 





*Acceptance not permitted on first sample. 


Assuming that lot size is large enough for Poisson distribution to be 
applicable, compute the probability of acceptance of a 10% defective lot in 
each of the 5 phases. 

Answer. (The sum of probabilities is )0.586. 


10.8- In Example 10.2 What proportion of defectives will result in 
accepting 95% of the lots using Plan Il&IlII? 
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10.3Design of plans in Acceptance Sampling 

Given n and ¢, it is easy to plot the OC curve; now We would like to act 
vice versa; Suppose one or two points from the OC curve are known and 
we would like to determine the specification of the single sampling plan i.e. 
n and c. It is conventional to design an acceptance sampling plan for the 
following cases: 


1-Given an AQL 
ISO2859-1Tables introduced in chapter 11, or equivalent standard 
tables, could be used to develop the appropriate plan 


2-Given LTPD, f and AQL or any other 2points of the OC curve 
Chapter 11 deals with this case. 


3-Given indifference point(control point) 
When the control point of the OC curve, which is the quality level 
having a probability of acceptance of. 0.50, Phillips Tables 
introduced in chapter 11 could be used to determine the plan 


4-Given LTPD=LQL and B = 0.1 and process average non conforming 
Dodge-Romig LTPD Tables are used for this case 

5-Given AOQL and process average non conforming 

At the end of this chapter, Dodge-Romig Tables for cases 4 and 5 
are introduced; the first 3 cases are dealt in chapter 11. 


10.3.1 Dodge-Romig LTPD=LQL Tables 
(Tables A,B, C, C.1) 

Dodge and Romig have developed an extensive and valuable set of 
tables, the plans of which have been designed to minimize the total 
inspection, including screening. Dodge-Romig LQL tables based on stated 
values of LQL are designed so that the probability of lot acceptance at the 
LTPD(=LQL) is 0.1 for all plans i.ef = 0.1; the tables have been provided for 
LTPD values 0.5%, 1%, 2%, 3%, 4%, 5%, 7% and10%. Tables A 
&B at the end of the book are 2 examples of these kind of tables prepared 
for single sampling having LQL=5% and LQL=1%; and Table C and C1 are 
for double sampling having LQL=1% and LQL=5%. 

The plan is read from the table, given the lot size and the process mean 
defective percent( p'); if the process mean ( p') is not known, the worst 
should be assumed. 

It is worth knowing in determining the parameters ( sample sizes and 
acceptance numbers) for this tables, optimization has been utilized — in 
such a way that given n and an estimate of the process average non- 
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: : gab ATI . 
conforming, the solution that minimizes AF] = = «(Was selected. It is 


reminded that for single sampling 47/ =”Pa+N (— Pa) | 


Example 10.10 

Determine a single "acceptance sampling plan " for inspecting lots of 
size 500. 

a) 


if LQL=1% , B = 0.1 and the process average non-conforming p'=0.2%. 


b) 

if LQL=5% ,8=0.1 and the process average non-conforming is not 
known. 

c) 

Find AOQL for both cases 


Solution 

a) 

Table B >n=180 c=0 

b)For LQL=5% refer to Table A. When process mean defectives( p') is not 
known it is advised 

to use that column of the table which contains the largest p'. Therefore 
from Table A, n=150,c=4 i.e. take a sample of size 150, if the number of 
nonconforming is at most 4, accept the lot. 

c) 

For casea AOQL=%0.13 from Table B, 

For caseb AOQL=%1.2 from Table A. 


10.3.2 Dodge-Romig AOQL Tables 
(Tables I, J,K) 

Another set of Dodge—Romig Tables are AOQL Tables, the plans of which 
have found wide acceptance are used to develop single, double or 
multiple plans given AOQL and the process average non conforming. 
Tables | & J are examples of such tables for single sampling having 
AOQL=2% and AOQL=3%. Table K is a Dodge-Romig Table for double 
sampling with AOQL=3%. The plan is read from the table, given the lot size 
and the process non-conforming average in percent; if the process average 
is not known, use the worst average (last column of the table on the right 
side )to read the plan. 
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Example 10.11 
Determine a single sampling plan with AOQL=2% used to inspect a lot of 
size 1000 from a production process with average non conforming 0.03%. 


Solution 

From Table I n=18,c=0. 
LQL for this plan with B = 0.1 is LQL =12%= 0.12 read from the same table 
under 100P9 10. 


Example 10.12 
Determine the double sampling plan for an AOQL=3% used for inspecting 
a lot of size 1000. 


Solution 

The process average is not known; the worst is assumed. 
-Table K:Under the largest process average 
-ny=70 = Cy=2 n2=120 c=10 
-LQL=8.4% 
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Exercises 
10.8- (13-10 Grant & Leavenworth ,1988page 445) 

The lot size N is 2000 in a certain AOQL inspection procedure. The 
desired AOQL of 2.0 % can be obtained with any one of three single 
sampling plans. These are n = 65,c = 2;n = 41,c =1&n = 18,c = O. If a large 
number of lots 0.3% nonconforming are submitted for acceptance, what 
will be the average number of units inspected per lot(ATI) under each of 
these three sampling plans? 

Ans. 67; 55; 123. 

10.9- (13-33 Grant & Leavenworth ,1988page 448) 

The following |, Il and IIl Dodge-Romig single sampling plans are specified 
for a lot of 1500 items anda 2% AOQL. 

I (n=18,c=0) 

II (n=65,c=2) and 

Ill (n= 120, c= 4) 

Assume the lots of product contain 1% nonconforming units in answering 
the following questions. 

a)what is the probability of acceptance under each plan using Poisson 
distribution? 

b) What is the AFI under each of the 3 plans? 

c)What is AOQ for each plan? 

10.10- (13-1 &13-2Grant and Leavenworth ,1988page 445) 

a) What single sampling plan should be used for a lot size of 1,500 and an 
LQL( LTPD) of 5 % with consumer's risk of 0.10 if the process average is 
estimated as 0.6 % defective? 

Answer n=130 c=3 

b)What double sampling plan should be used for the condition 
described in the previous part? 

Answern=55 3 cy=0, no=120 c=4. 

10.11- Solve part a of problem 10.10 if LQL=1%. 

10.12- What Dodge-Romig 2% AOQL single sampling plan should be used 
for lots of size 200, 1000, 5000. The average nonconforming products is 
1%. Compute the Average Fraction Inspected of each case. 

10.13- Compute Pa, AFl and AOQ of the plan in Problem 10.12 specified 
for a lot of size 1000, if the p'=2%. 


The value of a man is what he does expertly 
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Chapter 11 Design of Acceptance Sampling Plans 
using ISO2859, Cameron & Phillips Tables 


Aims 


This chapter introduces a series of standard tables titled ISO 2859, which 
are used to set up acceptance sampling plans based on attributes with 
reference to an acceptable quality limit(AQL). Determining plans given 2 
points of the OC curve is also dealt here; in this regard Cameron Tables are 
introduced. The chapter also introduces Philips Tables used to determine 
sampling plans given the indifference point (IQL). 


11-1 ISO 2895 Standard 


Introduction 

International organization for standardization( ISO) is a non- 
governmental international organization with a membership of 161 
national standards bodies’. Through its members, it brings together 
experts to share knowledge and develop international standards. ISO has 
developed many standards, several of which are in the field of quality 
control such as ISO 9000 series, ISO 2859, 1SO3951. 

ISO 2859 is one of aclass of sampling systems, consisting of sampling 
procedures for inspection by attributes together with rules for their 
operations. This standard originated from MIL STD -105 in 1974. New 
versions have been released after then. It is worth mentioning that (Luko 

&Neubauer,2012): 
MIL-STD-105 or ABC-STD-105 came from a need for a sampling system 
that did not require 100% inspection for use in testing munitions and for 
other destructive tests. The result was the Army Service Forces inspection 
tables, which came out in 1942 and 1943. Improvement led to MIL-STD- 
105A, B, C, D, and E in subsequent years (1950, 1958, 1961, 1963, 1989). 

MIL-STD-105 focused on plans indexed by AQL to protect 
manufacturers against rejecting appropriate lots; however the standard 
offered some plans indexed by LTPD with Pa=0.1&0.05 to protect 
consumers against accepting bad lots. 

The Army discontinued support for military statistical standards 
on February 27, 1995, proposing instead to use civilian standards. 
Meanwhile, other standards writing bodies, such as the American 
National Standards Institute (ANSI), the International Organization 





* See https://www.iso.org/members.html 
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for Standardization (ISO), and the International Electro-technical 
Commission, developed their own derivatives of 105 as civilian standards 
like ANSI/ASQZ1.4 & 1SO2859 . An expert in acceptance sampling advises 
to use ANSI/ASQZ1.4 instead of MILSTD-105 inside USA and ISO2859 
elsewhere. 
ISO 2859 standard is a sampling system. The purpose of a sampling 

system is three-fold (Derman &Ross, 1997 page 160): 
i) 
to protect the customer from accepting bad lots, 
ii) 
to protect the producer from having good lots rejected, 
iii) 
to encourage the producer to make the necessary modifications 
needed to improve the quality of its items. 

Sampling schemes and plans designated in the ISO 2859 series are 
applicable, but not limited, to inspection of :(ISO 28590:2017 manual) 
— end items, 
— components and raw materials, 
— operations, 
— materials in process, 
— supplies in storage, 
— maintenance operations, 
— data or records, and 
— administrative procedures 


The sampling system of ISO 2859 series of standards, which is used for 
inspection by attributes under the general title "Sampling procedures for 
inspection by attributes", consists of the following five parts (From ISO 
2859-3:2005 manual page IV): 


Part 1: ISO 2859-1, 
Sampling schemes indexed by acceptance quality limit (AQL) for lot-by-lot 
inspection 


Part 2: ISO 2859-2, 
Sampling plans indexed by limiting quality (LQ) for isolated lot inspection 


Part 3: ISO 2859-3, 
Part 3: Skip-lot sampling procedures 


Part 4: ISO 2859-4, 
Procedures for assessment of declared quality levels 
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Part 5:ISO 2859-5, 
Part 5: System of sequential sampling plans indexed by AQL for lot-by-lot 
inspection. 

It should be added that there is an introductory part i.e. 1S028590:2017 
manual. This manual provides a general introduction to acceptance 
sampling by attributes and provides a brief summary of the attribute 
sampling schemes and plans used in ISO 2859-1, ISO 2859-2, ISO 2859-3, 
ISO 2859-4 and ISO 2859-5, which describe specific types of attribute 
sampling systems. It also provides guidance on the selection of the 
appropriate inspection system for use in a particular situation. 

According to this manual, the sampling inspection schemes of ISO 2859- 
1, ISO 2859-2, ISO 2859-3 and ISO 2859-5 provide for quantification of the 
risk of accepting unsatisfactory product (known as the consumer’s risk) and 
the risk of not accepting satisfactory product (known as the producer’s risk) 
and for choosing a plan that allows no more risk than is acceptable. 

In this chapter it is not intended to deal with ISO 2859 in details; but this 
acceptance sampling system for inspection by attributes will be briefly 
introduced. 


11.1.1 ISO 2859-1 Standard’ 

ISO 2859-1 deals with determining acceptance sampling plans and 
procedures for inspection by attributes of discrete item. Sampling 
schemes designated in this part of ISO 2859, are used for lot-by-lot 
inspection. The schemes are applicable, but not limited, to the inspection 
of finished products ,components and raw materials, materials in process 
and supplies in storage. The plans and procedures of ISO 2859-1 are 
indexed in terms of the Acceptable Quality Limit (AQL). The manual of the 
standard contains some definitions, some of which are motioned below. 


Definitions 
A section of the manual of ISO 2859-1 has been devoted to definitions 
and terminology. Let us define sampling plan/ scheme , AQL and LQ: 


11.1.1.1 Sampling plan 
(from ISO 2859 manual): 


A specific plan which indicates the number of units of product from each 
lot which are to be inspected (sample size or series of sample sizes) and the 
associated criteria for determining the acceptability of the lot (acceptance 
and rejection numbers). 





* International Organization for Standardization. 1999. 
ISO 2859-1: Sampling Procedures for Inspection by Attributes 
Part1: Sampling Schemes Indexed by AQL for Lot-by-lot Inspe. 
International Organization for Standardization, Geneva 
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11.1.1.2 Sampling scheme 
(from ISO 2859 manual): 


A combination of sampling plans with switching rules. 


11.1.1.3 Limiting Quality (LQ) 
(from ISO 2859 manual): 


When a lot is considered in isolation, a quality level which, for the 
purposes of sampling inspection, is limited to a low probability of 
acceptance(from ISO 2859-1). LQ, which was formerly called lot 
tolerance percent defective( LTPD), is the worst level of quality that 
the consumer may tolerate. Plans indexed by LQ are dealt in ISO 
2859-2 


11.1.1.4 Acceptable Quality Limit(AQL ) 

Acceptable Quality Limit(AQL) plays an important role in ISO 2859-1. It is 
the limit of a satisfactory process average for the purposes of sampling 
inspection, when a continuous series of lots is 


considered (www.woodencrates.org/standards/MIL-STD- 
105.pdf) 
Two definitions of AQL from 2 sources are followed: 





Definition 1) 

quality level that is the worst tolerable process average when a 
continuing series of lots is submitted for acceptance sampling(ISO 
2859-1 manual). 

Definition 2) 

The maximum percent nonconforming ( or maximum number of 
nonconformities per 100 units) that for the purpose of sampling inspection 
can be considered satisfactory as a process average. The phrase " can be 
considered satisfactory" is interpreted as the producer risk 
(Besterfield,1990, page237) and denoted by a which generally varies 
between 0.01 and 0.10. 

The AQL is a parameter of the sampling scheme and should not be 
confused with the process average which describes the operating level of 
the manufacturing process. It is expected that the process average will be 
less than or equal to the AQL to avoid excessive rejections under this 
system( 1SO2859-1 manual). 

ISO 2859-1 standard also states: 

“Although individual lots with quality as bad as the acceptance quality limit may 
be accepted with fairly high probability, the designation of an AQL does not 
suggest that this is a desirable quality level. Sampling schemes in International 
Standards such as this part of ISO 2859, with their rules for switching and for 
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discontinuation of sampling inspection are designed to encourage suppliers to 
have process averages consistently better than the AQL.”( ISO 2859:1,1991). 


For example when the AQL is 1%, a 0.5% defective lot is best released. 
However, it would be better still to have produced a lot free of defects. 

In 1S02859-1 Tables, AQL Ranges from 0.01 to 1000. It is worth 
remembering AQL might be specified as the maximum percent 
nonconforming or maximum number of nonconformities per 100 units. 
Note that 
-The AQL values between 0.01 through 10 could be either percent 
nonconforming or maximum number of nonconformities per 100 units. 
-AQL values above 10.0 are to be interpreted as nonconformities per 
hundred units. 

Then by AQL=150 it is meant that at most 150 nonconformities in one 
hundred units is acceptable. 

-AQL in the tables are given in percent; i.e. , if AQL= 2.5% for example, we 
search for 2.5 in the tables not 0.025. 

Since AQL is usually specified by and stated on a contract and 

the supplier or manufacturer guarantee that products are of acceptable 
quality when sold to the consumer, a caution is worth noting here from 
ISO2859-1 manual: 

CAUTION — 

"The designation of an AQL shall not imply that the supplier has the right 
knowingly to supply any nonconforming unit of product. In other words, the above 
phrase from ISO2859-1 states that AQL should not be regarded asa production 
goal or as permission to produce defects. 

In using the plans indexed by AQL, the consumer is sure that the acceptance 
probability of the high-quality lots is high and the probability for bad lots is low." 


It should be added that in certain literatures it is discussed that: 
-LQ sampling plans, dealt with in the previous chapter and in ISO 2859-2, 
provide protection to the consumer from accepting poor lots, which is 
especially important when health and human welfare are involved.” 
-AQL plans protects producers from having good lots rejected’, 





1 Pde 2 P 
: From: https:// qualityinspection.org/what-is-the-aql) 
www.pharmaceuticalonline.com/doc/how-to-establish-sample-sizes-for-process-validation-using-Itpd-sampling-0001 


e,g, see www.smartersolutions.com/resources/acceptable-quality-level-issues-and-resolution and Bowker & iberman ,1972 page522) 
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11.1.2 Acceptable Probabilities of lots if percent 
nonconforming= AQL: 

-To calculate the probability of accepting the lots, use binomial distribution 
with AQLs less or equal 10, and Poisson distribution for AQL >10 i.e. 15 or 
more. 


-When contracting, various AQL values might specified for a desired defect 
whose acceptance probability varies depending on the sample size and 
acceptance number ,almost from 88% to 99% (based on Grant and leaven 
worth ,1988 in Chapter 14 page 456 and Bowker &Lieberman,1972,page 
523 on MILSTD-105-E which is essentially the source of ISO 2859). 

-In this standard the decision to accept or reject the lots might be taken in 
one phase, two phases or several phases; in other words there are single 
sampling plans, double sampling plan s and multiple sampling plans in ISO 
2859 standard. 


11.1.2.1 Break Even Point in Quality & Establishing AQL 
Feigenbaum (1991) on page 504 gives the following definition for 
breakeven point(BEP) in quality: 


Break even point for a given part of quality characteristic may be defined 
as the percentage ratio between two costs i.e. 

“the cost of eliminating nonconforming units by inspection” 

and 

"the cost for repairing [the product] when nonconforming units have been 
allowed to move onto the manufacturing floor” 


The calculation of BEP value for a single part or quality characteristic 
follows: 


1)Determine the cost of removing non conforming parts by inspection 


2)Determine the average repair cost for units or assemblies made using 
these nonconforming parts. 


3) calculate BEP from(Feigenbaum,1991,page 504) 
BEP Cost of inspection per part 





~ Cost of repair per nonconforming assembly 

Taylor(1992) gives the following relationship for calculating BEP: 
Sh 

Uh + N 


break event point p’ = BEP = EX(L+D—P) 
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where 

D Discard value of unit 

E Efficiency of the 100% inspection 

L Loss incurred per defective unit sold 
N Lot size 

P Price unit sold for 


Sp __ Per lot setup cost of the 100% inspection 
U, Per unit cost of the 100% inspection 


The proof and illustration is given at the end of the chapter. 


11.1.2.2 .1 Determining AQL from BEP 

If product AQLs are viewed as break even qualities, then the BEP can 
be used to establish AQLs. Feigenbaum (1991) presents the 
following 2 simple approaches to select AQL using BEP: 


First Approach 

Select the AQL closest to or equal to the BEP from the AQL's used 
in standard Tables F, G and H (Feigenbaum,1991) i.e. from the 
following series of percents(%): 
0.010, 0.015, 0.025, 0.040, 0.065, 010, 0.15 ,0.25, 0.40, 0.65, 1,1.5, 2.5,4, 6.5, 10.... 


Example 11.1 
In a factory the cost per unit of a kind product for complete 
inspection test is 0.01 dollar and cost of repair cost if 
nonconforming unit found in assembly is 1$. What AQL do you 
suggest for this case if the lots are to be inspected using an AQL- 
indexed plan? 
BEP= <= 0.0091=0.91% 


In Table F the closest AQL to 0.91 is 1 then AQL= %l1. 

This common approach is relatively inaccurate and in certain cases 
sacrifices some of the economy possible with sampling(Feigenbaum , 
1991,page 505) 


Second Approach 
Relate the BEP to an AQL givenin the following table(Feigenbaum , 1991): 





| BEP(%) | 0.5-1 | 1-1.75 | 1.75-3 | 3-4 | 4-6 | 5.6-10.5 | 10.5-17 





| AQL(%) | 0.25 [0.65 [1 [25 - a 6s | 10 
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Example 11.2 

Solve the previous example using the second approach. 
BEP=0.91% which lies in the interval 0.5-1. From the table AQL=0.25%; 
then a plan with this AQL is appropriate for inspecting the lots containing 
this product. 


Feigenbaum(1991) adds that whether Approach 1 or 2 will be used in a 
given factory —or whether this kind of calculations is appropriate or not — 
depends on almost upon the circumstances in the factory... 


In actual practice ,accurate details for BEP calculations may not be 
readily available in a given factory; and AQL selection is often dictated by 
past experience ona given part or quality characteristic (Feigenbaum,1991 
page 507). The agreement between the manufacturer and the consumer is 
also important in establishing AQL (based on Eskandari,2000, page 14). 


Concerning to use an AQL for each characteristic or an overall AQL for 
similar characteristics such as thickness, outer-diameter etc. or to use an 
AQL for each critical characteristic are dealt briefly in such references as 
Feigenbaum(1991) page 508. ‘In this regard the following quotation is 
worth mentioning: 


"Defects are commonly classified as critical, major, and minors. These categories 
correspond to differ severity's.... Within a category, the defects have similar 
consequences. For example, major defects render the product nonfunctional. The 
customer is little concerned with why it doesn’t work. The impact is the same. 
Therefore it makes sense to group these defects together if their inspection costs 
are similar. In particular, visual defects should be grouped together. Functional 
defects with higher costs of testing should be inspected separately, not only using 
a separate sampling plan but also with a higher AQL " 
(https://variation.com/classifying-defects-and-selecting-aqls/). 


To determine a plan for inspecting a lot given an AQL using ISO2859-1 
some terms including inspection level and inspection severity are needed 
which are defined here. 


11.1.3 Inspection level 

The inspection level of a plan gives a relationship between the lot size 
and the sample size. ISO 2859-1 specifies this relationship in English 
letters (A, B,...Q,R,..) given in Table E (reproduced) at the end of this book. 
As the table shows there are 7 levels grouped into two categories: 
General(I,I, Ill) and special (S-1,S-2,S-3,S-4).Three inspection — levels, |, Il, 
and Ill are for general use. 
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Unless otherwise specified, level Il shall be used. Level | may be used 
when less discrimination is needed or level Ill when greater discrimination 
is required. Four additional special levels S-1, S-2, S-3 and S-4 are also 
given and may be used where relatively small sample sizes are necessary 
and large sampling risks can or shall be tolerated. 

In the designation of inspection levels S-1 to S-4, care shall be exercised 
to avoid AOLs inconsistent with these inspection levels. In other words, the 
purpose of the special inspection levels is to keep samples small where 
necessary. For instance, the code letters under S-1 go no further than D, 
equivalent to a single sample of size 8, but it is of no use to specify S-1, if 
the AOL is 0,1 % for which the minimum sample size is 125."(Section 10.1, 
ISO2859-1 manual). 


However, Inspection Level | may be specified when less discrimination is 
needed, or Level Ill may be specified for greater discrimination ( Grant& 
Leven worth ,1988,page 455). 


Different levels of inspection provide approximately the same protection 

to the producer, but different protections to the consumer. Level Ill gives 
a steeper OC curve and increased inspection costs;... an application of it is 
for complex and expensive items (Besterfiled,1990 page 238) 


1.00 a = 0.05 
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Fig. 11-1 Comparison of general inspection levels 
(after Besterfiled,1990 page 239) 
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Levels S-1 through S-IV are useful where the cost of inspecting a product 
is high and therefore small samples are appropriate (Eskandari, 2000). An 
application of special levels is where destructive tests have to be used for 
inspection, which impose a largish expenditure. 

Shifting from Level | to Level Il and then to Ill increases the inspection 
volume (Eskandari,2000) and the discrimination power of bad lots from 
good ones. Level II has a medium power of discrimination between good 
and bad lots; whereas that of level Ill is as 1.6 times as for level Il, because 
its sample is larger and that of level | is 60% of that of level II( Ebrahimi, 
1992). 


11.1.4 inspection severity 
The inspection severity is one of the criteria used as an input to determine 
the sample size. This criterion is classified into three groups: 


a) Normal 

A normal inspection severity results ina medium sample size. 
Section 9. 1 ISO 2859-1 states :" Normal inspection shall be carried out at 
the start of inspection, unless otherwise directed by the responsible 
authority." Table H deals with normal inspection. 

It is advised If there is not a history of the qualities of lots supplied by the 
manufacturer or the vendor, acceptance sampling should be started at a 
normal severity (Eskandari,2000). The standard states some conditions for 
switching from one severity to another. 

b) Tightened 

More severe acceptance criteria designed to protect the customer 
must be used whenever the quality history is unsatisfactory. This 
gives the concept of tightened inspection as an alternative to normal 
inspection. A tightened inspection severity results in a larger sample 
size. Tightened inspection is intended when the submitted quality is 
worse than the AQL (Bowker& Lieberman,1972 page523). Table F Is 
concerned with this inspection. 

c) Reduced 

A reduced inspection severity results in a smaller sample size. Table 

G Is concerned with this inspection. 


Example 11.3 

For a batch of size N=600 in normal inspection, determine the 
codes and the sample sizes for all inspection levels. 

The codes (from Table E) and the sample sizes ( from Table H )for 
different levels are as follows : 
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Inspection Code Sample size 
level Normal inspection(AQL=10) 
| G 32 
| J 80 
Il K 125 
S-1 C 5 
S-2 C 5 
S-3 E 13 
S-4 F 20 
Notice that for certain other AQLs ,when encountered an 
arrow, the size at the arrowhead in the table has to be 
read, not the size for the original code 





It is worth explaining that in the ISO2859-1 Table for reduced inspection, 
there are some plans for which the difference of rejection acceptation 
numbers i.e. "Re-Ac" is greater than 1. What should be done if the 
difference between Ac and Re is more than 1? 

In this case the standard ISO2859-1 states in Sec. 11.1.4: 


"In reduced inspection, the sample may contain a number of nonconforming units 
or non conformities per 100 units between the acceptance and rejection 
numbers. In these circumstances, the lot shall be considered acceptable, but 
normal inspection shall be reinstated starting with the next lot". 


Of course if the conditions changes, reduced inspection might be 
resumed. An advice is to use normal inspection when the quality 
standard Is equal or better than the AQL; tightened, when the quality 
standard appears to have deteriorated; and reduced in case of the 
improvement of the quality level beyond AQL (Derman and Ross, 1997). 


17.2 Selection an AQL-indexed plan from ISO 2859-1 Tables 


After deciding on the AQL, the inspection level, inspection severity and 
type of sampling (single, double or multiple ) the following steps have to 
be followed . The following steps are for designing single plans whose 
tables are reprinted at the end of this book. Similar steps are followed for 
the other 2 types, but are not covered here. 

Step 1: 

Given _ the lot size and the inspection level, read a letter code from 

Table E(Table 1 in ISO 2859-1:1999). The default level is Il. Not that if you 
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would like to inspect m similar lot with size N from the same supplier, you 
could take the lot size as MXN. 

Step 2: 

Given the AQL and the code of step 1, refer to Table H,F or G (Table 2- 
A&B&C in ISO 2859-1:1999)depending on the severity of the inspection 
and read the plan specifications (i.e. sample size, acceptance and rejection 
numbers (Ac, Re)). If encountered an arrow, ignore the sample size next 
to the letter code obtained in step 1 and read the plan corresponding to 
the letter code at the arrowhead. 

The sample has to drawn at random from the lot, representing the 
whole lot. 

If number of nonconformities is less or equal Ac, accept the lot, if it is 
greater or equal Re do not accept it. 

If the sample size exceeds the lo size, the entire lot has to be taken as the 
sample. 

The responsible authority shall decide how lots which are not accepted 
will be disposed of. Such lots may be scrapped, sorted (with or without 
nonconforming units being replaced),reworked, re-evaluated against more 
specific usability criteria, held for additional information, etc(ISO2859-1 
section 7-1). 

It should be emphasized that, although the absolute sample size(n) 
increases with lot size(N) in this standard system, the relative sample size 
(-) decreases as the following illustrative table shows (based on Grant 


and Leavenworth,1988 page 458): 






































Normal inspection - 
N Level Il with AQL=1 — 
N 
N Cc 
13 13 
51-90 13 0 (—,—) 
51 90 
XO D 
281-500 50 1 (—,—) 
281 SOO 
125 125 
1201-3200 125 3 —— 
1201 3200 
35001-150000 500 10 ewe da 
35001 150000 





Example11.4 
Using ISO 2859 standard find a single acceptance sampling plan for 
normal inspection of lots of size 20000 with AQL=0.015%. 
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Answer: 

For N=20000 and default Level II from Table E gives code letter M. With 
this code and AQL = 0.015 under normal inspection we encounter an arrow 
in Table H. The letter code at the arrowhead is P; then 
Sample size n=800 
Acceptance number = Ac=1 
Rejection number Re=0. 


It is worth remembering if encountered with an arrow, the first sampling 
plan below or above the arrowhead has to be selected. For example in Table 
H for code E, n=13; but for AQL=0.10/ we encounter an arrow; the plan 


n=125 and c=0 is given by the arrowhead and also for AQL=0.065% => 
n=200 &c=0 from Table H. 


Example11.5 
A lot of size 10000 is to be inspected using ISO 2859 standard with AQL 
=0.25 7. Find 


a)a single acceptance plan for each of the 3 types of severity, 
b)What is the acceptance probability for the 3 plans of part a if the 
proportion nonconforming is equal to acceptable quality limit i.e. 


p'=0.0025 . 


Solution 

The code from Table E with default Level Il is L. The plans read from 
Tables F,G,H with the code and the acceptance probability calculated using 
MATLAB command normcdf are shown below: 
































Severity | Table | Sample | Ac | Re Pa 
size (For p'=0.025) 
Normal H 200 1 2 normcdf (Ac,n, p') =0.8134 
Reduced G 80 2 | normcdf (1,1, p') = 0.9826 
Tightened F 315 1 2 | normcdf (Ac, n, p')=0.8134 





Example 11.6 
If N=400, AQL=0.0157. what plan should be used with normal inspection? 


Answer 

With the default Level Il and N=400 from Table H the code is read "G". 
with AQL=0.015 and Code Gin Table Hit is encountered with an arrow 
which yields n=800. 

Since N=400, 100% inspection has to done. 
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Example 11.7 
For a lot of size 2500, find anormal and a tightened single sampling plan 
with AQL=4%. 


Solution 

From Table E the letter code is K, 
For normal severity(Table H) 
Sample size n=125 

Acceptance no. Ac=10 

Rejection no, Re=11 

For tightened severity(Table F) 
Sample size n=125 

Acceptance no. Ac=8 

Rejection no., Re=9 


Example 11.8 

In the previous example if the proportion nonconforming of the process is 
p’ =0.04, calculate the acceptance probability for the plan with normal 
and also tightened severity. 
Solution 
Normal: 
MATLAB binocdf(10,125,0.04); Pa=Pr(X <10)=0.9881 
Tightened: 
MATLAB binocdf(8,125,0.04); Pa=Pr(X <8)=0.9359 
Poisson Approximation: 

Possion A=np'=5 P,=Pr(X <8)=0.9319 

Example 11.9 


Solve Example 11.7 for all levels under normal severity. 
Answer is given in the table below: 





N=2500, AQL=4%, Normal severity 


























Level I II Ill Sl 82 $3 S4 
Code(from Table E) H K L Cc D E F 
From n 50 125 200 3 13 13 32 
Table Ac 5 10 14 0 1 1 3 

G Re 6 11 15 1 2 2 4 
Pa(p'=AgoL)= 
binocdf(Ac,n,0.04) 0.986 | 0.988 | 0.985 | 0.885 | 0.907 | 0.907 | 0.962 
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Example 11.10 (from ISO 28590:2017) 

A product has five dimensions to be checked. Dimensions 1 and 2 are in 
Class A with an AQL of 0,65 % and the other three dimensions are Class B 
with an AQL of 2,5 %. It was specified that general inspection level Ill 
should be used for all of the dimensions. The product is produced in lots of 
900 items. 

Table E gives code letter K for this situation. 

Table H indicates the single sample size for normal inspection to be 125 
and the acceptance numbers are 2 and 7 for AQL of 0,65 % and 2,5 
%,respectively. Suppose a particular lot was inspected with this 
procedures and the results are 

— one item nonconforming in dimension 1 only, 

— one item nonconforming in dimensions 2 and 4, 

— two items nonconforming in dimension 3 only, and 

— three items nonconforming in dimensions 3 and 4. 

There are two nonconforming items in Class A and five in Class B, therefore 
the lot is accepted. 

End of Example 11.10. 


11.3 Switching Rules of ISO 2859 


The switching rules are an inherent part of acceptance sampling 
Standards such as ISO 2859-1 when a series of lots are being inspected 
with the standard. The rules constitute a regime to change between 
different levels of inspection (normal, tightened, reduced) according to 
previous decisions on lot acceptance. One purpose of the regime is to 
protect consumers against poor quality and pressure on the provider to 
submit satisfactory quality; the other is reducing the inspection cost in 
cases of proven good process quality (Balamurali et al. ,2008) i.e.to stop 
unnecessary inspections and therefore saving time and money. 

The switching rules switch back and forth between three sampling plans 
that have different OC curves. That is, the normal plan, the tightened plan, 
and the reduced plan each has its own OC curve: 


Reduced ea Ns! e—_____—_——_— Tightened Discontinue 
inspection Inspection ———- Inspeciion Inspection 


The rules are as follows(from ISO2859-1) 


The inspection often begins with normal severity ,unless otherwise stated. 
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11.3.1 Normal to tightened(from 1s02859-1) 

When normal inspection is being carried out, tightened inspection shall be 
implemented as soon as 2 out of 5(or less than 5) consecutive lots have 
been non-acceptable on original inspection (that is, ignoring resubmitted 
lots or batches for this procedure). 


11.3.2 Tightened to normal (from [S02859-1) 

When tightened inspections being carried out, normal inspection shall be 
re-instated when five consecutive lots have been considered acceptable on 
original’ inspection. 


11.3.3 Reduced to Normal(from 1802859-1) 
When reduced inspection is being carried out, normal inspection shall be 
re-instated if any of the following occur on original inspection: 
a) a lot is not accepted; or 
b) production becomes irregular or delayed; or 
c) other conditions warrant that normal inspection shall be re-instated. 


11.3.4 Normal to reduced 
(from ISO2859-1) 

When normal inspection is being carried out, reduced inspection shall be 
implemented provided that all of the following conditions are satisfied: 
a) the current value of an indicator named the "switching score" (see Sec. 
11.3.4.1 below) is at least 30; and 
b) production is at a steady rate; and 
c) reduced inspection is considered desirable by the responsible authority. 
In reduced inspection, the sample size becomes 40% of that in normal 
inspection. This increases consumer's risk (8) and reduces producer's risk 
(a) slightly. 


11.3.4.1 Switching score 

Switching score is an indicator, used under normal inspection to 
determine whether the current inspection results are sufficient to allow for 
a switch to reduced inspection. 


Calculation of the switching score(SC)(from 1so2859-1) 

ISO 2859-1 manual on page 12 presents the following procedure for 
calculating the switching score denoted by SC: 

The calculation shall be initiated at the start of normal inspection unless 
otherwise specified by a responsible authority. The switching score shall be set 





. Original inspection means first inspection of a lot according to the provisions of ISO 2859-1 
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at zero at the start and updated following the inspection of each subsequent 
lot on original normal inspection. 


|Table 11-1 Calculation of SC, for switchina from normal to reduced | 
A C Sam 








Future Action Comments 


SaAlpajap 





Value of SC at the start 























300 [0.4 JH |50 
9 |100 |1 —_‘|F [20 
10/600 1 + {J [80 


_. _ |Continue tightened IS¢ calculation Not applicable | 





[1 [180 [0.40 [G [32 |o | 0 | I [2 [Continue normal |segin inspection with normal _| 
|2 200 |1.5 |G |32 1 | 1/0 |4 Continue normal | | 
3 | lo | 1 | 0 {Continue normal 

4 1 | 1 | If {2 — {Continue normal 

5 1] 1 | If |4 — |Continue normal 

|6 180 [1.5 |E (8 10 | rapa 0 | Switch to tightened [2 lots rejected form 5 lots | 
7 /800 [! J [80 [1 | ae i | Continue tightened peceilation Not applicable | 
8 aia 

0 


= 
j=) 

I 
oy 
1 |! 
fi 


Continue tightened SC calculation Not applicable 
Continue tightened SC calculation Not applicable 









































[11 [200 |2.5 |[G[32 [1 [1 |-- | [Restore normal | | 
G 0o;}0) II 12 Continue normal 
3) 1 I {5 Continue normal 
were one degree tighter i.e.1% 
0 | 1 {7 |Continueenorma [|  sss—s—s—siSY 
0 | H {9 — |Continue normal 
0 | Continue normal 
0 Continue normal 
0 Continue normal 
0 Continue normal 
1 Continue normal 
0 Continue normal 
1 Continue normal |Lot would be accepted if AQL 
| | | | were one degree smaller i.e. 1% 
23 |600 E | J [80 QO| 1 [27 Continue normal Lot would be accepted if AQL 
| | | | were one degree smaller i.e. 1% 
|24 550 [1.5 [J |80 QO! 1 [30 Switch to reduced | | 
|25 | 400 [1.0 | H| 20 | 0 | = | ae [Continue reduced | | 
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Steps for SC calculations in single sampling plans: 
Step 0-[Set SC= zero at the start]; 

Step I -when the acceptance number is 2 or more, add 3 to the switching 
score if the lot would have been accepted if the AQL had been one step 
tighter; otherwise reset the SC to zero; 

Step II- when the acceptance number is O or 1, add 2 to the switching 
score if the lot is accepted; otherwise reset the SC to zero. 

The application of SC is illustrated in the Table 11-1 in which 25 lots are 
inspected (Based on Annex A of ISO2859-1 manual). 


11.3.5 Discontinuation of inspection 

If the cumulative number of lots not accepted, in a sequence of 
consecutive lots on original tightened inspection, reaches 5, the 
acceptance procedures of this part of ISO 2859 shall not be resumed until 
action has been taken by the supplier to improve the quality of the 
submitted product or service, and the responsible authority has agreed 
that this action is likely to be effective. Tightened inspection shall then be 
used as if normal to tightened had been invoked. 


Example 11.11 

(Extracted from ISO 28590:2017 manual) 

A kind of product is being supplied in lots of 4000. The AQL is 1.5% 
nonconforming. The general inspection level Ill is used with single 
sampling. Table E (Table 1 in ISO 2859-1:1999)for N=4000 gives code M, 
and Tables H ,F, G(Tables 2-A, 2-B and 2-C in ISO 2859-1:1999 ) give the 
following sampling plans . 

















| Severity| Normal | Tightened | Reduced | 
| Table | H | F | G | 
| oN | 315 | 315 | 125 | 
| Ac | 10 | 8 | 6 | 
Re | ii | 9 | i | 





Inspection starts with the normal plan. suppose lots 1 through9 were 
accepted; lots 10 and 12 were not accepted, requiring a switch to 
tightened inspection. 

Normal inspection cannot be resumed until five successive lots have been 
accepted. If five lots are not accepted while on tightened inspection, the 
sampling inspection will be discontinued. 

If the switching score calculated according to the ISO 2859-1 procedure 
reaches 30, reduced inspection may be used until a lot is not accepted. 
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11.4 Consumer's risk quality(CRQ=LQ=LTPD)1 Tables in 


ISO2859-1 


Although 1SO2859-1 standard deals mainly with AQL, but there are some 
tables in it which are concerned with consumer's risk quality 
(CRQ=LQ=LTPD). Before introducing these tables let us read some 
quotations in the following paragraph: 

There are two basic approaches to acceptance quality control, depending 
upon the nature of the lots to be inspected. A continuing supply of lots 
from the same producer is most effectively treated by a sampling scheme. 
A single lot, unique in itself, is treated by sampling plans designed for use 
with an “isolated lot". This distinction is fundamental to acceptance 
sampling, and even the basic probability distributions used in these two 
cases are not the same(Schilling, Neubauer,2008). 

If the series of lots is not long enough to allow the switching rules to be 
applied, it maybe desirable to limit the selection of sampling plans to 
those, associated with a designated AQL value, that give consumer’s risk 
quality not more than a specified limiting quality protection. Sampling 
plans for this purpose can be selected by choosing a CRQ and a consumer's 
risk (8 =probability of lot acceptance) to be associated with it 
(from:ISO2859-1 manual). In other words if a sampling plan is desirable 
for a lot or batch of an isolated nature, it should be chosen based on the 
CRQ and B (extracted from 
homes.ieu.edu.tr/~ykazancoglu/BA410/.../0135033519_pp10a.ppt) 


Tables 6-A,6-B,6-C and 7-A,7-B,7-C of 1ISO2859-1 give values of LTPD or LQ, 
changed to consumer's risk quality( CRQ) in the heading of these tables, 
for which the probability of lot acceptance under various sampling plans is 
B =10 %. Tables 6(-A,B&C) apply when inspecting for nonconforming items 
and Tables 7(-A,B,C) apply ,when_ inspecting for number of 
nonconformities. For individual lots with quality levels less than or equal 
to the tabulated values of CRQ, the probabilities of lot acceptance are less 
than or equal to 10%. When there is reason for avoiding more than a 
limiting percentage of nonconforming units in a lot, Tables 6 and 7 may be 
useful for fixing minimum sample sizes to be associated with the AQL and 
the level specified for the inspection of the series of lots. ISO 2859-2 gives 
further details of the method of sampling for lots in isolation. In this book 
only one of the tables i.e.: 

Table 6-A :CRQ for which B = 10% has been reproduced in Table 11.2. 





Consumer's risk quality is the percentage of nonconforming units (or nonconformities) in a batch or 
lot for which for purposes of acceptance sampling, the consumer wishes the probability of acceptance 
to be restricted to a specified low value(Elementary Statistical Quality Control, 2nd Edition edited by 


John T. Burr) 
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C Table 11.2 — (Table 6-A, 1802859-1 page 38) 
O CRQ=LQL=LTPD (in percent nonconforming )& 6 = 0.10 for 
D n | Single sampling ,Normal inspection 
E AQL(“) percent nonconforming items 

0.010 | 0.015 | 0.025 | 0.040 | 0.065 | 0.10 | 0.15 | 0.25 | 0.40 | 0.65 | 1.0 | 1.5 | 2.5 | 4.0 | 6.5 10 
A 2 68.4 69.0" 
B 3 53.6 | 541 | 57.6 
c 5 369 | 373 | 398 | sg 
D 8 aso | 752 | 279 | aoe | 53.8 
E 13 162 | 14 | 175 | 268 | 360 | 44.4 
F 20 19 | tO | EB | aga | 24s | 304 | 41s 
G 32 694 | TE) 759 | a6 | ass | i97 | 274 | 340 
H 50 aso | 454 | 487 | 756 | 103 | 129 | 178 | 224 | 291 
J 80 284 | 786 | 397 | gag | 652 | 816 | 13 | 143 | 186 | 242 
K 125 183 | 184) 197 | 308 | 420 | 5.27 | 7.29 | 924 | 124 | 157 | 219 
L 200 ua | 146 | 124 | 103 | 264 | 3.31 | 459 | 582 | 7.60 | 9.91 | 138 
M 315 ors | 735 | 0887 | 13 | 16s | 241 | 292 | 371 | 485 | 633 | 8.84 
N 500 0.459 | 9464 | 9.407 | 0.776 | 1.06 | 133 | 185 | 234 | 3.06 | 4.00 | 5.60 
P 800 0.287 | 9290 | 311 | o4ss | 0.664 | 0833 | 146 | 1.47 | 1.92 | 251 | 3.51 
Q y | 0.84 9.186 | 0-199) o311 | 0.425 | 0534 | 07 | oo | 1.23 | 161 | 2.25 
R goo | ONTG | 124 T gia | 0.266 | 0.334 | 0.463 | osss | 076 | 1.00 | 1.41 
NOTES 


1 At the consumer's risk quality, 10% of lots will be accepted 

2 All the values are based on binomial distribution 

3 Superscript(*) denotes that the value is for the original fractional acceptance number 
sampling plan(See Table 11-A of ISO 2859-1 standard manual on page 81) 


Some applications of the table are illustrated here: 
Example 11.12 

LTPD=CRQ with Pa=10 and AQL are given to design a plan 
(based on example ISO 2859-1:1999 manual page 14) 

Assume a CRQ of 5% nonconforming items with an associated probability 
of acceptance of 10 % or less is desired for individual lots. If an AQL of 1% 
nonconforming item is designated for inspecting the series of lots, 
determine the corresponding sample size code. 

Table 11-1 indicates that the minimum sample size shall be given by 
sample size letter code L. 


Example 11.13 
Determining the CRQ=LQ with Pa=0.1 of an AQL-indexed Plan 

A lot of size 400 is to be inspected with a single sampling plan of 
normal severity and AQL=4% . 
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a)Find the consumer's risk quality(CRQ) for which the probability of 
acceptance is 10%. 

b)What is the specifications of the plan? 

c)What is the probability of acceptance if the proportions non-conforming 
is p'=4%. 

Solution 

a)The default level is Il. The letter code from Table E for N=400 is H. 

Given AQL=4% and code H, from Table 11-1 CRQ=LQ is read as 17.8%. 
b)Table H =n=50, Ac=5, Re=6. 

c)Pa, calculated by binocdf(5,50,0.04) in MATLAB, is 0.9856. 


Example 11.14 

A single sampling plan (n=315, c=21)is used with normal inspection, 
B=10% & CRQ=LQ =9%. What AQL corresponds to this case? 
Answer 
From Table H, the code of the plan is M. 
In Table 11-1 with this code, the nearest CRQ to 9 is 8.9 under the column 
4; then AQL =4%. 


11-5 Designing single acceptance sampling plan with 


two points of an OC curve 
In this section designing plans given any 2 points of OC curve or the 2 


corresponding with a& is described 


11.5.1 Constructing single sampling plan, 
given any 2 arbitrary points of OC curve 

Suppose we have 2 points of an OC curve ( each showing a proportion 
nonconforming and the corresponding Pa) related to an unknown single 
sampling plan and would like to determine the specifications of the plan 
i.e. the sample size (n) and the acceptance number(c ). 

If the proportion non-conforming of a process is denoted with p', the 
probability of accepting a lot from this process with a single sampling plan 
n &c is given by: 

Py =Pr(X<c)= 


SEE (boo =(Pooy s(t reoysa["foe (ay 


If the n andc is not known and 2 points of the curve i.e. 
P, JP, 
P,>P 
: a : 
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are known, the coordinates of the points are substituted in the 
following relationship 


< -(5]o- ony" tot[ pt (=p) 


andn & c be determined from the resulting simultaneous 
equations: 


. -(3 Jenni)" vut( "Jor (-2%)" "= P. =binocdf (p,,n,c) 
Py =(p Jest ay! ma Joe Gn) or P. =binocdf (p,n,c) 


Example 11.15 

Design a single sampling plan such that if used with a lot from a process 
having 1% proportion nonconforming, the lot will be accepted 90% of the 
times and if used with a lot from a_ process having 10% proportion 
nonconforming, the lot will be accepted with the probability of 0.1. 
Solution 


0.90 = binocdf (.01,n,c) 
.03 =binocdf (.1,n,c) 


The above system could be solved using the following code 
cle; 
d=0:.01:.21; 
D1=1000000000;D2=1000000000; 
i=1; 
while abs(D1)>= d(i) éabs(D2)>= d(i); 
for n=1:60; 
for c=0:10 
D1= binocdf(c,n,.01)-.90; 
D2= binocdf(c,n,.1)-.03; 
if (abs(D1)<=d(i)&abs(D2)<=d(i)); 
break; 
end; 
end; 
end; 
i=i+1; 
end; disp(sprintf('n= %3.0f ,c= %2.0f',n, c)); 
Running the code results in n=60 ,c= 1 
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Table 11-3 Cameron’s Table for constructing single-sampling plans given a, B 
(Table T5-1, Schilling & Neubauer,2009 p 629;Table 13-13 Bowker &Lieberman, 1972 p 540) 
































T Fr T T 
Pp/Pi—a¢ % = 0.05 Pg/Pi—a,  & = 0.01 
Cc Mia Cc Mi -a 
B = 0.10 f{ B=0.01 B = 0.10 Bi B= 0.01 
0 44.890 58.404 89.781 0.052 0 229.105 298.073 458.210 0.010 
1 10.946 13.349 18.681 0.355 1 26.184 31.933 44.686 0.149 
2 6.509 7.699 10.280 0.818 2 12.206 14.439 19.278 0.436 
3 4.890 5.675 7.352 1.366 3 8.115 9.418 12.202 0.823 
4 4.057 4.646 5.890 1.970 4 6.249 7.156 9.072 1.279 
5 3.549 4.023 5.017 2.613 5 5.195 5.889 7.343 1.785 
6 3.206 3.604 4.435 3.286 6 4.520 5.082 6.253 2.330 
7 2.957 3.303 4.019 3.981 7 4.050 4.524 5.506 2.906 
8 2.768 3.074 3.707 4.695 8 3.705 4.115 4.962 3.507 
9 2.618 2.895 3.462 5.426 9 3.440 3.803 4.548 4.130 
10 2.497 2.750 3.265 6.169 10 3.229 3.555 4.222 4.771 
11 2.397 2.630 3.104 6.924 11 3.058 3.354 3.959 5.428 
12 2.312 2.528 2.968 7.690 12 2.915 3.188 3.742 6.099 
13 2.240 2.442 2.852 8.464 13 2.795 3.047 3.559 6.782 
14 2.177 2.367 2.752 9.246 14 2.692 2.927 3.403 7.477 
15 2.122 2.302 2.665 10.035 15 2.603 2.823 3.269 8.181 
16 2.073 2.244 2.588 10.831 16 2.524 2.732 3.151 8.895 
17 2.029 2.192 2.520 11.633 17 2.455 2.652 3.048 9.616 
18 1.990 2.145 2.458 12.442 18 2.393 2.580 2.956 10.346 
19 1.954 2.103 2.403 13.254 19 2.337 2.516 2.874 11.082 
20 1.922 2.065 2.352 14.072 20 2.287 2.458 2.799 11.825 
21 1.892 2.030 3.307 14.894 21 2.241 2.405 2.733 12.574 
22 1.865 1.999 2.265 15.719 22 2.200 2.357 2.671 13.329 
23 1.840 1.969 2.226 16.548 23 2.162 2.313 2.615 14.088 
24 1.817 1.942 2.191 17.382 24 2.126 2.272 2.564 14.853 
25 1.795 1.917 2.158 18.218 25 2.094 2.235 2.516 15.623 
26 1.775 1.893 2.127 19.058 26 2.064 2.200 2.472 16.397 
27 1.757 1.871 2.098 19.900 27 2.035 2.168 2.431 17.175 
28 1.739 1.850 2.071 20.746 28 2.009 2.138 2.393 17.957 
29 1.723 1.831 2.046 21.594 29 1.985 2.110 2.358 18.742 
30 1.707 1.813 2.023 22.444 30 1.962 2.083 2.324 19.532 
31 1.692 1.796 2.001 23.298 31 1.962 2.059 2.293 20.324 
32 1.679 1.780 1.980 24.152 32 1.940 2.035 2.264 21.120 
33 1.665 1.764 1.960 25.010 33 1.920 2.013 2.236 21.919 
34 1.653 1.750 1.941 25.870 34 1.900 1.992 2.210 22.721 
35 1.641 1.736 1.923 26.731 35 1.882 1.973 2.185 23.525 
36 1.630 1.723 1.906 27.594 36 1.865 1.954 2.162 24.333 
37 1.619 1.710 1.890 28.460 37 1.848 1.936 2.131 25.143 
38 1.609 1.698 1.879 29.327 38 1.833 1.920 2.118 25.955 
39 1.599 1.687 1.860 30.196 39 1.818 1.903 2.098 26.770 
40 1.590 1.676 1.846 31.066 40 1.804 1.887 2.079 27.587 
41 1.581 1.666 1.833 31.938 41 1.790 1.873 2.060 28.406 
42 1.572 1.656 1.820 32.812 42 1.765 1.859 2.043 29.228 
43 1.564 1.646 1.807 33.686 43 1.753 1.845 2.026 30.051 
44 1.556 1.637 1.796 34.563 44 1.742 1.832 2.010 30.877 
45 1.548 1.628 1.874 35.441 45 1.731 1.820 1.994 31.704 
46 1.541 1.619 1.773 36.320 46 1.720 1.808 1.980 32.534 
47 1.534 1.611 1.763 37.200 47 1.710 1.796 1.965 33.365 
48 1.527 1.603 1.752 38.082 48 1.701 1.785 1.952 34.198 
49 1.521 1.596 1.743 38.965 49 1.691 1.775 1.938 35.032 





























If ratio Pp/Pi-a not found in the appropriate column, choose the value just less than the ratio. 
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11.5.2 Constructing sampling plan 
given a , f using Cameron Table 
Cameron's Table, reproduced in Table 11-3, is among the works 
developed in the field of acceptance sampling( Schilling, & 
Neubauer,2008). 
If a single sampling plan is to be designed given 
a=5%or1% and BP = 10%0r5% or/1% 
then this table could be used to design the plan. 
To construct a plan for a given p,,a and p>, . 


Calculate the ratio (p, = pg)/(Pi-a = Pi): 

Refer to the appropriate a and B column of Table11-3, 

Find the entry which is equal or just less than the desired ratio, 

Read the acceptance number(c) directly and also np; from the table, 
Determine the sample size by dividing np; by pj, 

(Bowker Lieberman,1972 page 537). 


Example 11.16 

Find a single sampling plan for which if the lot is from a process 
with proportion nonconforming 0.02 then Pa=0.95; and the lot is 
from a process with proportion nonconforming 0.04 then Pa=0.05. 
Solution 


p, = 0.02, p, =0.04,a =0.5, B =0.05 
The greater proportion is divided by the smaller : 
Pr _ Pp _ 0.04 _ 
Pi Pia 0.02 
The value in the" @=0.5, 8 =0.05 "column of Table 11-3 just less 
than this ratio is 1.999. Hence c=22 and np, =15.719 => n=786. 


Example 11.17 
Find a single sampling plan in such a way that 








Pa, =1-a =0.95 Pa, = B=0.1 
p,=01 py = 0.25 
Solution 
p'g 0.25 _ c= 10 
a eo Peer inp’. = 6.169 >n=62 
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11-6 Designing single or double acceptance 
sampling plan given Indifference point of OC curve 
using Philips Standard Sampling system’ 


How a sampling plan is designed when pos , the so-called indifference 
point or control point, of an OC curve is given? 

Table D should be used for this purpose. " Table D is a reproduction of an 
attribute sampling system developed by ( Grant &Leaven worth,1988, page 
504). 

Dr. Hamakerans and his associates of N.V. Phillips' Gloeilampenfabrieken , 
Einhoven, Holland. 


Its plans which are either single or double are all based on the indifference 
point of the OC curve. For lots of size N< 1000 the table gives single 
sampling plans and for N>1000 gives double sampling plans with n2=2n,. 


Example 11.18 
For inspecting lots of size N=800, find a sampling plan whose OC curve 
passes the indifference point 0.5%. Repeat case for N=3000. 
Answer 
From Table D for N=800 
Sample size n=225 Acceptance no. C=1 
and also 
for N=3000 
ny=200 Ci=0 C,=0 n2 =2n,=400 
The flowchart of Fig. 10-15 of chapter 10 shows how double sampling 
plans are implemented. 





* Developed by Hamaker ,H.C,1949. Lot inspection by Sampling , Philips Technical Review Vol11 pp 176 -182 Dec1949 
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Appendix : More on the BEP 

Dr Taylor , an expert in the field of acceptance sampling especially for 
medical purposes, introduces the breakeven point(BEP) in quality in the 
following way’: 

Lots with proportion nonconforming up to the AQL are acceptable for 
release. Any lot [with quality] worse than the AQL should be rejected. This 
does not mean that all such lots are actually rejected. Often the sampling 
plan is only capable of rejecting lots significantly above the AQL. However, 
if a sampling plan rejects a 2% defective lot when the AQL is 1%, no one 
would consider that an error. This interpretation of the AQL closely 
coincides with what is called the breakeven point in quality. 

The break-even point for a process is the point at which the total revenue 
curve intersects the total cost curve. The break-even point for 2 process 
is the point where their revenue curves or their cost curve intersect. Here 
the break even quality is that point where the "customer value"(VC) of 
100% inspecting a lot is exactly equal to the "customer value " related to 
the case where no inspection is applied on the lot. Customer value(VC) is 
defined as(Taylor,1992 p61) 

Customer value(VC) = 

income from sale of units &discards — Production costs —Inspection Costs 
— Loss due to sale of defectives. 

Example (Taylor,1992 page60 ) 

A switch used in television sets is currently 100% inspected. Quality 
improvement efforts have recently reduced the incidence of defective 
switches. As a result, the elimination of the 100% inspection is being 
considered. To address this issue, one needs to know the lot size, the 
quality of the lots, and the costs involved. The parameters’ are as follows: 


parameter Description value 














| p [Lot percent defective | 

| |Mean Lot percent defective | 1% 
C Per unit cost of manufacturing $2 
D Discard value of unit SO 
E | Efficiency of the 100% inspection=The 90% 


percentage of defective units detected by 
[100% inspection(Taylor,1992,page76) 


L Loss incurred per defective unit sold S50 
N Lot size 1000 














*http://www.variation.com/techlib/as-1.html 


* These parameters are covered in details in Sec. 4.3 &4.4 of Taylor(1992). 
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P [Price unit sold for 


|__$5 





Per unit cost of rework 
Sh Per lot setup cost of the 100% inspection 
Sp» |Standard deviation of lot percent defective 
Ss___|Per lot setup cost of acceptance sampling 





Not possible | 
$ 100 
2% 
$0 





|Per unit cost of the 100% inspection 


| $0.25 








Us Per unit cost of acceptance sampling $0.50 | 





We would like to choose the action whose customer value(VC) per lot is 
more than that of the other action. 


Solution 
VC= 


income from sale of units &discards — Production costs —Inspection Costs 
— Loss due to sale of defectives. 


Based on the details mentioned in Sec 4.3 &4.8 of Taylor(1992), 
to derive the relationship between the VC of 100% inspection and p' the 
following elements are included in VC: 





Element Description 


General Formula 


Value for the example 





Revenue from selling non 
defective products 


PXN(1-E xp’) 


5 x 1000(1 — 0.9p’) 











Revenue from selling DXNXExp' -x 1000 x 9(p')=: 
defective products 

Production cost NxC 1000 x 2 

Cost of 100 percent Sh + N X Uh (100 + 1000 x 0.25) = 350 


inspecting a lot of size N 








Loss due to unintentional 
selling defectives 





Lx N(1—E) xp’ 





50000 x (1 — 0.9)p’ 





The VC of 100% inspection is as follows: 


VC = 5000(1 — 0.9p’) + 0 — 2000 — 350 — 50000 x (1 — 0.9)p’ 


or 
VC = 2650 — 9500p 


The elements of applying no inspection: 
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Element Description General For the example 

Revenue from selling non 

; 6 PXN 5 x 1000 
defective products 
Revenue from selling 

' 0 0 
defective products 
Production cost NxC 1000 x 2 
Cost of inspecting the lot N 0 0 
Loss due to unintentional 
selling defectives of the LXNxp' 50 x 1000p’ 
lot of size N having p' as 
(proportion nonconforming) 





The VC when applying no inspection would be: 


VC = 5000 — 2000 —0—50000(p’) or 
VC = 3000 — 50000p’. 


Figure 11-2 shows these cost lines plotted using the following 
MATLAB commands: 


p=0:0.01:0.1; VC=3000-50000*p; plot(p, VC); hold on; VC=2650-9500*p; 
plot(p, VC) 


Here the intersection point is where the customer values of the 
actions (i.e. "100% inspection of the lot" and " not inspecting 
the lot and thus a number defectives in the lot are left") 
intersect. Somewhere between 0% defective and 100% defective, 
there is a point where it is a tie. This is the beak event point of 


quality calculated as follows: 
5000(1 — 0.9p’) + 0 — 2000 — 350 — 50000 x (1 — 0.9)p’ 
= 3000 — 50 x 1000p’ 


= 5(—0.9p’) + 50(0.9)p’ = aoe 
sa “7P ™ 1000 
350 
break even point p’ = BEP = aes) = 0.00864 


or 0.864% nonconforming 
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a 


Break Even Poirt= 0.00864 








{000 - 0.864% 
o 
5 
ao 0 
O VC When no inspection 
> 
-1000 
-2000 
0 0.02 0.04 0.06 0.08 0.1 
p' = Lot Quality 


Fig 11-2 Break event Point of Quality, for the example. 


In general by equating the 2 relationships i.e. 


VC =PXNA1-ExXp')+DNE xp’ —NC—-Sh+NxXUh-LXNQ 


—E)xp' 
and 
VC=PXN-NC-LXNXp'> 
the p' as the BEP is calculated from the following relationship: 


break event point p’ = BEP 


Sh 
Uh + WV 


~ EX(L+D—P) 


where 
Discard value of unit 


Efficiency of the 100% inspection 
Loss incurred per defective unit sold 
Lot size 

Price unit sold for 


Per lot setup cost of the 100% inspection 
Per unit cost of the 100% inspection 


SeuazcmO 


It is worth mentioning BEP could also help to decide whether to use 100% 


inspection or sampling inspection, as described below 


Feigenbaum(1991) page 504. 
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First determine the actual percent non-con forming or process average 
nonconformity for the part or material in question. This value should be 
determined from the inspection results of several thousand parts. Then 

by comparing the BEP with average incoming percent nonconforming, it can 
be determined whether 100% inspection , no inspection or sample inspection 
is indicated. 4 typical situations may be indicated : 

A) 

The percent nonconforming of incoming material is (p’)fairly close to the BEP, 
then sampling inspection may be the economical answer. 

B) 

p’ is some what higher than the BEP ,100% inspection will more than pay for 
itself. 

C) 

p’ is considerably lower than the BEP but erratic, sampling inspection may be 
indicated purely for the purpose of protection. 

D) 

p’ is considerably lower than the BEP but stable, then a case might be made 
for no inspection at all. 

At the end of the chapter, a table summarizes the application of acceptable 
sampling Tables described in this chapter. 























Quantity index Single sampling Double sampling 
LQL=LQ=CRQ Table A,B C.1,C 
IQL Table D D 
AOQL Tables I,J K 
ISO 2859 
AQL (Table E+F,G,H) 
2 points with a, B Cameron Table 
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Exercises 
11.1 

Full test of a part costs $1 and $0.18 has to be paid on the average 
to repair a product assembled using several parts including a 
defective one. Calculate the BEP. Determine the appropriate AQL 
based on this BEP. 
11.2 

A single sampling from ISO2589-1 is to be selected for inspecting 
lots of size 2500 . Specify the plans for normal and tightened 
inspection of level Il and AQL=4%. 

Answer: n=125 c=10; n=125c=8 
11.3 
In Problem 11.2 what is the probability of accepting a lot with each 
of the plans if the percent of nonconforming p'=AQL. 
11.4 

Suppose tightened inspection is performed in problem 2 and the 
percent nonconforming p'=4%. What is the probability of shifting to 
normal severity after inspecting 5 such lots? 
11.5 

A single sampling from ISO2589-1 is to be selected for inspecting 
lots of size 3000. Specify the plans for reduced inspection of level II 
and AQL=4%. 
Answer: n=50 Ac=5 ;Re=8 
11.6 
In problem 11.5,suppose the lot is of 8% nonconforming. Use Poisson 
approximation to calculate: 
a)the lot is accepted and the reduced severity continues. 
Ans 0.758 
b) the lot is accepted and the severity be switched to normal. 
Ans 0.164 
c) the lot is rejected. 

Ans 0.051 
11.7 
Write a MATLAB code to specify a single sampling plan in such a way that 
6% of the lots are accepted if the proportion nonconforming is 0.005 
94% of the lots are accepted if the proportion nonconforming is 0.1%. 
11.8 
Use Cameron Table to specify a single sampling plan, in such way that 
If the proportion nonconforming is 0.1% the acceptance probability will be 
99% and 
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If the proportion nonconforming is 0.5% the acceptance probability will be 
5% . Find the probability that a lot with p'=0.002 is accepted with this 
plan? 
11.9 

A company uses The Philips Standard System with a point of control at 1% 
nonconforming product. The lot size is 800. 
What plan does the system require? 
Find the proportions of nonconforming product that have 90 and 10% 
probabilities of acceptance. 
What plan does the system require if the lots are size 1200 from a process 
with 5% nonconforming product? 
What is the probability of rejecting lots having 2% defectives with Plan of 
parta? 
11.10 

(Based on Grant and Leavenworth,1988 page517) 
A consumer has the choice of using an ISO 2851 standard single plan or a 
Philips standard single sampling plan for lots of size 500. The ISO plan 
would be used with an inspection level Il, an AQL=1% . The Philips would 
be used with indifference point |QL=3%. 
a)Find the acceptance criteria under both systems. 
b) if the consumer primary concern is the assurance that lots 5% 
nonconforming are rejected, which plan should he choose? Explain. 
11.11 

Could you design a single sampling plan that satisfies the following 
supplier and customer: 
A supplier who wants 95% of the lots having 0.05% nonconforming 
products are accepted; 
A consumer who 95% of the lots having 2% nonconforming products 
are not accepted. 


Thinking is a fine mirror 
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Chapter 12 


Dodge- Torrey AOQL 
plans 
for 
Continuous 
Production 
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Chapter 12 Continuous Sampling Plans 
Aims 


This chapter deals with acceptance sampling of the products as they are 
being produced, not necessarily to accumulate a lot before making a 
decision on the quality of the product. The procedure used for this 
purpose is based on AOQL, a point on the AOQ curve. The chapter mainly 
deals with the so-called single level sampling plans CSP-1, CSP-2 &CSP-3 , 
i.e. the plans which prescribe inspecting with a constant fraction f of the 
units. Multilevel continuous sampling plans are only defined here. 


12-1 Classification of Production Systems 

Production systems can be classified into continuous and intermittent , as 
Fig. 12-1 shows. Continuous production system is in turn divided into mass 
production and flow or process production. Intermittent production 
system is also divided into batch production and order/shop production. 
Order production could be either Job shop or flow shop. A Short 
descriptions of the production systems follows. 









Production 
Systems 







Mass Flow 


Production Production 


Job shop 


Fig. 12-1 A Classification of production systems 


Continuous production system Is the one in which the materials , are 
continuously in motion undergoing chemical reactions or subject to 
mechanical or heat treatment. 


Intermittent production system is a manufacturing method of producing 
several low volume different products. The process is interrupted in order 
to modify the setups to produce different products or to execute different 
specifications of the same basic design. 
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Flow / process production system involves a continuous movement of 
materials through chemical reactions. 


Mass production system manufactures standardized goods on a large 
scale, often done using an automated assembly line. 


Batch or large lot production is a production technique that produces 
multiple units in a series of steps. 

The degree of repetitiveness increases from Job production to batch 
production, from batch production to mass production and from mass 
production to process production(sinha,2008). 


Order/Shop system, divided into flow shop and Job shop, does jobs 
according to the orders from the customers. 


flow shop scheduling processes jobs on machines in a set order. It is 
assumed that all jobs in a flow shop problem are to be processed on the 
same machines with identical precedence ordering. 


In contrast, a 
job shop places no restrictions on the processing order; each job may have 
a different routing; the precedence depend on each job. 


The purpose of this chapter is to introduce plans for acceptance sampling 
of the products as they are being produced in a mass production process to 
make a decision on the quality of the product. 


12.2 Acceptance Sampling plans 
for continuous (mass production) process 

When the production is continuous, the formation of inspection lots for 
lot-by-lot acceptance is artificial and may be impractical. The first 
sampling plan proposed for inspection of consecutively 
produced units was that of Dodge. Dodge described his procedure, 
namely, CSP-1 as follows(Grant &Leavenworth,1988 page 521): 


12.2.1 CSP-1 

The steps of CSP-1 are as follows: 

(a) At the outset, inspect 100% of the units consecutively as produced and 
continue such inspection until i units in succession are found clear of 
defects. 


298 


Statistical methods in Quality Control 


(b) When i units in succession are found clear of defects, discontinue 100% 
inspection, and inspect only a fraction f of the units, selecting individual 
sample units one at a time from the flow of product, in such a manner as to 
assure an unbiased sample. 


(c) If a sample unit is found defective, revert immediately to a 100% 
inspection of succeeding units and continue until again i units in succession 
are found clear of defects, as in paragraph (a ). 


(d) Correct or replace, with good units, all defective units found. 
Figure 12-2 or Table 12-1 gives the necessary information for the selection 
of such a plan from sixteen values of AOQL. 


Example 12.1 

Suppose to inspect a mass production, an AOQL of 2% and inspection of 
1 out of 20 pieces from the conveyor belt is desired, then f= 0.05 or 5%. 
From Fig. 16.1 the value of i is found to be i=76. 
the acceptance plan is then as follows: 


(a) Inspect all the units consecutively as produced until 76 units in 
succession are free from defects. 


(b) As soon as 76 successive units are free from defects, inspect a sample 
consisting of only one unit out of every twenty. Accept all the product as 
long as the sample is free from defects. 


(c) Whenever one of these sample units is found defective, resume 100% 
inspection until 76 units in succession have again been found free from 
defects. Then resume sampling inspection. 


Since 1943 various modification of CSP-1 have been devised including 
CSP-1, CSP-2, CSP-3 ,CSP-4 , CSP-5, CSP-F.... 


12.2.2 CSP-2 

The CSP-2 plan was proposed by Dodge and Torrey as modification 
over CSP-1. CSP-2 delays 100% inspection when a sample unit is found for 
the first time, it is invoked only if a second defect occurs in the next k or 
less sample units. 


They describe CSP-2 as follows: 


Plan CSP-2 differs from Plan CSP-1 in that, once sampling inspection is 
started, 100% inspection is not invoked when each defect is found but is 
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invoked only if a second defect occurs in the next k or less sample units. In 
other words, if two defects observed during sampling are separated by k or 
less good inspected units, 100% inspection is invoked. Otherwise sampling 
is continued. Although the factor k might conceivably be assigned any 
value, the only CSP-2 plans prepared for use have been those in which k = i. 
Table 12-1 gives values of i in CSP-1 and CSP-2 using 5% and 10% samples 
and various AOQL values. These values for CSP-2 were obtained from a 
graph similar to Fig 12.2, given by the Dodge-Torrey article. 






































Table 12.1 Values of |&k for f=5% and 10% 
and some AOQL in CSP-1 , CSP-2 
(from Grant & Leaven worth, 1988,p.523) 
f=5% f=10% 
AOQL i i(=k) i i (=k) 
% CSP-1 CSP-2 CSP-1 CSP-2 
0.3 510 650 370 400 
0.5 305 390 220 290 
1 150 195 108 147 
2 76 96 55 72 
3 49 64 36 48 
4 37 48 27 36 
5 29 38 21 29 
6 24 31 17 23 
8 18 23 13 17 























Example 12.2 
Describe a CSP-2 plan for a continuous production if AOQL=2% , f=5%. 
Solution 


From Table 12-1 the value of i=k is read 96. Then the CSP-2 plan 
is: 
1. Inspect all the units consecutively as produced until 96 units in 
succession are free from defects. 
2. As soon as 96 successive units are free from defects, inspect a 
sample consisting of only 1 out of every 20. Accept all the product as 
long as the sample is free from defects. 
3. If one defective is found in this sampling, continue sampling 
inspection for the time being. However, if a second sample defective 
is found within the next 96 samples, resume 100% inspection 
immediately. Continue 100% inspection until 96 units in succession 
have been found free from defects. Then resume sampling under the 
foregoing rules with , f=5% i.e. 1 piece in random out of every 20 
pieces. 
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AOQ Formulas for CSP-1 and CSP-2 
(Grant &Leavenwoth,1988 page 532) 


_fygil 
CSP -1:A00 = 
F +0-f at 


P = fraction nonconforming 
q=l—p 
CSP —2: A409 = Pf 24! =a") 


f xq+(-f )(2q! -q*") 

12.2.3 CSP-3 

Plan CSP-3 is a refinement of CSP-2 to provide greater protection against 
a sudden run of bad quality. When one sample defective is found, the next 
four units from the production line are inspected. If none of these are 
defective, the sampling procedure is continued as in CSP-2. If one of the 
four units is defective, 100% inspection is resumed at once and continued 
under the rules of CSP-2. In CSP-3, the value of i used for a given / and 
AOQL is the same as in CSP-2(Grant &Leavenwoth,1988 page 523). 





12.3 Multilevel Continuous sampling plans(CSP-M) 

To secure economies and obtaining certain other advantages, sometimes 
it is desired to start sampling with a relatively large faction sampled such 
asf = 2,+,2 

3’3'2 
fraction. In one particular of such a plans, developed by Lieberman and 
Solomon(1955), the plans start with 100% inspection, as in CSP's , and 
continues until / good units found in succession. Then sampling 
inspection is started with a faction f; if acceptable units found in 
succession, the sampling inspection continues with fraction f’. Another i 
conforming units in a row permit for sampling inspection with fraction f3 
jetc. When a unit is rejected, inspection is shifted back to a next lower 
level. The number of levels range from 2 to an infinite number. 


and permit a subsequent change to a smaller sampling 


12.3.1 A Source for Multilevel Plans 

Several years ago Dept. of Industrial Engineering of Stanford University 
prepared a pamphlet( AMC Manual 74). Later with some modification it 
was published as 

Inspection and Quality Control Handbook (Interim) H 106, 

Multilevel Continuous Sampling Procedures & Tables for Inspection by Attrib. 


Table 12-2 shows the plans discussed in the above documents. 
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It should be added that there are other plans for continuous inspection 
such as CSP-F, CSP-V, Wald-Wolfowitz Type Plans and that of Girshick who 
provided a modification of the Wald and Wolfowitz approach. 
methods are described in the quality books and in the internet. One final 
thing worth mentioning is that Mil-STD-1235 is an existing standard on 


continuous sampling which combines Handbooks H-106 & H107. 


These 


This 


standard is dealt in the internet and references such as Bowker and 


Lieberman book on statistics and quality control. 





Table 12-2 Values of j for multilevel sampling plans (Grant&Leavenworth, 1988 p526) 





Number of levels (k) 








k =3 Wied ee = | 









































[k=5 eed |k=2 
N | A 
Peas 
9 AN 
| 13 | 6 | Ja fa | 
| 20 | 10 | [5s |s 
[aac | 15..| | 11 | 16 
51 | 31 18 
69 | 42 25 
104] 64 39 | 52 
0.75 | 54 | 88 | 112 | 128/140] 87 | 134] 161] 179| 191| 30 | 53 | 72 
0.50 | 82 | 132 | 168 | 193 | 210 | 133 | 202 | 243 | 269 | 287| 46 | 80 | 107 
0.35 | 119 | 197 | 241 | 275 | 302 | 190 | 290 | 349 | 386 | 408 | 
0.25 | 167] 269 | 337 | 386 | 422 | 269 | 406 | 488 | 540 | 576| 96 | 164] 217 
0.15 | 218 | 446 | 564 | 636 | | | 














706 | 450 
1059} 677 


680 | 815 | 903 | 960 
1022) 1224) 1354] 1443 


® Sampling plans are not available for values of / less than 4. 


30 


3 


aa 


Chapter 12 Continuous Sampling Plans 


Exercises 

12.1 (Grant and Leavenworth, 1988 page536) 

In CSP-2 plan it is desired to apply sampling inspection to 1 item in every 
20 and to maintain an AOQL of 2%. 

a)What are the values of i&k 


b)Calculate AOQ if incoming lots contain 4% nonconformingunits . 


12.2 (Grant and Leavenworth, 1988 page534) 

It is desired to use CSP1 and inspect 1 piece out of every 15 and to 
maintain an AOQL of 2%. Determine the value of i . if 1 piece from every 8 
pieces is selected , what should be the value of i? 

Answer : 68. 


12.3 (Grant and Leavenworth, 1988 page534) 

In Dodge-Torrey CSP-2 it is desired to apply sampling inspection to 1 piece 
out of every 10 and to maintain an AOQL of 3% . What should be the value 
of i? Assume i=k. 

Answer: 48 


12.4 (Grant & Leavenworth, 1988, page 535) 

It is desired to apply continuous sampling inspection to 1 piece out of every 
10 and to maintain an AOQL = 2%. 

Find the value of / for CSP1. Answer :55 

Find the values of i &k for CSP-2. Answer: 72 

Prepare flowcharts of the operations of these plans. 


The ignorant never realizes 
his 
mistake nor accepts advice 
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Chapter 13 Acceptance Sampling by Variables 
using ISO-3951 


Aims 

This chapter introduces the international standard |SO-3951. This 
standard is used for sampling inspection of a product characteristics that 
are variable. | Given a value for AQL and LSL or USL or both for a 
measurable characteristic of a product, the standard gives a plan for 
accepting /rejecting a lot of the product. 


13.1 Acceptance Sampling by Variables 

If accepting/ rejecting a lot is not to take place based on pure observation 
and the characteristic to be inspected is measurable with a scale, then the 
plans of acceptance sampling inspection by variables would be helpful. 
Examples of measurable characteristics are output voltage of an adaptor, 
the leak (water, air, gas,...) from an isolation and the fuel consumption of 
an engine. For Inspecting these kind of characteristics, ISO 3951 
applicable. It is worth mentioning that every plan of this system of 
acceptance sampling for variables could be used for one normally- 
distributed variable characteristic, while a plan of acceptance sampling by 
attributes could deal with several similar attribute characteristics. 


13.2 ISO 3951 Standard 

ISO 3951 is an international standard for sampling inspection by variables 
which in essence is similar to Mil-STD-414(1957-1999) & ANSI/ASQCZ1.9. 
This standard consists of the following five parts, under the general title 
"sampling procedures for inspection by variables" (ISO3951-1-2013F page 
vi): 


Part 1: 

Specification for single sampling plans indexed by acceptance quality limit 
(AQL) for lot-by-lot inspection for a single quality characteristic and a single 
AQL, 


Part 2: 
General specification for single sampling plans indexed by AQL for lot by 
lot inspection of independent quality characteristics, 


Part 3: 

Double sampling schemes indexed by AQL for lot-by-lot inspection 
Part 4: 
Procedures for assessment of declared quality levels, 
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Part 5: 
Sequential sampling plans indexed by AQL for inspection by variables 
(known standard deviation) 


It is worth knowing that ISO 3951 standard introduces several single 
sampling and double sampling procedures. It is worth mentioning that an 
advantage of double sampling is smaller ATI and saving time and money in 
the long run. However, this chapter introduces some single sampling 
plans for variables from Parts 1 and 2 of the standard i.e. ISO 3951-1 &ISO 
3951-2. 


13.2.1 ISO 3951-1 


(from ISO 3951-1:2013Epage vii) 

Part 1 of the standard i.e. ISO 3951-1 introduces a system of single 
sampling plans for inspection by variables in order to be used for accepting 
or rejecting lots . This part of ISO 3951 is indexed in terms of the 
acceptance quality limit (AQL) and is designed for users who have simple 
requirements. A more comprehensive and technical treatment is given in 
ISO 3951-2 which is complementary to Part 1. 


13.2.1.1 Assumptions 
The assumptions of this part of the standard are: 
a) 
The lots submitted for inspection are a continuing series of lots of discrete 
products all supplied by one producer using one production process, 
b) 

A single quality characteristic, measurable on a continuous scale, is to be 
inspected. Measurement error is negligible; [The measurements are done 
independently], 
c) 

Lots have not been screened for nonconforming items. The reason for this 
assumption is the fact that the procedures in this part of ISO 3951 are not 
suitable for application to already screened lots , 

Moreover (from ISO 3951-1:2013Epage 1): 
d) 
where production is stable (under statistical control) and 

the characteristic, X, is distributed according to a normal 
distribution or close to it, 
e) 

where a contract or standard defines a lower specification limit(( L), an 
upper specification limit( U) or both; an item is qualified as conforming if 
and only if its measured quality characteristic, X, satisfies the appropriate 
one of the following inequalities: 
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1) XL (i.e. the lower specification limit is not violated); 

2) X< U (i.e. the upper specification limit is not violated); 

3)X>LandX<U (i.e. neither the lower nor the upper specification limit is 
violated). 


13.2.1.2 Definitions 


13.2.1.2.1 Acceptable Quality Limit(AQL) 
AQL is the worst tolerable fraction non conforming when a continuing 
series of lots is submitted for acceptance sampling. 


13.2.1.2.2 Inspection Level 

The level of inspection is actually a relationship between the sample size 
and the lot size given in letter codes (A, B,H,...). The relationship is an 
empirical one rather than a mathematical relationship based on 
probability. There are 7 levels in this standard : 


3 general levels i.e. |,ILIII 
4 special level i.e. S-1,S-2,S-3,S-4. 
Default level is II 


-If no level has been specified, inspection level II shall be used 
(ISO3951-1-2013 page12). 


-Special levels are for the cases where the test is destructive or the cost of 
testing is high and small sample sizes are necessary and larger risks can 
be tolerated. 

-level S-I gives the smallest sample size and Level Ill gives the greatest size. 
-level | with respect to level Il gives smaller size and greater risk. 

-Level Ill with respect to level Il gives greater size and smaller risk 
(Balamurali, et al, 2014). 


13.2.1.2.3Inspection Severity 

The degree of tightness or severity of inspection in this standard is stated 
as normal, tightened or reduced. Inspection severity affects sample size 
and acceptance criteria. The standard advises to use normal inspection at 
the start unless otherwise designated (1ISO3951-2013 E page 24) with the 
possibility of shifting to tightened or reduced. 


13.3 Switching Rules of ISO 3951 

The switching rules are an inherent part of an acceptance sampling 
standard such as ISO 3951-1 when a series of lots are being inspected with 
it. The rules say how to shift from one severity to other or when to 
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discontinue the inspection. The rules are as follows (from I1SO3951-1 
page24): 


13.3.1 Normal to tightened 

Normal inspection starts at the start of inspection unless otherwise 
stated. Tightened inspection shall be instituted when two lots on original 
normal inspection are not accepted within any five or fewer successive 
lots. 


13.3.2 Tightened to normal 

When tightened inspections is being carried out, normal inspection shall 
be re-instated when five consecutive lots have been considered acceptable 
on original’ inspection. 


13.3.3 Normal to reduced 

Reduced inspection may be instituted after 10 successive lots have 
been accepted under normal inspection, provided that either of the 
following happens 
a) These lots would have been accepted if the AQL had been one step 
tighter (e.g. 0,65 % instead of 1,0%), 


NOTE :If a value of acceptability constant k for this tighter AQL is not given 
in Table T (s—method) or Table Q.1 (o—method), refer to the supplementary 
acceptance constants provided in Table V. 


b) Production is in statistical control, and reduced inspection is considered 
desirable by the responsible authority. 


13.3.4 Reduced to Normal 

Reduced inspection shall cease and normal inspection be reinstated if 
any of the following occurs on original inspection: 
a) a lot is not accepted; 
b) production becomes irregular or delayed; 
c) reduced inspection is no longer considered desirable by the responsible 
authority. 


13.3.5 Discontinuation of inspection 

If the cumulative number of lots not accepted in a sequence of 
consecutive lots on original tightened inspection reaches five, the 
acceptance procedures of this part of ISO 3951 shall be discontinued. 





Original inspection means first inspection of a lot according to the provisions of ISO 2859-1 
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Inspection under the provisions of this part of ISO 3951 shall not be 
resumed until action has been taken by the supplier to improve the quality 
of the submitted product or service and the responsible authority has 
agreed that this action is likely to be effective. Tightened inspection shall 
then be used as if Sec 13.3.1 in the above has been invoked. 


13.4 Designing Acceptance sampling Plans by ISO 3951 
Symbols 

betacdf MATLAB command for beta cumulative distribution 
te Factor relating maximum process standard deviation to U-L 
fs Factor relating maximum sample standard deviation to U-L 
k Acceptability constant 

L Lower specification limit 

N Lot size 

n 
p* 


Sample size 


Max. acceptable value for the estimate of the process fraction non 


conforming 
P, Process fraction non-conforming below lower specification 
limit 
Py Process fraction non-conforming above lower specification 
limit 
p Estimate of the process fraction nonconforming 
B, Estimate of P, 
Py Estimate of Py 
Que 9, =X Q, = 8 
S Sample standard deviation 
Smax Smax = (U — L)f, Maximum sample standard deviation 
U Upper specification limit 
xX measured quality characteristic 


x Sample mean 
~z(a) CDF of standard normal at point a 
LL Process mean, E(X) 


fey Process standard deviation, the standard deviation of 
measured quality characteristic 


°max Maximum process standard deviation: 6, . = (U — Lyf, 


When sampling —by- variable system of ISO 3951 is to be used for 
inspecting a lot, there are two kind of methods available in this standard 
namely: 
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s-method and o -method. The former is applicable to the cases where the 
variability(the standard deviation) of the production process or the lot is 
not known and the latter is for the case where the standard deviation of 
the process is a known and constant. When the variability is unknown, in 
the cases where a single specification is given there are 2 types of 
acceptance criteria: 

Form K & Form p*’. 

The steps of some of the procedures from ISO3951-1 and ISO3951-2 are 
summarized in a Table at the end of this chapter and described and 
illustrated Below. But before describing the plans and procedures, let us 
show how the proportion nonconforming of a production process is 
estimated in ISO 3951 plans. 


Estimation of the process proportion nonconforming 

If the measured quality characteristic is denoted by X, the proportion 
non conforming of a production process or a_ is that values of which 
satisfies one of the following inequalities: 


1) X <L (i.e. the lower specification limit is violated); 
2) X> U (i.e. the upper specification limit is violated); 


Since X is assumed to be normally distributed, if the process average and 
standard deviation i.e. u&o were known, the proportions Pr(X > U), 


Pr(X < L) in Fig. 13.1, would be calculated as follows 


Lit 
P, = Pr(X <1) = @,(—*), 


U-u u—-U 
Py = Pr(X > U) = 1- @2(—*) = @,(“—), 


p = Pr(X <1) + Pr(X > U) = @2(—*) + @2 (4). 

















@z(a) is the cdf of standard normal at point a. 
F(x) x 


1} 


~ Normal 


0.5} Puy 





L U % 


Fig 13.1 proportion non conforming if u&o were known 





‘In MILSTD414: Form 1 and 2 
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However the U&o are often unknown and the best estimator of p is 
not obtained by just plugging the sample average and standard deviation 
estimators into the above relationships. 

It is shown in the standard 3951 manual that if a random sample of size n 
is taken form the process or the lot, the estimate of the proportion non 
conforming (py & fy ) would be calculated as indicated in the 
following Table. A description is in (ISO 3951-2:2013E: page 18 or Annex L 
). In the table @7(a) represents the cumulative distribution function of 
standard normal at point a. 


standard | Specification estimate of proportion nonconforming 
deviation Limits 
o Lower only P, =betacdf(S*(1-Qy*(n° 5) (n-1)),(n-2)/ 2 (n-2)2) 
Unknown Upper = P,, = betacdf( S*(1-Qu *(n* 5) /(n-1)),(n-2)/2(n-2)2) 


Upper only 
2-Sided 


The proof is in references such as chapter 4 of a book to be published by 
Dr Wayne Taylor1, a specialist in acceptance sampling; and in the following 
manual: 





Office of the Assistant Secretary of Defense (15 October 1958). 
Technical Report: Mathematics and Statistical Principles Underlying 
Military Standard 414. 
As mentioned earlier there are 2 types of methods in international 
standard ISO 3951 to inspect a lot : 
s-method and o —ethod,depending whether the process variability is 
known or not, i.e. the standard deviation of the measured quality 
characteristic(o) is unknown or known. Some of the procedures of s- and 
o —methods are summarized in a table at the end of this chapter and 
described and illustrated below. 





1 ae 2 
See www.variation .com, Taylor enterprises 
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13.4.1 CaselI: process variability(o) unknown 

When the distribution of the characteristic being measured is roughly 
normal with unknown o, the method used to inspect the lot is generally 
called s-method. Some of the procedures for this kind, given lower 
specification or upper specification limits or both(U&L) are described and 
illustrated here. 


13.4.1.1 S-method, Single Specification , form k 
In this method, given (L or U), one takes a random sample of size n 
(X1,++,Xy_) )from the lot , accepts the lot if 








X >L+Ks or >k 
Or ° 
X <U-ks op >k 
where : 


X is the sample mean 
S__ is the sample variance 
k is an acceptability constant given by the standard. 


The procedure of the s-method for this situation is: 


After deciding on 
i)AQL ( if necessary , using converting Table L), 
choose one of the AQLs available in ISO 3951 Tables (Tales such as N or P 
at the end of this book), a value between 0.01% to 10% 
ii)Inspection level 
and 
iii)Inspection severity (i.e. normal , tightened and reduced) 


follow the steps below: 
-Given the lot size(N) and inspection level , read letter code from Table M, 


-Given AQL, the code and severity of inspection, read sample size(n) and 
parameter k from: 

















S-method, 
| rane Type of inspection 
| T | Normal | 
| T.1 | Tightened | 
era Reduced | 
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-Take a random size of size n from the lot and measure the desired quality 
characteristic of each product of the sample, 


-Calculate X = 





Y xi yx? -nX? 
S= 
n n-1 


-Calculate Q, = — if Lis given, or Qy = a if U is given 
-Accept the lot if Q,or Qy =k. When Qy orQ,, is negative or(Qy 
orQ,; <k) conclude the lot does not satisfy your desired quality. 


Example 13.1 

A thermostat manufacturer packs its product in lots of size 35, the 
maximum temperature that the thermostat is allowed to open is 100 
degree centigrade. Specify a plan from Standard ISO 3951 to inspect the 
lot with normal severity and AQL=1.3% .The temperature at which the 
thermostats open is roughly normally distributed . 


Solution 


From Table L, AQL =1.5% and by default Level Il is chosen. 

The steps are: 

-From Table M given N=35, the letter code D is read 

-From Table T with Code D, AQL=1.5% and normal inspection => k=1.476, 
n=6 

-Take a random sample of size 6 : x1,...,X6, 








2 432 
— ~ _nX 
-suppose X =97.8 s= te =1.926, 
n-1 
U-X _ 100-97.8 
-Calculate Qy = = ee 1.14 


-The lot is rejected since 1.14 = Qy < k = 1.47. 


13.4.1.2  S-method, Single Specification , form p* 
After deciding on 

i) AQL; use Table L if necessary, 

ii) Inspection level and 

iii)Inspection severity (i.e. normal, tightened and reduced), 


follow the steps below: 
-Given the lot size(N) and inspection level, read letter code from Table M, 


-Given AQL, the code and the severity of inspection, read n and the 
maximum allowable proportion nonconforming in the lot (p*)from : 


314 


Statistical methods in Quality Control 














Table S-method, 
| | Type of inspection 
| N | Normal | 
| Ni | Tightened | 
| N2 | Reduced | 





-Take arandom size of size n from the lot and measure the desired, 
quality characteristic of each product of the sample, 


-Calculate s and X . 
X-L . 
an 
reject the lot, otherwise go the next step 

-Calculate the proportion non conforming beyond L or U(p,orpy) * 
Note that P, orP, could be computed by the following MATLAB 


commands, given Q; & Q;: 


-Calculate Q; = f Lis given, or Qy = _ if U is given, if negative 


PLhat=betacdf(.5*(1-QL*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 

Puhat= betacdf(.5*(1-Qu*(n*.5)/(n-1)),(n-2)/2,(n-2)/2) 
The values of P, &Pyfor some n & Qare also available from Table O. 
-Accept the lot if py, or By < p’, reject it if py, or By > p*. 


Example 13.2 

Solve the previous example with S-method- Form p*. 

From Table L, AQL=1.5% and by default Level Il is chosen. The steps are 
1) Given N=35, fom Table M, the letter code D is read 


2) Code D, AQL =1.5% and normal inspection, From Table N => p* = 
5.22% , n=6 
3)Take a random sample of size 6 
4)suppose X = 97.8, s=1.926, 
_ 100-97.8 


5)Calculate Qy = ioe. = 1.14 


Using MATLAB: 
6)n=6;Qu=1.14;Puhat=betacdf(.5*(1-Qu*(n*.5)/(n-1)),(n-2)/2,(n-2)/2) 





* These 2 commands use a beta distribution with both parameters equal 
to = ( based on ISO 3951-1-2013E page 18) : 














1 vn_|| b= 
ih Q ae | Py Gin—2)/2 


' 1 
Py = Gin_2y/2 2 














where 
Gn=2qy represents the value of beta cumulative distribution function with both parameters at point 
2 


a. 
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Py =Puhat=12.47%. 
Or From Table O, with n=5, Qy = 1.14 : Py = 13 
7)The lot is rejected because Py > p* = 5.22. 


13.4.1.3 S-method, Double Specifications 
(ISO3951-1-2013 page 16) 

Although this case could be treated as 2 single specification limits 
separately, there are some procedures for considering the 2 limits 
simultaneously, one of which is as follows: 

After deciding on 

iJAQL , if necessary , using converting Table L, 
ii)Inspection level and 
iii)Inspection severity (i.e. normal , tightened and reduced) 
follow the steps below: 
1)Given the lot size(N) & inspection level, read letter code from Table M, 


2)Given AQL, the code and severity of inspection, read sample size(n) and 
parameter p* i.e. the max. allowable proportion nonconforming from : 














Table | Type of inspection 
N | Normal 
N.1 Tightened 
N.2 Reduced 











3)Take a random size of size n from the lot and measure the desired quality 
characteristic of each product in the sample, 


4)Calculate s&X . Read parameter fs from: 














Table Type of inspection 
P.1 Normal 
P.2 Tightened 
P.3 Reduced 











it X is outside [LU]or S >s,,, = (UU - L)f ., reject the lot, otherwise 
goto step 5 

X-L 
5) Calculate Q;, = — 
reject the lot, otherwise go to step 6. 


6) If S < Snax calculate 6, &Hy using the following MATLAB commands 


i ae , ; 
and Qy = = if either of them is negative , 


PL hat=betacdf(.5*(1-QL*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 
Pu hat = betacdf(.5*(1-Qu*(n‘%.5)/(n-1)),(n-2)/2,(n-2)/2) 
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The values of P,&P,for some n and Q are also available from Table O 
and S. 
Estimate P i.e. the total proportion nonconforming beyond the 


specification limits, from p = p, + py, 
A * x * 
Accept the submitted lot if PD <p , reject it P>p | 


Example 13.2 (ISO 3951-2:2013(E) page 19) 


A kind of weapon (Torpedoes) supplied in batches of 100 is to be 
inspected for accuracy in the horizontal plane. Positive or negative angular 
errors are equally unacceptable, so combined control of the double 
specification limits is appropriate. The specification limits are set at 10 m 
either side of the point of aim at a distance of 1 km, with an AQL of 4 %. 
Because testing is destructive and very costly, it has been agreed between 
the producer and the responsible authority on special inspection level S-2. 
Determine a plan for the inspection. 

Answer 

The AQL is available in IS03951 Tables , therefore need not be converted 
using Table L. Normal inspection is selected and the steps listed below are 
followed: 

Step 1: With N=100 & Level S-2, Table M gives code B, 

Step 2: With code B and AQL of 4Table N gives 

n=3 and p* = 19.25% =0.1925. 

Step 3: Suppose the result of the random sample of size 3 are 8.8, 6.7 and - 
5.0, 
Step 4::X = 3.5m, s = 7.437m, Table P.1 gives f, = 0.475 


Smax = (U —L)f; = [10 — (—10)] x 0,475 =9.5 we continue since 
S < Smax: 
Step 5:Qy=4*=08741 & Q,=<*=1815 since neither 


Ss 
Qy nor Qy, are negative, the lot in not rejected and we continue, 


Step 6: calculation of p, &py, 

with MATLAB: 

n=3;QL=1.815; PLhat=betacdf(.5*(1-QL*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 
PL hat=0 
n=3;Qu=0.8741;Puhat=betacdf(.5*(1-Qu*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 


Puhat= 0.2266 
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f =p. t+ fy =0+.227 = 0.227 


Step 7: since Pp = .227 > .1925 =p’, the lot is rejected although 
all inspected items in the sample within the specification limits 


Example 13.3 

Lots of 15-Watt amplifier are to be inspected to see if their power is in the 
range [12 16]. Determine an acceptance sampling plan with AQL =2% for 
this case. 


Answer 
From Table L.1 AQL =2.5, the default level in inspection is Il and 
normal inspection is applied. 


Step 1:Table M gives code D for N=40 and level II 


Step 2, with AQL=2.5 and normal inspection Table N gives n=9 and 
100p* = 9.717 or p* = 0.097 = 9.7% 


Step3 &4: suppose X = 14.6 ands = 1.14 
U-X  16-14.6 
Step 5:Qy = a qa = 1.23,Q, = 2.28. 
Step 6: calculation of P; Py&p : 
n=9;QL=2.28; PLhat=betacdf(.5*(1-QL*(n“%.5)/(n-1)),(n-2)/2,(n-2)/2) 
PLhat=0.0017=0.17% 
n=9;Qu=1.23;Puhat= betacdf(.5*(1-Qu*(n%*.5)/(n-1)),(n-2)/2,(n-2)/2) 
Puhat =0.1057=10.57% 
p =f. + py = 17+ 10.57 = 10.74% 
The lot is rejected since it p> p | 





13.4.2 Case II: Process variability(o) known 

In ISO 3951, there are some procedures, called o—method for inspecting 
variable characteristics of the products of lots by acceptance sampling 
when the characteristic is normally distributed and variability of the 
process i.e. o is known. The o—method shall only be used when there is 
valid evidence that the standard deviation of the process(o ) can be 
considered constant with a known value(ISO3951-1:2013E page 21). Below 
a procedure for dealing with single specification limit and one for double 
specification limits are introduced. 
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13.4.2.1 o-method, Single Specification , Form k 

After deciding on AQL, Level and the severity of inspection, 
Step 1: Read the code from Table M, 
Step2: Read sample size n, and acceptability constant K from : 

















o-method Table in this book Table in 
Type of inspection 1S03951-2:2013 Manual 
Normal Q.1 C.1 
Tightened Q.2 C.2 
Reduced Q.3 C.3 














Step 3: take a random sample of size n from the lot and measure the 
desired characteristic of its products. 


Step 4: calculate sample mean(X) and Qy = = & QL = = 


oO 
Step 5: Accept the lot ifQy or Q, =k 
Reject if Qy or Q, is negative or Qyor Q, <k. 


Example 13.4 

If N=25,L=LSL=2000,0 = 1000 ,and AQL=4.5%, specify a single sampling 
plan from 1SO3951 at level Il and normal inspection 

Answer From Table L :AQL=6.5% ; the steps are 

1: Table M gives code H, 

2: Table Q.1 gives n=19 and k=1.009 

3: the random sample of size 19 is: 

[23308 21843 20568 21313 19848 22762 21108 21671 20008 21204 


20326 20573 20314 19858 19975 20674 19185 21492 20766] 


4:X = 20884, Q, = = SO = 0.884, 


6: The lot is rejected because Q; < k = 1.009. 


Example13.5 

A o-—method plan for upper specification limit uses n=9 and 
k=1.466 to inspect coming lots, if the measures quality characteristic 
is normal, what is the probability f accepting the lots having 3.75% 
non conforming products with this plan? 
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X ~N(u,0) 
0.0375 =Pr(X >U)=P(zZ > 2-4) 5 U-# -178 
oO oO 
a pg = > 1.466) =Pr(X <-1.4660 +U )=Pr(Z < Eater tas ee 


io 


P, =Pr(Z <-1.466x3+1.78x3) = 82.64% 


13.4.2.2__o -method, Double Specification 
After deciding on i)the AQL, ii)the level and iii) the severity, the steps 
are(from 1SO3951-1-2013 page 23): 


Step1:Read f,from Table L.1, 
Step2: Calculate the maximum allowable value of the process standard 


deviation from 6, =(U-L)f, . if o exceeds this amount( i.e. if 
o> 0,,,, declare the lot unacceptable, and sampling is pointless until it is 
demonstrated that o has been adequately reduced. 

If 6 SO. go to the next step. 

Step 3: If O< O.,., read the code based on the inspection level and the 
lot size from Table M. 


Step4: 
Read sample size n, and acceptability constant k from: 














o-method Table Table 
Double limits in this book eaaenes nia Saanual 
Type of inspection 
Normal Ql C.1 
Tightened Q.2 C.2 
Reduced Q.3 C3 

















Step 5: Calculate Xy = U— ko &X, = L+ko 

Step 6: Take a random sample of size n from the lot and measure 
the desired characteristic of its products, and calculate X 

Step 7: 

Accept the lot if X, < X < Xy, reject if Xy is negative or X is 
outside [X;, , Xy ]. 
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Note : If X, <X < Xy buto > 0.750max and X is close to 

X,, or Xy, the exact method given in Section 17.3 ISO 3951-2 shall be 
preferred (ISO3951-1-2013-E page 23)instead of the approximate 
procedure given above. 


Example 13.6 

The specification for a certain electrical resistance is 520 + 502. In 
the production process, the characteristic is normally distributed 
with the standard deviation of 18.5 ohms. To inspect the lots of size 
1000 with AQL 1.5% ao — method with the following steps would 
be appropriate: 

From Table 1.1 f, = 0.194. 


Onax = (UU -L) fe = 19.4; since o,.. > @ we continue, 
-Given N=1000 and level II from Table M letter code J is read, 


-With AQL =1.5% and normal inspection , Table Q.1 gives 
n=19,k=1.677, 


Xy = U —ko = 538.9 ,X, =L+ko = 501.1, 
A random sample of size 19 was: 
515; 491; 479; 513; 521; 536; 483; 509; 514; 507; 484; 526; 532; 499; 


530; 512; 492; 522; 488 
= XK = 508.0 


Since X;, < X < Xy the lot is accepted. 


Notice that in the above example (from 1SO3951-1-2013 page 23): 
Although o > (0.75) (Gmax), X is close to niether X;,_ nor to Xy, so the 
above approximate method is acceptable. 


If for example, O were say 20 then O > Omay and , therefore sampling 
inspection should not even take place. 
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Table 13-1 some plans of ISO 3951 for inspecting a normally distributed characteristic 






































>|. /38 
= ° - E PROCEDURE STEPS 
2 s A ra 
ee ll | ae Ne 
S$ = o Before performing steps decide on the severity ,level of inspection and 
2 AQL (if necessary use Table L) 
1)Read code from Table M 2)Read n &K from Table Tor T.1 or T.2 
3)Take a sample of sizen 4)Calculate S &X 
k 5) Calculate Q; = or Qu = =, 
6) Accept the lot if Q, orQy = k. When Q, orQy is negative 
OR(Q;, orQy < k ) conclude the lot does not satisfy your desired 
a quality. 
on 1)Read code from Table M2) Read n, p* from Table N orN.1 or N.2 
fom — 
i 3)Take sample of size n 4) Calculate 5s, X 5)calculate Qy = = or 
* X- 
2: _ p | Q= = if negative reject lot, if positive gostep6. 6)Calculate 
ie py =betacdf(.5*(1-QL*(n%.5)/(n-1)),(n-2) /2,(n-2)/2) 
o or 
x 
= ; Py= betacdf(.5*(1-Qu*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 
7)Accept the lot if fh, or By < p*, reject it if p, or py > p*. 
1)Read code from TableM 2) Readn, p* from Table N orN.1 or N.2 
3) Take arandom sample of sizen 4)Calculate s&X . Read parameter fs 
from: TableP.1 orP.2 or P.3 If X is outside [L,U] or s > (U —L)f,, reject the 
< lot, otherwise go to step5. 5)Calculate Q; = aa Qu= = 
3 | if QLor Qy negative , reject the lot, otherwise go to step 6. 
QO | 6)Ifs < Smax => (U — L)f, calculate P, &Py using MATLAB: 
PL hat=betacdf(.5*(1-QL*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 
Pu hat = betacdf(.5*(1-Qu*(n%.5)/(n-1)),(n-2)/2,(n-2)/2) 
7) Accept the lot if py, + fy = p S p%*, reject it p> p*. 
1)Read code from Table M, 2) Read n, and acceptability constant k from 
< Table Q.1 or Q.2 orQ.3. 3)Take a random sample of size n 
& 4) Calculate X ,Qy = = &Q,= — 5) Accept ifQy or QL, =k 
= Reject if Qy or Q; is negative or Qyor Q, <k. 
$ = 1) Read f,from Table L.1. 2)If o>0,., =(U—L)f, reject the lot, 
= = otherwise got to step 3. 3)if O<0O.__, read Code from Table M, 
x = max a: 
Oo 4) Readn, k from Table Q.1 orQ.1 or Q.2. 5) Calculate Xy = U — ko 
&X; =L+ko 5) Calculate Xy = U— ko &X; =L+ko, 
= 6) Take a random sample and calculate X, 
8 7) Accept the lot if X; < X < Xy, 


Reject if Xy is negative or X is outside [X;, , Xy ]. 
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Exercises 


13.1.( Grant Leavenworth,1988 page 575) 

The lower specification limit for the tensile strength of a certain kind of 
wire is L=215lb; the variability i.e.o is unknown. In order to inspect the 
lots, an s-method of form p in 1SO3951 was used with AQL=0.15%, normal 
inspection and sample size code H. Based on the following 5 random 
subgroups (i.e. the required sample of 25), do the required calculations to 
decide on the acceptance/rejection of the lots. 





























Sample No. Strength(Ib) 
1 231, 238, 228, 231, 235 
224, 245, 263, 231, 245 
3 224, 228, 235, 238, 235 
4 221, 242, 242, 235, 224 
5 224, 224, 242, 252, 252 





13.2. ( Grant Leavenworth,1988 page 575) 


A single specification - form k, 0 —method , is used to inspect a kind of 
lot given the upper specification limit. Assuming the frequency distribution 


in the lot is normal and the oO is estimated correctly, compute the 
probability of accepting lots of 3% non conforming products. 
Answer :0.326, 

Hint: 

Bs — S99 See oy. 

oO or Oo 

14.3. ( Based on 17-7Grant Leavenworth,1988 page 577) 
An ISO 2859 single sampling plan calls for n=50 and c=2 for code H, an AQL 
of 1.5% and normal inspection. 
What o — method of ISO 3951 variable-sampling plan corresponds to this 





ISO 2859 attributes plan? Assume O is known and there is a single 
specification limit for this characteristic. 


You learn more from failure than from success; 
Don’t let it stop you; 
Failure builds character 
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Chapter 14 


Introduction 
Reliability 
& 


Related 
Subjects 
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Chapter 14: Introduction to Reliability & Related 
Subjects 


Aims 

The final chapter deals with reliability theory and related concepts such 
as, failure rate, bathtub curve for failure, RBD(reliability block diagram), 
availability, various system configurations related to reliability, OC curves 
of inspection plans; it also introduce some tables in order to design a plan 
for accepting /rejecting alot, based on the mean life of the product. 


14.1 Definitions and Basic Concepts 
To aid understanding of reliability engineering, some of the terms and 
basic concepts used in the field are presented here. 


14.1.1 Reliability 
Many definitions have been proposed for reliability by researchers and 
textbook authors. Some these are as follows: 


-Reliability of a device, an equipment or a system is "the capability of it 
not to break down in operation. When a equipment works well, and works 
whenever called upon to do the job for which it was designed, such 
product or system is said to be reliable"(Bazovsky &lgor,2004). 

This capability is often stated in terms of probability or a success ratio, 
both quantified as anumber between 0 and 1. 


-“ The reliability of a system, a device,... is the probability that it will give 
satisfactory performance for a specified period of time under specified 
operating conditions” (Grant and Leaven worth,1988 page 582). 


-“Product reliability is the ability of a unit to perform a required function 
under stated conditions for a stated period of time”(Feigenbaum,1991, 
page 574) 


For example, the reliability of 90% for a system indicates the system will 
not breakdown with a probability of 0.9 in the specified time or the 
specified number or operations, or number of cycles, ... When the 
product reliability is just given as a number in the interval 0 to 1 (without 
specifying time , etc), it is meant the probability of successful 
implementation of the product equals this number. This number could be 
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the mean of reliability function. It is worth knowing that some 
components where strength and stress interfere, reliability is defined as 
“the probability that the unit is strong enough to overcome the 
stress” (Jonson,1988: Three Stress-Strength models for reliability); or 
reliability = Probability(Strength or capacity > Stress or load). 


Reliability is important in quality control and has been discussed in 
various books including Kapur & Pecht (2014), O'Connor &Kleyner ( 2012), 
Kapur & Lamberson(1977), Lewis(1994), Billinton and Allan (1992), 
Ross(1985), Chapter 9,Grant & Leavenwoth (1988) chapter 18 and Crow & 
Feinberg(2001). 


14.1.2 Failure 

In reliability, the term "failure" is not necessarily breaking down; it 
means that the system is not capable of performing the required function 
with the desired properties under the stated conditions. 
In industry, 2 cases could be distinguished for "conditions " which include 
the application and operating circumstances under which the product is 
put to use: 
a)ln some industries especially military industry , the conditions are set by 
the customer based on his own requirements. 
b)Reliability under unknown conditions: In many commercial industries, 
the manufacturer does not know what reliability the customer wants; 
however, he tries to decide instead of the customer, based on market, 
psychology, human factors engineering , etc. 


14.1.3 

MTTF, MTBF, MTTR, MTFF & MTBR- Explanation of 
Terms: 

MTTF, MTBF, MTTR, MTFF, MTB which’ are terms in_ reliability 
engineering stand for the following terms: 


-Mean Time To Failure (MTTF) is time required for a device or system 
to fail; it is a basic measure of reliability. For repairable systems, MTTF can 
be thought of as the average time between a renewal point and the next 
following failure point. For non repairable systems, the mean time to 
failure is the same as the mean lifetime (I. Eusgeld et al: Hardware 
Reliability’). 





1 
https://citemaster.net/get/c54deb1c-61ac-11e4-a639-00163e009cc7/salfnerO8hardware.pdf 
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-Mean Time Between Failures (MTBF) is a reliability term equivalent to the 
expected number of operating hours before a product fails, or the “service 
life”. Technically, MTBF should be used only in reference to a repairable 
item, while MTTF should be used for non-repairable items. However, MTBF 
might be used for both repairable and non-repairable items. 


-MITTR stands for Mean Time To Repair or Mean Time To Replacement, it is 
the mean time needed to repair or replace a failed hardware module. 


- MTFF stands for Mean Time to First Failure. 

- MTBR stands for Mean Time between Repair; 

In most cases, MTBR could be replaced with 

MTBF which stands for Mean Time Between Failures. 


Time Between Failures is the sum of time to repair and time to failure (Fig. 
14-1). 


TTR TTF = TTR 


) rar 


+ > 


tailure | UBF =TTR +TIF 





Fig. 14.1 Differentiating Between failure metrics 


Then : MTBF=MTTR+MTTF 
A way of predicting the MTBF for a component, device, or system is by the 
help of the following formula (Tersine,1985, page202) 


5s working time 
MTBF = —_____ 
no. of failures 


14.1.4 Reliability Function 
The reliability function for a product or device etc, R(t), is the probability 
that the lifetime exceeds some time t, given by 


R(t) =1-F(t) = [tooax 
x=t 


where 

f(t) is the probability density function(pdf) of X, the life time of a certain 
device or system, 

F(t) is the cumulative distribution function(cdf) of X, 

X__ is the lifetime of the device or the system. 
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14.1.5 Hazard Function 

What is called hazard function for a device or system in the subject of 
reliability and also known as the instantaneous failure rate or 
instantaneous hazard function is denoted by such symbols as A(t) 


or h(t) and defined as follows: 
_ f® _ fo 
h(t) = 1-F(t) R(t) 





where 

f(t) is the pdf of X, the life time 

F(t) is the cdf of X, 

R(t) is the device reliability function. 

Figure 14-6 shows the shape of several hazard functions. 

It is worth knowing, whichever of the functions f(t),F(t), R(t) &h(t) is 
known, the 3 others could be obtained. The following formula might be 
helpful in this regard: 


f) _ah h(t)dt 


a 


14.1.6 Bathtub-shaped Model for Devices' Failures 

A well-known model for the behavior of the device failure rate as a 
function of time is the so-called bathtub model( Fig 14.2). This model 
assumes 3 periods for failure: 
1)Early infant mortality failure, 


Bathtub Curve 







useful life 





failure rate 


i] 
! 
; Random Failures 
' time 


Early infant A Constant Rate B Wear out 
Mortality 
Fig. 14.2 Bathtub Model for devices’ Failure Rate 
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The first period is the period of decreasing rate of failures, where poor 
components break down, 

2)Constant Failures period, 

The middle phase of the bath-tub curve is the useful stage of lifetime 
where the failure rate is constant. 

3)Wear- out period 

In the last phase of the bath-tub curve, the failure rate increases with time. 
It should be added that it is assumed that for all the 3 periods the 
working conditions are the same. 

The middle period of the model is discussed more here. 

Consider the following formula and the histogram in Fig. 14-3 related 
to asample of 200 electrical switches; we Hales 


Pp, = PrX<t)=— 


where 
X is a switch life time 


P, — the probability of failure during period t 

P, estimate for P, , relative frequency of failure during time t 
N_ | the number of switches which broke down during period t, 
failure frequency 


N total number of switches in the sample 


nN 
wi 


HISTOGRAM FOR LIFEIME of 200 SWITCHES 


od od N 
o u o 


uw 


failure frequency 


Hr. 


I~ 1 10° 21. 2 HH &@ us: 16: i7 
X © life time¢x1000yhr 


Fig.14.3 Histogram of lifetime of a sample of 200 electrical 
switches. 
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Example 14.1 
Consider the data given in Fig 14.3, then the estimate for the lifetime of a 
switch to be 1000 hours or less would be: 
20 





Pxo00 =Pr(0<X <1000) =——=0.1=10%- 

1000 ( ) 500 0 

And also 

‘2 20+18+16+14 

Pr(X < 4000) = = 0.34 = 34% 
200 


: 12 
Pr (5000 < X < 6000) = —— = 0.06= 6% 
200 


; 4 
Pr(16000 < X <17000) = —— = 2% 
200 


Reliability and its relationship to failure frequency 
Defining the reliability as the probability of the device survival after say T 
hours or T cycles or T kilometer etc; denoted by R,,then 
R, =Pr(X >T) 
and given a sample size N of the devices. 





A n 
Ry =1-F, =1- 


where 

X the product life time 

Rr estimate for Rr 

nN; the number of devices in the sample which break down(failure 
frequency) during period T, 

P; the estimate for the proportion of devices with life time than T 

N sample size. 


For example for T=6000 hr in Fig. 14.3 


np 204+184+164+144+134+12 
T = 6000 Pr = Wo 00 = 0.465; 


Then the relative frequency for 6000 hr is 0.465 and the estimate of 6000- 
hr reliability is 

R..., =1— 0.465 = 0.535 = 53.5 

when the probability density function or the cumulative density function of 
product lifetime denoted by f(x)and F(x) is available then, 


Rr = Pr(X >T) =1-F(T) = [reoav 
T 





6000 
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14.2 Introducing some statistical distributions used 
in reliability theory 

The random variables TTF ( lifetime) and TTR(repair time ) for a 
device or a system could have various statistical distributions 
including the ones introduced below: 


14.2.1Exponential distribution 
One common distribution used for lifetime of products is exponential 
distribution. In an exponential distribution with parameter A > 0 or mean 


6= ae the cumulative distribution function and the probability density 
function are: 


hy 
F,(t)=1-e"=1-e* fy (*)= de = 20 Wt >0 


the hazard function is: 
f(t) de 


Marg, ee 


h =f 
(t) = =a 


the hazard function of exponential distribution does not depend on time. 
Therefore the distribution is appropriate for section A-B in Fig. 14.2 whose 
failure rate is constant over time. 


Illustrating the fact that hazard function of exponential distribution 
is constant 

The following table shows the estimate for the hazard function, pdf, cdf, 
reliability function of the lifetime of the switches related to Fig. 14.3. Third 
row illustrates that the hazard function is approximately the same over 
time. 

To test whether the lifetime data of Fig 14.3 is exponentially distributed 
or not, one can use a goodness of test such as Bartlet goodness of fit test 
for exponential distribution or Pearson chi-squared test . To estimate A 
,the distribution parameter, if the number of failures in k subinterval are 
given, either the following formulae could be used: 


_ DX, (relative frequencu of failures 
NT ~ K : 
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Table 14-0 Estimate of hazard function, pdf, cdf, reliability function of the switch lifetime 
related to Fig.14.3. 




























































































Sub- 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13) 14/15 | 16 | 17 
interval 

Non- 200 180 162 146 132 119 107 96 86 TT. 69 62 56 50 45 40 36 
defectives 

defectives | 20/18/16 /14/)13/12/|11/10 |9 8 7 6 6 5 5 4 4 
Relative 20 18 16— 14 0.1 12 11 10 9 8 7 6 6 0.1 0.1 0.1 4 
freq. of 200 | 180 | 1 | 146 119 | 107 | 96 | 86 | 77 | 69 | 62 | 56 36 
failure =0.1 | =0.1 098 

A(t) = 0.1 

tin 1000 hr 

‘ f© a | AB") dg |) dae | | ae | oN Sa | 29% | 0 2g, || eel to ae Pa 
ime in 

hr D|\D|D|)|D\|D\)| DID) D'|DIDID' DIDI DDI DID 
D=200000 

hr 

iD 20| 1816) 14) 13) 12) 41) 10/9) 817/16) 6) 5) 5) 4 4 
Rae 200| 200 | 200 | 200 | 200| 200 | 200 | 200 | 200] 200| 200] 200] 200 | 200| 200] 200 | 200 
1000hr 

Ro) 20) 38| 54] 68 | 81) 93 | 104] 114 | 123) 131) 138] 144] 150] 155] 160] 164] 168 
Time in 

1000hr 200 | 200] 200! 200} 200} 200] 200! 200 | 200] 200] 200) 200) 200] 200] 200] 200] 200 
R(H=1-Frt 0.9 0.81 | 0.73 | 0.66 | 0.6 0.54 | 048 | 0.43 .39 | 036 | 0.48 | 0.28 | 0.25 | 0.23 | 0.20 | 0.18 | 0.16 





where m is the number of the switches broke down in time T, out of 
sample of size N. 

The following reasoning also proves the distribution of the life time 

is exponential: 

Having given the above table, the 4" row shows the failure rate is 
approximately constant and equal 0.1. On the other hand since 


O __-fohoer 
h(t) 
then 1 — F(t) = R(t) = en fp Ott =e Olt = F(t) = 1 — e791, 


Therefore the lifetime of the switch follows an exponential distribution 
with parameter A =0.1 or mean 6 = 10. 


R= 


Figure 14-4 shows the plot of row 5 of the table in terms of row 1; i.e. the 
proportion of the switches in the sample which broke down over time that 
is actually f (t),the estimate of the probability density function(pdf) of the 
switches lifetime (TTF) at time t. 
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perimental Expontial pdf 


tin 1000 hr 





0 5 10 15 
tima 10 failure 
Fig. 14.4 Empirical pdf of the switches related to Fig.14.3 
(extracted from Feigenbaum,1991 page 580) 


Reliability Function of Exponential Distribution 
The Reliability function of an exponentially distributed random variable is 
given by: 


Rp =1-F(T) > R, =e” =e 


For example if we would like to calculate the 6000-hr reliability of a kind of 


os 
0 


product which has constant failure rate of A = 0.1 failures per 1000 hr or 
A= 10 failures per hour; since the failure rate is constant then the 
distribution is exponential and 


AT —0.0001x6000 _— 0.55 


Reoo0 =@ =e 
i.e. 
the probability that a unit product does not fail is 0.55; in other words 55% 


of the product survive are 6000 hours. 


If the reliability is estimated from Fig. 14.3, the 6000-hr reliability would be 
calculated as: 





200 — (20 + 18 + 16 + 14 + 13 + 12) 
ws = 0.535 

200 
Needless to say that the sum (20+18+16+14+13+12) is the number of 
switches remaining after 6000 hours. 


Note that 
-It is the exponential distribution that possess a constant hazard function 
over time; the hazard function of other distributions vary with time; 
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-Exponential distribution is a special form of gamma: gamma(1,f) and 
two-parameter Weibull distribution: C=1. 

-Given a sample of a statistical distribution, its parameters could be 
estimated with estimation methods such as method of moments or 
maximum likelihood method(MLE); = MATLAB is able to estimate many 
distributions parameters; e.g. the command expofit estimates the 
parameter of exponential distributions. It is worth mentioning that if 


Mex 


sample xis taken from a distribution the sample mean is an 


unbiased estimate for the distribution mean: 2 = X_ 


Example 14.2 
The lifetime of a component is exponentially distributed with 
parameter 2. The component will be replaced either it breaks down or 
works for a period of T time. Find the average time to replace this 
component. 
Solution 
Let 
X= component lifetime 
Y= Time elapsed to replace the component 
Y = Min(X,T) = E(Y) = E[Min(x,T)] 
Min (X,T)+Max(X,T)=X+T=> 
E[Min (X,T)] =E(X+T)-E[ Max(X,T)] 
E(X+T) = E(X)+T 
E{Max(X,T)} = 
E(Max(X,T)|X > T)Pr(X > T) + E(Max(X,T)|X < T)Pr(x < T) 


E(Max(X,T)|X > T) = E(X|X > T) 
Random variable X is memory-less because it is exponentially distributed 


then E(X|X > T) = T+ 3 on the other hand 


E(Max(X,T)|X < T) = E(T) =T 
Then: 


E{Max(X,T)}=(T +5) x eA +7 (1 zs a) =T+2e7T 
E(Y) = E{Min(X,T)} = E(X + T) — E[ Max(X,T)] 
=<+T- (roe) = 


E(Y) = (4 —eAT), 
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14.2.2 Three- parameter Weibull distribution 


3-parameter Weibul distribution is a distribution with: 


Cc -l 2 
C $A FAL C 

Oy ef —(——) x >A 
f @) a 7 ) ae: 

(f54 Cc 2 SANE 
R(t)=e 8B F(t)=l-e 8 t>A 
o(x)=A+Br{1+4) T(integer n)=(n-1)! 
C 


Var(X) =B’ T (1+ 2 -B’[ T° (1+ i ig 
C Cc 


where A, B>0 and C>0 are called respectively the location parameter, the 
scale parameter and the shape parameters. 

By the way of reminding, it is added that 

-when A=0 & C=1 the distribution is exponential; 

- when A=0 & C=2 the distribution is called Rayleigh which is used in 
modeling sea waves and communication waves. 


14.2.3. Two- parameter(2-p) Weibull Distribution 


A two-parameter weibull is a 3-parameter weibull with A=0; then 


a c-l C 
R(t) =1- Fy (Q=e 1O-<(2| (=| 1>0 


B 


Figure 14.5 shows the pdf of several 2- parameter Weibull distributions. 
ego density function for A=0,B=18& some shape parameters 





Figure.14.5-a Density functions of 2-p Weibull with B=1 and several C’s 
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(extracted from Grant&Leavenworth,1988 page 605) 








07 
¥®1:,01:13,B210;c#16.5:y = woipdf{x 6,c); plot(x,y) 
0% 06 
03 

05 

st B=10, C=8 
; 4 

= 02 = . 
0.15 03 
01 02 
is a1 
0 x 





Lt} 2 4 6 8 10 12 14 





Fig.14.5-b Density functions of 2-p Weibull with B=10 and 2 C’s 


It is worth reminding that exponential distribution is the same as a two- 
parameter Weibull with shape parameter =1; and the same as a gamma 
distribution with shape parameter =1. 


Parameter Estimate of Weibull Distribution 

Given a random sample of size n, the parameters of weibull distribution 
could be estimated graphically’ or using such methods as MLE. The 
equations in MLE methods are (Muir & Elsherawi(1986): 


ae ee 


Cc 





jae 
+E inte, ~A)+ 3 (—t ee pian % I= 0 


i=l 





A-x 
n 1-C Cn . _ 
3 ree 5 ee 
pele, -A B i=l B 


It is worth knowing that given a sample of size n an appropriate estimate 
- n 
for the location parameter in 3- p Weibull distribution is A = min{x, }. 


i=l 


The equation for 2-p Weibull are (Montgomeri & Rungers, 1994 page 299): 








1 
=] ee 
n n n 
YC inx,) > dnx,) ea . 
(= i=l i=l i i=l 
a Cc n n 
ae 





3 Graphical estimation method for Weibull distribution is described in references such as 


lreson (1996) p 25-31 or internet. 
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If the shape parameter C is known, B is estimated using 





MLE(B) = B = 


A suitable estimate for the location parameter (A)of of 3-paramter 
Weibullis A = career \ 


nj* 


The MATLAB command wblfit estimates the parameters of a 2-p Weibull 
distribution i.e. estimates B&C. 


Example 14.3 

The random sample 

X=[113.0634 49.5432 53.4872 93.7147 74.0594 114.3216 
97.1033 61.5069 74.7216 52.8807]; 

is given from a 2-p weibull distribution. Write a MATLAB code which 
calculates B and C from the above equations. Estimate B & C with 
wblfit command in MATLAB as well. 


Solution: 
%Sample X=[X(1)......X(n)] 
X=[113.0634 49.5432 53.4872 93.7147 74.0594 114.3216 97.1033 
61.5069 74.7216 52.8807]; 
for C=.01:0.001:40 
for l=1:length(X) 
LNX(I)=log(X(I)); XIC(I)=X(I)4C;XICLNX(I)=XIC(I)* LNX(I); 
end 
A= C-(sum(XICLNX)/sum(XIC)-sum(LNX)/length(X))4(-1); 
if ( abs(A)<= 0.001 ) C1=C; disp(sprintf('C= %6.4f ', C1)) 
end 
end 
B=(sum(X.*C1)/(length(X)))4(1/C1); 
disp(sprintf('B= %6.4f ', B)) 


The above code gives 
C= 3.7150 
B= 87.1546 


>> wblfit(X) 
ans= 87.1543 3.7149 
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Example 14.4 
Given the random sample x, = 2.1 , xX) = 2.2 , x3 =0.9 from a Rayleigh 
distribution, estimate the parameter of the distribution. 


Solution 
Rayleigh distribution is a 2-p Weibull with C=2; 
Since when the shape parameter C is known, B is estimated using 


1 
MLE(B)=B = 2X] then 
n 





a jer 410 0) 4:9) 


1 
2 
3 =sqrt(2.142+2.242+.942)/sqrt(3)=1.8312. 


Hazard function of Weibull distribution 
The Instantaneous hazard function of Weibull is given by: 


ft) Ct-A 
ht) = 4A 
(t) RO BOF? 
for 2-parameter weibull: 
h(t) =£G)o? t>0. 


when C>1 __ h(t) increases as t increases 
when O<C<1 h(t) decreases as t increases 


when C=1 __ h(t) is constant with respect to t. 
(Note that for C=1 the distribution reduces to exponential). 


Reliability function of Weibull distribution 
The survival probability after time T according to Weibull distribution is 


TA. 
Rr = reorey : 
when there is no minimum for lifetime i.e. A=O then - A) . 
The interpretation of A=0 is the fact that the device might break down at 
t=0 i.e. there is no minimum lifetime guarantee for all products. 


When C=1 the reliability function would be the same as that of exponential 
distribution. 


Example 14.5 

The time to failure of a kind of ball bearing follows a Weibull distribution 
with B=5000 &C=0.5. 
a)Find mean time to failure: 
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MTTF = E(X )= so0or{ + =| = 500013) = 5000 2!= 10000 hours. 


Find the probability f survival after 6000 hr 
__, £0005 
R oo09 = Pr(X >6000)=e °° =0.334 
Then the 6000-hr reliability of the product is 0.334; in other words 33.4% 
of the ball bearings have a minimum life of 6000 hours. 


14.2.4 Truncated Normal Distribution 
The ordinary normal distribution is not that useful for lifetime of products; 
however if its negative section is truncated the distribution of nonnegative 
part is more appropriate. The 
normal distribution truncated to be positive with parameters u&o has the 
following density function: 
| ta) 
————__# 
i \f)=4a.220 


0 otherwise 


C20 gepyz 32 
a 


The mean and variance of this distribution are no longeru&a* . The mean 
is calculated as follows: 

















—00 0 210 
1 uy ifeay 
% 2| o « 2| o 
t—y Hl 
E(T )= e dt *+ e dt => 
( ) pear pee 
peal peo 
ao 72(t-u) 21 0 os 2l 0 7 
E(T )=(-— Hapa t=0 
I ge Jtn= Ce )t+u> 
we 
202 
E(t )=y+—e 
a 


To calculate the probabilities of a random variable X having this 
distribution with parameters 4 and a, one could write: 
(x-n) * 
e 2 dx =—Pr(Z > ants, 
a oO 








Pr(X >xy=+| 


Where a = Pr (z > -#), 
Logarithmic normal distribution was mentioned in chapter 4. 
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Figure 14.6 shows some functions of five distributions used in reliability 
theory. 


14.3 Reliability of a system of several components 

This section deals with the reliability of a system composed of several 
components. The configuration or arrangement of components in a system 
could be series, parallel, k- out- of- n, star-delta or a simple or complex 
combination of them. Some of the configurations are described below. It 
is worth knowing the reliability of components may vary with time, or may 
does not vary with time. The former case is called dynamic and the latter 
case is called a static model. The arrangement of components in a system 
is sometimes referred to as RBD’. 


ASSOCIAT CIATED 
tre | Form or vistrisution | ASSOCIATED. ABILITY FUNCTION 








t(*) patt) 


c*1 c>1 CxS 
WEIBULL | iA is c= ct xX 





i) 
uniform 





= 


Fig. 14.6 The shape of pdf, hazard function and reliability function 
some distributions (after Feigenbaum,1990, Fig.17-5) 





A Reliability Block Diagram 


340 


Statistical methods in Quality Control 


14.3.1 Series configuration 

A system of series configuration is such that it works as far as all 
components work. In other words in this configuration if a component fails 
the system fails. 


Fig. 14.7 m-component series configuration 


Suppose the system in Fig. 14.7 is composed of m_ independent 
components each having T-time reliability (Ry); = Pr(X; > T) 
where X;z,...,.Xm denote the lifetimes of the components. The system fails if 
at least one component fails. 
The reliability of the system, denoted by (Ry).y,; = Pr(X > T) 


is computed from: 
(Rr)sys=(Ry ) (Rr), (Ry In 


Where X denotes the lifetime of the system. 


Proof 

Let X denotes the lifetime of the system andX_...X, denote the 
independent lifetimes of the components; then: 

X =min(X,..X,,) P(X >T)=P,[min(X,..X,,)>T |=> 

PLL ST SP Sl ST ak eT } 


r 


=> (Ry), = (Rp), «(Re } 
End of proof. 

In static case i.e. dependent of time where the reliabilities of independent 
components are given as Rj,..., R,, again the system probability would be 
the product of R;’s: 


m 


Rsys = TTi=1 Ri. 
It is worth noting in a series configuration 
the less the number of components of the system the more reliable the 
system, and the more reliable the components, the more reliable the 
system. 


Example 14.6 
A system of m components fails when each of the components fails. The 
lifetimes of the components are independent and exponentially distributed 


with parameters /,,/,,...,/,, . Find the reliability of the system. 
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Solution 


AT 249 eS 
1 m i=l 


(&,. sys =e we =e 


That is when m components with constant failure rates 2;,i = 1,2,...,m 
constitute a series system, the system itself also would have a constant 
failure rate equal to 1”, A;. In other words the lifetime of the system is 
exponentially distributed with parameter ))7™, Aj. 


Example 14.7 

A system is assembled as a series configuration of 8 types of electrical 
components, shown in the following table. Each type constitutes a 
subassembly which has a series configuration in turn. All life times are 
independent and follow exponential distribution. Given the data in the 
following table, predict the 10-hour reliability of the system. 









































Number Aj 
= | Component hasan Failure | Failure rate of the subassembly 
3 Name the rate per hr 
E sytem | (per (ma) 
om hour) 
1 | Diode 52 | 2010" | 59 x120x10 = 6.24x107 
2 | Motor 3 100%10° 0.300 x10~ 
3 | Relay 18 | 145x10° 2.610 x 10° 
4 | Resistor 213 | 10x10° 2.130x10°% 
5 | Potentiometer 26 70x10° 1.820 x107 
6 | Switch 82 | 25x10" | 2.950107 
7 | Transform motor 21 20x10° 0.420 x 10° 
8 | Soldered 341 | 18x10" 6.138 x10~ 
point 
Sum | 2 = 21.708x10~ 














The life time distribution of the total assembled product is exponential 
with A = 0.021708 failure/hr. The 10-hr reliability is 0.805 as calculated 
below: 


Rio = e OO71D0) — 9.805 = 80.5% 
Example 14.8 


A series system constitutes 3 components having reliabilities R,=0.9, 
R»=0.95 and 
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R3=0.85. The failure the system imposes a cost of $5000. 

a) Find the reliability of the system; 

b) Find the mean of incurred cost in the long range; 

c)If a similar systems is added to the system as a standby 

subsystem. Find the reliability of the new system, assuming perfect 
switching. 

d)Calculate the mean of the incurred cost paid for the failure of the new 
system in the long range. 


Solution 
a) 


jos | — 0.95 0.85 


R =R,R,R, =(0.9)(0.95)(0.85) = 0.73 











b) 
| probability | Cost | 
| 0.73 | 0 | 
| 0.27 | $5000 | 





The average cost is 5000*0.27=$1350. 
c) 


Let the reliabity of the working subsystem be denoted by R;> and the 
reliability of the standby subsystem by Rs; then the relaibility of the 
whole system would be given by: 
Rgys = 1— (1— Ris )(1 — Ras ) = Ras + Ros — RisRas 

= Ris + (1 — Rys)Ros5 = 
=0.73+(1-0.73)(0.73)=0.93 


sys 











d) 
| Probability | cost | 
| 0.93 0 
| 0.07 | $5000 | 





The average cost is 5000*0.07=$350. 

The difference of the two costs is 1000 dollars; then if the price of the 
backup is considerably less then 1000 dollars, it could be said the latter 
system is economic. 
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14.3.2 Parallel configuration 
At the outset consider a 2- component system in Fig. 14.8 
subassemblies A & B are in parallel; i.e. the system works if at least 


one of the two works. 
A 


Ro | 


R 
Fig. 14.8 A 2-subassembly parallel system 


From the probability theory we know: 
The probability that either A or B or both work = 
_ Pr(A+B)=Pr(A)+Pr(B)—-Pr(AB ) 


Let the reliability of system (R) be the probability that either A or B or both 
work and denote the probability that A works by R,; and the probability 
that B works by R,; if A and B are independent then 


Pr(A +B) =Pr(A) + Pr(B)—Pr(A) Pr(B ) 


Pr(A +B) =R,+R,-R,R, =1-1+R, +R, -R,R, =1-(1-R,) +R, (1-R,) = 
1—-(—R,)d—-R,) 


Therefore the the reliability of a 2 component parallel system is given by 
R=1-(1-8,)(1— R2). 





In the general case where there are m independent components and 
the system works as far as at least one component works, we have an m- 
component parallel system(Fig 14.9). An example of this is the circuit of 
several parallel resistances, several similar teller in banks, airports. 





Fig. 14.9 A Parallel System 
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Denoting the lifetimes of the components by Xj,...,X, ,in this case we have: 
System Lifetime = X = max(X.,...X,, ) then 


Pr(XST ) = Pr) maxon ST [a Pr XG SPX SP aX, 


er) 
Assume X;j,...,Xm are independent and each component has T-time 
reliability (R,), ie. Rp)j = Pr(X; > T). Denote system reliability by 


(Rr)sys = Pr(x > T), then 


1 (Rp oye =[1-(Rr), | [1-(Rr)s J-[1- (8), J 


(Rr) sys =1—[1= (Rr)1] me) Be (Rr) ml. 


Further more if the reliability of the components of a parallel system, 
denoted by Rj,..., Rj ,are dependent of time then 


Reys = 1— (1 — Ry) «(1 — Rm) 


14.3.3 Calculation of reliability when back-up is available 

Consider a system in which subsystem 1 works and one or more 
redundant subsystems are waiting to replace subsystem 1 in case of failure 
by a “switch” as shown in Fig. 14-10. The “switch” could be a man ora 
device; it could be always working or be out of order when needed to 
replace the standby component. The former case is called perfect 
switching and the latter is called imperfect switching. In addition the 
standby components themselves might be subject to failure before 
replacing. That is why these cases(reliability of the switch and the failure of 
standby redundant components on replacement) come into effect. 
References such as Kapur& Lamberson(1977) and Kapur&Pecht(2014) deal 
with these cases in detail. Below some cases regarding to standby 
redundancy are briefly dealt. 





Fig.14-10 A system with standby redundant subsystems 
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14.3.3.1 Two-component standby (imperfect &perfect 
switching system) 


Suppose there are 2 subsystems in a system, one with reliability of R, is 
active(working), the other having a reliability of R2 is standby or backup; 
Rzg Rz are constants rather than functions of time. In addition suppose, 
when called upon to be used, the switch is subject to failure but the 
standby component is not subject to failure. The probability that the 
switch works when it is needed to replace the standby subsystem is a 
constant number Ps (e.g. the mean of the switch reliability function rather 
than the reliability function itself). Then the reliability of this 2-component 
system denoted here by 
R would be (Billinton& Allen,1992): 

2 sys 


R =R,+P,.R,0-R,) =1-d-R,)d-P.R,) 


2 sys 
The simplest case is when we have perfect switching i.e. P.=1 and it is not 
probable that the standby component become out of order during its 
period of being standby. When the active component fails, the standby 
component replaces it by the help of the perfect switch; in this case since 
P.=1 then: 
R =1-(_-R,)U-R,) 
SYS 
This relationship is similar to that of a 2-component parallel system when 
both are active. 


Example 14.9 

A device with reliability of 90% has a back-up with reliability of 80%. 
When the device fails it is replaced automatically by a perfect switch. 
Suppose the backup might not be out of order when replaces. Find 
the reliability of the system composed of the active and stand by. 
Solution 1 
Pr(system works)=Pr(the active device works)+Pr(the device fails & the 
backup works)= 
Pr(the device works)+Pr(the active device fails )x Pr(the backup works)= 
0.9+0.1X0.8=0.98 
Solution 2 
R  =1-d-R)d-R,) =1-(1-0.9)(1-0.8) =0.98 


sy. 


Example 14.10 
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Calculate the reliability of a system whose RBD is as follows. The number 
in each box represent the reliability of the component. B, and C, are 
backups which replace respectively B, and C, upon failure by a perfect 
switch. The backups are supposed to be working when replacing. Also 
calculate the reliability of the system if backups were not available. 


back —up 





298 . 95 | 
PPLE AEA A POLL EA POPP ELIE L Ss 


Solution 

The A, B and C constitute a series configuration, at the outset note the 
reliability of "B, + its backup B, "is 1— (1 —0.9)(1 — 0.9) 
and that of "C, + its backup C," is 1—(1 —0.95)(1 — 0.92). Then the 
reliability of the series system is given by 
Rsys = 
0.98[1 — (1 — 0.9)(1 — 0.9)][1 — (1 — 0.95)(1 — 0.92)] = 0.966 
Ignoring the backups would yield the reliability equal to 

0.98 x 0.90 x 0.95 = 0.84. 


Example14.11 

A system has the following RBD. The Bz and C, are backups for B, with 
assumption of no failure while they are in standby mode when B11 fails, Bz 
replaces it by a perfect switch ; when Bj fails, Bz replaces it by a perfect 
switch. Compute the system reliability. The number in each box represent 
the reliability of the component. 


2 backups for B1 





POPPA LA OOOO ELA EA PATE ELEY 
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Answer 

It could be shown that the reliability of the middle subsystem is calculated 
as if it is a 3- component parallel system: 1-(1-0.9)(1-0.9) (1-0.92)=0.9992 
Reys = (0.98)0.9992*(0.95)=0.93 . 


Example 14.12 
Test of 100 units of a kind of valve, each for 20000 hours, resulted in 6 
failures; 


a)find the proportion failed, 


b) the failure rate of each unit valve per year( i.e.no. of failure in a year), 
c)find expected number of failures per year for 1000 units, 
d) find MTBF. 


Solution 
a)6% 
b)From the 100 units during the 20000 hours test ,6 units failed . it is 


supposed that each of these 6 failed items worked ac = 10000) 
hours on the average before failure. 


The total test time of the units during the test is then: 


6 x 20000 
100 x 20000 — — 1940000 hr. 
The failure rate(FR) of a unit is equal to 


FR = 3.09 x 10~° failure per hr 


= 3.09 failures per 10° hr. 
On the other hand 
Failures of a unit per year= Failures of a unit per hourx 365 x 24. 
Then failure rate for each unit per year is 3.3 x 10° x 365 x 24= 
0.0289 
In other words the amount of failures for a unit per year is 0.029. 
If 1000 units are operated; the expected number of failed items per year is 
0.029 failures per unit per yearx 1000 units =29 failure per year 
d) 


MTBF = 


~ 1940000 


total test time __ 1940000 
number fof failires 6 


= 323333.3 hr 
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14.3.4 k -out-of -n configuration 

A k-out-of-n reliability configuration is a system with n similar 
components which fails if and only if at least k consecutive components 
fail (Fig.14-11) 


Fig.14-11 A"K out n" configuration. 










Needless to say that when k=n, we have a series configuration; when k=1 
we have a parallel system. The reliability of a k-out-of-n configuration 
consisting n similar components, each with reliability R, is given by the 
following relationship (Barlow&Proshan,1996, page 218) 


Rap =D RUB Se) fx ae. 

In this system the reliability of the system increases, 

when k reduces and R is constant, 

and 

when R increases and k is constant. 

As an exercise show that 

for k=n, the above formula gives the reliability of series configuration , and 
for k=1, the formula gives the reliability of parallel system. 


Example 14.13 

The lifetime of components 1,2 &3 follow a Weibull distribution with 
parameters A=0, B=200 hr and C=.5. Verify the following diagram which 
contain only 3 components ( not 6 components) could be regarded as a 2- 
out-of-3 system. Calculate the 100-hour reliability of the system. 
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Solution 

Note that according to the diagram, the system works in the following 
cases: 

If 1&2 work; 

If 1&3 work; 

If 2&3 work; 

If 1,2&3 work 

Then it is a 2-out-of-3 system. 


é ( a 
x-A 
Ry = R, = R3 =R= ate) =e ae 


3 0.4931 
Rsys = 2 (2) x2-1(1 — x)?" 7dx 


0.4931 
=2* 3 { x(1 — x)dx = 0.4897 
0 
or with MATLAB 


syms x; Rsys=int(6*x*(1-x), 0,.4931) 
Rsys = 
244825328509/500000000000= 0.4897 


or 


3 

3 ; 

Rsys = > ( ) 0.4931)(1 — 0.4931)? 
j=2 


with MATLAB 


Ryys = 1 — binocdf(1,3, .4931) = 0.4897. 


sys 


350 


Statistical methods in Quality Control 


14.3.5 Star and Delta configurations 


This section deals briefly with star and delta configurations. The 
following figure shows a star configuration and a delta configuration. 
These are easily converted into each other, a property which could be 
used to simplify the RBD of a complex 
System whose original reliability is hard to compute. 


yy 





star configuration 


delta configuration 


Fig.14-12 Star and Delta configurations. 


We now deal with a special case where the reliability of the 3 components 
are the same. 
Suppose in a delta configuration the reliability of each component is Tq, 


then R,,R,,R, inthe equivalent star configuration is derived from: 


R,=R,=R, = n+ —1r =Ry, 


Conversely, if in a star configuration R,=R,=R,=R, ,then r, 
as the reliably of the 3 components of the equivalent delta configuration 
(4,=% =r,=1",)is a root of the following equation(based on Grosh, 
1989): 
¥ y y 
—r, +r t+n—R, =: 


y 


14.3.6 Complex configurations 

As well as series, parallel and k-out-of-n configurations, there are other 
configurations, some of which are complex whose reliability cannot be 
calculated easily. The following RBD is an example of complex systems. 
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Fig. 14.13 An example of a complex RBD 


There are some methods, which might be useful in calculating the 
reliability of these kinds of systems, including: 

1-Enumeration Method, 

2-Path Tracing Algorithm* 

3-Appication of Bayesian Decomposition Theorem 

4- Star-Delta Conversion 

5-The method based on Markov Process 

6-Cut-set and Tie-set Method 

The third method is described here. 


14.3.6.1 Application of Bayesian Decomposition Theorem 

A way to calculate the reliability of some complex systems is to apply 
Bayesian decomposition, described below: 
a) 
Search for an element in the RBD of the system, which is a key one such 
that if the it works permanently the RBD reduces to an RBD whose 
reliability can be calculated easily; and if it does not work permanently, the 
system reduces to a system whose reliability can be calculated easily again. 
b) 
Use Bayes' rule of conditioning to compute the original system reliability. 


Example 14.14 
Find the reliability of a system consisting of subsystem types 1, 2, and 3, 


with reliabilities R;, R2 and R3 with the following RBD (Lewis,1992 page 
282). 


From: Primer of Reliability Theory by Doris Lloyd Grosh; John wiley 
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Fig. 14-14 A complex system 


Solution 
Component 2a is selected as the key element by trial and error. The 
survival of the system is conditioned on two events i.e. either subsystem 2a 
fails or operating. 
Let 
Y The event denoting successful system operation, 
X The event denoting failure of component 2a 
X The event denoting successful operation of 2a, 
R, denote the reliability of components 1a , 1b, 
R» denote the reliability of components 2a , 2b 
R3 denote the reliability of components 3a , 3b. 
Consider the sample space(SS) consisting 2 events X , X; 
i.e. SS = {X, X}. 
According to Bayesian theorem we have: 


P{Y} = Pr(Y|X)Pr(X) + Pr(Y|X)Pr(X) 

where 

Pr(Y|X) =R™~_ the probability of successful system operation if 2a has 
failed, 

Pr(Y|X) = Rt the probability of successful system operation if 2a is 
operating, 

Pr(Y) = R =the total probability of successful system operation, 

Pr{X} The probability of successful operation of component 2a, 

Pr{X} The probability that component 2a fails. 

Since Pr{X}=1—R, and Pr{X}=R, then 

R=R (1—R,) + RtRo. 


Calculation the conditional reliabilities R’ and R* 

a) To compute the probability of successful system operation if 
component 2a has failed (R~), all the paths through 2a in Fig.14.12 
are disconnected (as if 2a is removed); the result appears in Fig. 
14.13.a; which is actually the RBD of a series of components 1b,2b 
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and 3b; subsystems 1a and 3a no longer make any contribution to 
the value of R-. Therefore: 
Pr(Y|X) = R7 => R,R2R3 


7 


Fig.14.14.a Component 2a has failed 


b)For computing the probability of successful system operation if 
component 2a is operating i.e. Rt ,wesay: when 2a is always operating 
a line could be plotted instead of it as shown 





Fig. 4.14.b Component 2a always functioning in Fig 14.14 


in Fig. 14.14.b or Fig14.14.c. Now we have a series combination of two 
parallel configurations, 1a and 1b in the first and 3a and 3b in the second; 
since component 2b is always bypassed, it has no effect on the value of 
Rt. Therefore we have an RBD shown in Fig 14.14, whose reliability is 
given by 

Pr(Y|X) = Rt = 

(R; + Ry — RyRz)(R3 + R3 — R3R3) = (2Ri — R7)@2R3 — R43) > 

R* = (1— (1— Ry) (1 — Ry))(1 — @Q — Rg) (1 — Rg)) 





Fig14.14.c RBD of the system of Fig 14.14 when component 
2a always functioning 


Substituting RtandR7 in the following formula (Bayes’ rule) 
R = P{Y} = Pr(Y|X)Pr(X) + Pr(Y|X)Pr(X) = R7(1 — R2) + RR, 
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We have: 


As an exercise compute the reliability of the system in Fig14.11 if the 
reliability of each component is 0.95. 


Example 14.15 (based on Dhillon,2006 page47) 
Find the reliability of a system with the following RBD. 





Solution 
The delta configuration of rl=r2=r3=0.9=r, has an equivalent star 
configuration whose 3 components has the reliability of Ry derived from: 


2 3 
R, =R, =R, = r+ —N =0.9905. 


Replacing the delta configuration with its equivalent star results in the 
following RBD whose reliability could be easily calculated. 


Rya09905 





=0.9 


Universal Generating Function( UGF) 

In recent years an approach called the universal generating function (UGF) 
technique has been applied to reliability analysis, especially in systems with 
multi-state components (MSS'). UGF is actually an extension of probability 
generation function or z-transform. To become acquainted with this 
function and the related technique, there are a lot of references in the 
internet. 





* multi state system 
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14.4 Availability 

For repairable systems a fundamental quantity of interest is the 
availability, defined as follows: 
Availability is the probability that a system is available for use at a given 
time (Lewis,1994 page 300). 


14.4.1 Availability function 

The probability that a system is performing satisfactorily at time t is 
referred to as instantaneous or point availability or availability function 
denoted by A(t): 


A(t) = probability that a system is performing satisfactorily at time t. 


14.4.1.1 


Availability function of a device with exponential life 

If the lifetime(time to failure) follows an exponential distribution with 
parameter A and the’ time to repair follows another exponential 
distribution with parameter wu, then A(t) 
Is given by (Garosh,1989; Kapur&Lamberson,1976 page 227): 


Aty=—# 44 _ 2 430 
M+A pwta 
For an irreparable device or equipment whose lifetime is exponentially 
distributed, the function A(t) equals the reliability function i.e. R(t); this is 
easily proved by substituting “ = 0 in the above relationship. 





14.4.1 Interval availability 

Interval availability is just the value of the availability function 
averaged over some interval of time T. This interval may be the 
design life of the system or the time to accomplish some particular 
mission. The interval availability,A*(T) is defined by (tewis,1994,page 300) 


A*(T) = = [2 AW dt. 


14.4.2 Steady- state(Long-term) Availability 
Long-term availability of the system is the mean proportion of time 
when the system is functioning (Rausand and Hoyland, 2004) or the 
probability that the system is functioning in the long time. Limiting or 
Long-term availability, denoted by A, is defined as (Ross,1985, pag1 401, 
Kapur and Laberson,1977 page 228): 
A = lim; A(t). 
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If the life time of the product and also the repair time are exponentially 
distributed with parameters A and respectively the Long-term 
availability would be calculated as follows: 


A(t)= a A g-asu t>0 














HM+A pwta 
eae L 
A=lmAgjs—" == AH =A, 
aad pre Pete 2 ot 
Au Au 
or 
_ ‘MTBF 
~ MTBF +MTTR 


Fortunately, if the repair time follows another continuous distribution 
other than exponential(such a logarithmic normal)with mean MTTR. the 
same above result would be obtained for the limiting availability A (Kapur 
and Lamberson, 1977page 228). 


Then the less the time to repair a system or equipment the more its 
availability i.e. the more the faction of time that the item performs the 
required function. 


Example 14.16 

Suppose the lifetime a device exponentially distributed with mean 100 
hours. What should be mean of the repair time In order to have the 
steady state availability of 98.5%? 


MTBF 0 100 


= 985 = ——_—_—__ => MITTR = 1.52 hr. 
MTBF + MTTR 100+ MTTR 





14.4.3 Calculation of system availability from mean on 


Soff times 
If in a system, the i component's on &off distributions are arbitrary 


Feo ice Sis : 161 ; ; : 
distributions with means rear respectively i=1,2,...,n; it follows from the 
i i 


theory of alternating renewal processes, for the limiting availability of the 
i” component we can write (Ross,1985 page 402): 
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Ai) > A, = 


A, bi; 
1 1 : ; : 
i & a are the mean time that the i” component is on and off 
i i 
times. 
The steady state availability of the system is calculated from: 
1 1 


A, y) 
A= f(A),..An) = f( ; 


+ 
A My An En 








where 
A, is the limiting (steady state) availability of the i” component, 


f(R,,..,R,) is the reliability function of the n-component system. 


For example if the configuration of n components is series, we have: 











R,, = SOR, es R,) = R, xX. X R,, 
1 
A; 
A, = 
re 1d 
— + — 
Aw; 
l I I I 
A An di a, 
A= (Ap wn An) = poses A = X..X a 
Ce ee eee a eee fn 
area Bi Pn A An En 


if the configuration of n-component system is parallel, then: 


R,, = f (Ry R,) =1-(-R,).x...x- R,) 








1 1 1 1 
Ay Ae Ay < 
A= f(A,,...,4,) = ror ut =1-(1- cnx (oe 
F(A» An) = f5— pq ee ee 
+ + —+— —+— 
A My An Hn 4 Pie tn 


The steady-state availability of a non-repairable system is zero(Lewis,1994 
page301) 
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It is worth mentioning that the reliability and availability of a unit, device 
equipment , system, etc... have a value between O and one. Some times 
for a special product one of them is very low and the other is high e.g. the 
reliability of a system might be 0.02 or 2% and its availability be 98%. 


Example 14.17 

A system is compromised of 2 devices :a compressor with constant 
failure rate 80.37 failures per 1 million working hours and MTTR 899.3 
hours. The other device has a constant failure rate 4.78 failures per 1 
million hours and MTTR 890.3 hours. Find 
a)The reliability of the components of the system for a mission time of 
26280 hours and the corresponding steady —state availability; 
b) The reliability of the series system for a mission time of 26280 hours and 
its steady —state availability. 


Solution 

Constant failure rate imply exponentially distributed lifetime. 
a) 
Compressor: 


MTBF=1/(80.37X 10~°)=12442.4 
R(t)=exp-(t/MTBF) 


R(26280)=exp (-26280X80.37X 10~°)=0.1210 


MTBF 12442.4 
A,= = = 0.9929 
MTBF+MTTR 12442.44+89.3 





The device: 
MTBF=1/(4.78X 10~°)= 209205 hr 


R(26280)= exp(-26280X4.78X 10~°)= 0.8819 


MTBF _ 209205 


A= = =0.99957 
MTBF+MTTR 209205 +89.3 





b) 
The system has a series configuration then 
Rsys = f (R1,R2) = Ry X Rp 


Rsys = 0.1210 x 0.8819 = 0.1067 
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A = f(R, = Ay,Rz = Az) = Ay X Az 
A=0.9929*0.99957=0.9925. 


14.4.2.1 Steady- state Availability and Preventive Maintenance 


Maintainability affects availability. The time required to repair the system 
or run the preventive maintenance makes the system unavailable. There 
is a close relationship between reliability and maintainability ; both of the 
affect availability and costs. In the long-term where the repair and 
preventive maintenance (PM)take place with constant rate after the tran- 
sient period, the steady-state availability is given by 
(O'Connor,2004,page401): 





_ MTBF . PMcycle 
MTBF +MTTR_ PMcyclex PMtime(total) 
where 
PMcycle 


is the time period required to run the preventive maintenance say every 
10° hours, 

PMtime (total) 

Is the total time required for accomplishing all repair and PM actions. 


14.5 Acceptance sampling based on product lifetime 


This section introduces some acceptance sampling procedures which 
accept or reject a lot based on lifetime; also a handbook containing such 
procedures will be introduced. But before dealing with the procedures, 
you will get acquainted with plotting OC curves in the field of reliability. 

Operating characteristic (OC) curves are strong tools in quality control; 
they display the discriminatory power of sampling procedures and plans. 
One application of them is helping to compare acceptance sampling plans 
with each other. In Chapter 10, a kind of OC curve for a single sampling 
plan n & c was discussed; the curve showed the probability of acceptance 
as a function of proportion of defective items. The following section deals 
with those OC curves in which the acceptance probability of a lot of a 
special product is plotted versus a parameter such as the product mean 
lifetime or the product reliability. 
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14.5.1 OC Curve for Acceptance Sampling Plans based 
on Mean Lifetime 

To plot the curve a random sample from the lot is taken and tested; if the 
sample meets a special criterion, the lot will be accepted. 


Example 14.18 (based on Grant&Leevenworth,1988 page 585) 
Consider the following acceptance sampling plan to be taken from a 
largish lot and plot its OC curves using various MTTF. 
The plan is as follows: 
Take a random sample of 22 units from the lot of product, and apply life 
test. Whenever an item fails, replace it with another item selected at 
random from the lot. If the test continues for 500 hr with no more than 2 
failures, accept the lot. If 3 failures [ or more] occur before 500 hr of 
testing. Terminate the test and reject the lot. 
Solution 
We suppose simultaneous testing of 22 units for 500 hours or 110 units 
for 100 hours or 11000 units for 1 hour give the same results. To plot the 
OC curve, note that totally we have 22x 500=11000 item-hours with 


acceptance number c= 2. Assume the failure probability is the same for all 
11000 unit-hours. Define the problem as a single acceptance sampling 
plan with n=11000,and c=2,let: 

X = number failures in 11000 unit-hours during 1 hour test, Then 


P.=Pr(xX < 2| given 


4= The probability of failure of one unit in an hour, 
or 
4= the failure rate of one unit per hour or the failure probability of 
one unit-hour 
or 
4= the proportion of binomial distribution p') 
=Pr(X <2|given 
mean of number of failures in a sample of 11000 = 11000A = np') 


Here A has a value less than 1 and is interpreted as the probability of the 
failure of one unit in an hour. 

The failure rate A takes the place of fraction nonconformities(Grant & 
Leavenworth,1988,page 586). Then the probability that a unit fails in an 
hour is A. To plot the OC curve, the exact value of lot acceptance 
probability corresponding to a particular p’ could be calculated from: 
Pa=binocdf(2,n=11000,p'=A). 

The approximate probability for various np’may be calculated from 
Pa=poisscdf(2,np'). 
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As stated earlier, in chapter 10, Pa were plotted versus p'. But in this 
chapter the horizontal axis is either the product mean life (0 = ; ) or the 


product reliability. Table 14-1 shows the probabilities for some values of 
0. Figure 14-15 shows the corresponding OC curve. 

To know how Pa is calculated , suppose 2 = 0.0003; since n=11000 
then np'=11000A =3.3. The approximate value for Pa from Poisson 
CDF table : P, = Pr(X < 2)=0.359=0.360 . The exact value of Pa is 
calculable from MATLAB : 

Pa = Pr(s 2) = binocdf(2,11000, 0.0003) = 0.3594. 


Table 14-1 Acceptance probability of in Example 14.15 for 
various mean lifetimes (Grant Leavenworth,1988,Page586) 
Calculation of OC curve for acceptance sampling plan requiring 11,000 item 
hours of life testing with an acceptance number of 2. Calculation assumes 
that the failure rate / is independent of the age of the item tested 

















| Failure Mean life Expected average number Probability of acceptance | 
rate per 1 of failures in 11,000 test | (probability of 2 or less 
hour, d=— rae failures) from 
A= p' A ( np‘ = 110002 ) Poisson distribution 
hours | Pa =PX <2) 

| 0.00002 | 50000 | 0.22 | 0.999 

0.00005 20000 0.55 0.982 
| 0.00006 16667 | 0.66 0.971 

0.00008 | 12500 _ | 0.88 | 0.939 





10000 


1.1 0.900 






0.00010 









0.000125 
| 0.00015 | 6667 ‘| 

0.00020 | 5000 2.2 0.623 
[0.00025 | 4000 | 2.75 0.480 





3333 







0.00030 
0.00040 
0.00050 2000 | 5.5 
0.00060 | 1667 6.6 0.040 


| 0.00080 1250 | 8.8 0.007 | 


The following MATLAB commands plots the OC curve. 
p=1/17000:.00001:1/1000;Pa=binocdf(2,11000,p);plot(1./p,Pa) 
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Pa 
o 
in 


eC 
o 862000 4000 S000 S000 10000 12000 14000 16000 48000 
Fig. 14-15 OC curve for Example 14.15 
(Probability of acceptance versus mean life). 


Example 14.19 

Figure 14-16 shows the OC curves for the following 2 acceptance 
sampling plans: n=10, c=1 , T=500,n=22, c=3 , T=500. 
The commands used for plotting the curves in MATLAB were: 
p=1:-.0001:.00020;Pa=binocdf(1,5000,p);plot(1./p,Pa); hold on; 
Pa=binocdf(3,11000,p);plot(1./p,Pa); 

















0.8 / 
0.71 n=22C=3 n=10 C=1 we | 
\ \ 
0.6 | : ” | 
\ \ X: 3333 
0.5 — Y: 0.5803 4 
Oo 
a 
0.45 | 
0.3 | 
0.2 | 
0.1 | 
0 ; 
0 1000 2000 3000 4000 5000 


mean life=1/p p=proportion defective 


Fig 14.16 The OC curves of Example 14.16. 
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The figures could be interpreted according what you have leaned in the 
subject of OC curve in Chapter 10. 


14.5.2 OC Curve for Acceptance Sampling Plans based 
on Reliability 

To plot Pa versus R for the OC curve of a single sampling plan with 
sample size n & acceptance number c, used for inspecting large lots , take a 
random sample of size n and test all the n products for a time period T. 
Each product has a succeeding probability of R, which is the product 
reliability for time T. The probability that the number of failures observed 
during the test time, X, is less than or equal to c, which is the number of 
allowable failures in n trials is given by: 

Cc 


n 
Pa = Pr(X <c) = Ss ( ) (1 — R)¥R"-*, 
x=0 ‘ 
This is a relationship for plotting Pa versus R. 


Example 14.20 

Plot the OC curve based on reliability for the single sampling plan of 
n=10, c=2. Take the following reliability points on the X-axis: 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 


Solution 

The following MATLAB commands are used to plot the curve shown in 
Fig.14.17: 
R=0:0.1:1; Pa= binocdf(2,10,1-R); plot(R,Pa) 
The figure shows the probability of accepting the lots versus various 
product reliability. 








R 


O 02 oO4 06 08 1 
Fig 14.17 OC curve for Plan n=10 , c=2. 
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14.6 Acceptance Sampling based on life test 


This section deals with introducing some tables for designing acceptance 
sampling plans based on product lifetime . Several types of tables have 
been developed for acceptance sampling plans based on lifetime , with 
distributions such as Weibull and exponential. 


H 108 Sampling Procedures and Tables for Life and Reliability Testing 


is a work in this area based on exponential distribution and provides 
procedures and tables for life and reliability testing. The exponential 
distribution’ is suitable for the portion A-B of bathtub-shaped failure rate 
model shown in Fig. 14-2 whose failure rate is some constant A. The 
handbook includes 

-definitions required for the use of the life test sampling plans and 
procedures; 

-general description of life test sampling plans; 

-life tests terminated upon occurrence of pre-assigned number of failures; 
-life tests terminated at pre-assigned time; and 

- sequential life test sampling plans. 

For each test there are 2 options: 

replacing the failed items during the test time by new items or not 
replacing. 

Below the type “life tests terminated at pre-assigned time” is used for 
testing the products of the sample. 


14.6.1 Acceptance Sampling with life tests terminated at 
pre-assigned time together with replacement 

In this procedure a number of products is taken at random from the lot 
and are tested simultaneously. Whenever a product fails it is replaced by a 
new one. The test continues for a pre-assigned time (T). If the 
recorded number of failures atthe end of the time pointis less than a 
rejection number (r), the lot will be accepted. 

It has to be emphasized that If before the end of T- time test, a failure 
occurs it is replaced by a new one, unless the number of failures before 
time T is equal to rejection number r. 

The rest of this section deal with specifying a procedure for accepting or 
rejecting the lot based on lifetime, from the handbook, given the producer 
and consumer risks(a &#). The procedures are described for the following 





A goodness of fit test or Q-Q plot could be used to examine whether a 
distribution is exponential or not. Bartlett’s test described at the end of this 


chapter deals with this. 
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3 cases, each having an exponential distribution for product lifetime and 
any of the following cases: 

—known a &f together with a restriction is on the sample size; 

—known a,f,randn 

—known a, B and T 


14.6.1.1 
Case1:Designing a plan subject to a restriction on sample size(n) 
given producer risk(a) and consumer risk (B) 

In this case, as well as a constraint on sample size, @i.e. the probability 
of type | error for a mean life 69, and f i.e. the probability of type II error 
for mean life 6,, are given (see Fig. 14.18). To specify the plan do the 
followings 


a)Calculate *, 

b)Extract the code of the plan from Table 14-2. The codes begins with 
letters A,B,C..... 

c)Extract the rejection number(r) from the table corresponding to the 
letter code. For code use A Table 14-3 and for code B use Table 14-4. For 
other codes refer to the handbook. 


: 
1-a@ 


Pa 


mean 
life 
oe : 
0; 8a 
Fig 14.18 the producer and consumer risks(a &) 


: 3 > A . 8 T 
d)To specify the test time, having calculated the given the ratio re read — 
0 


8 
from Table 14-3 if the code is A & a = 0.01 and 
from Table 14-4 if the code is B& a = 0.05. If the exact ratio is not found 
in the table; find the next greater ratio available in the table. Table 14-3, 
and Table 14-4 give also the sample size (as a multipliers of r). The steps 
are illustrated below. 
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Table 14-2 Codes of acceptance sampling plans(Table 24-10f H-108) 


a | 0.01 | 0.05 0.10 






























































B 0.01 0.10 0.10 
code 0, code 0, code 0, 
% % % 

A-1 0.004 B-1 [0.022 |c-1 |0.046 
[A -2 0.038 B-2 [0.09 |c-2  |0.137 
[A-3 lo.032,—[B-3__|o.154 |c-3 [0.207 
A-4 0.123 B-4 [0.205 |c-4  |0.261 
[A-5 0.160 B-5 [0.246 |c-5  |0.304 
[A- 6 lo.193 [B-6 |o.282 |c-6 [0.340 le | 
[A-7 [0.22 Ip-7 10.31 |c-7  |0.370 [E-7 | 
[A-8 lo.247__—[B-8 [0338 |[c-8 [0.396 | le-8 lo. | 
[A-9 [0.270  |B-9 |o36 [c-9 [0418 |[p-9 |o526 |e-9 |o.e67 | 
[A-10 10,29 [B-10 |0.38  |c-10 [0.438 |[p-10 |o.544_ |e-10 [0.681 _ _—| 
[A-11 |0.37 [p-11 |0.459 |c-11 |0.512 |p-11 |o.603_ _|e-11 [0.729 ‘| 
A-12 : 428 B-12 [0512 _[c-12__|0.561 _|D-12 
A-13 0.55 [C13 [0.597 
[A-14 asoE B-14 [0.58 _|c-14 |0.624 | 
A-15 0.554 B-15 |0.62  [|C-15 |0.666 |D-15 0.137 Els 0.821 
A-16 C-16__|0.695 
A-17 C-17__|0.743 
A-18 C-18 |0.774 |D-18 











aaa 0,882 


a =prouder risk, the probability of rejecting the lot if the mean life is a desired lifetime 89 








3 =consumer risk, the probability of accepting the lot if the mean life is a undesired life 0, 


Example 14.21 

To inspect lots of a kind of electrical resistance, design an accepting 
sampling plan with the following specifications. The life of the resistance is 
exponentially distributed. 
If the mean life 89 is 900 hours, 95% of the lots be accepted; 
If the mean life 8, is 300 hours, 10% of the lots be accepted; 
Answer 


, 0 
a)Calculation or 
0 


6, mean life realted to B 300 

85 ~ mean life realtedto1—a 900 
b)Reading the code B-8 from Table 14-2 under the column a=5% & 
B = 10%. 
c)From Table 14-4 rejection no=r= 8 in front of code B-8. 
d)To specify sample size(n) and a time for the test i.e. T from Table 14-4, 
various n can be selected. Suppose for some reasons n=4ri.e n=32_ is 
selected. 
From Table 14-4 at the intersection of column 4r and row B-8 => 
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— = 0.124. T = 0.124 x 8) = 0.124 x 900 = 111.6 hr. 

0 

Therefore a random sample of size n=32 is selected from the lot; all items 
of the sample are put on test; when an item fails, it is replaced by a new 
item. If before the end of the test time T=111.6 hr the recorded number 
failures reached 8 or exceeded it, reject the lot; otherwise if the time T= 


111.6 passed and the failures did not reach 8, accept the lot. 


Note that if r=8, and n=64,=> . = 0.062 = T = 55.8 < 111.6; thena 
0 


factor affecting the sample size is a possible restriction on the test time . 


Example 14.22 
Given =*+=0.022, specify a sampling plan for inspecting lots containing 
10) 


products with exponential distributed lifetime ,a = 5%, B = 
1% and 8) = 100 hr. Design the test for about 15 hours. 


Solution We would examine some sample sizes by trial and error 


10.022 Table 14-2 code= B1 > r=1 

(0) 

~ =0.009 => T= 9hr 
8g 


n=6xr=6Table 14-4 =» 
n=3xXr=3Table14-4 => 5 =0.017 => T= 17hr 
> 


0 


n = 2xr=2 Table 14-4 ~ =0.026 => T= 26hr 


=A 
The procedure n=3, r=1 and T=17 is selected. That is a random sample of 
size 3 has to be selected and the 3 products be tested simultaneously. If 
before the end of 17-hr test no failure happens, the lot has to be accepted; 
otherwise, rejected. If before the end of 17- hr test, a failure occurs it is 


replaced by a new one, unless the number of failures before 176 hr is 
equal to rejection number r=1. 
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Table 14-3 Values of - for code Aand = 0.01 
0 


life tests terminated at pre-assigned time with replacement 
Master Table for Life Tests Terminated at Pre-assigned Time-Testing with Replacement 
(Table 2C-2(a) Handbook H108) 





Sample Size(n) 


































































































Code r 

2r 3r 4r Sr 6r 7r 8r Or 10r 20r 
A-1 1 0.005 | 0.003 | 0.003 |0.002 | 0.002 | 0.001 | 0.001 | 0.001 | 0.001 | 0.0005 
A-2 2 .037 025 019 | O15 | .012 | .O11 | .009 | .008 | .007 | .004 
A-3 3 .073 .048 .036 | .029 | .024 | .021 | .108 | .016 | .015 | .007 
A-4 4 .103 .069 O51 | .041 | .034 | .029 | .026 | .023 | .021 | .010 
A-5 5 128 .085 .064 | .051 | .043 | .037 | .032 | .028 | .026 | .013 
A-6 6 149 .099 .074 | .060 | .050 | .043 | .037 | .033 | .030) .015 
A-7 7 .166 11 .083 | .067 | .055 | .048 | .042 | .037 | .033 | .017 
A-8 8 .182 121 .091 | .073 | .061 | .052 | .045 | .040 | .036 | .018 
A-9 9 .195 130 .097 | .078 | .065 | .056 | .049 | .043 | .039 | .019 
A-10] 10 .207 138 103 | .083 | .069 | .059 | .052 | .046 | .041 | .021 
A-11 | 15 .249 .166 125 | .100 | .083 | .071 | .062 | .055 | .050 | .025 
A-12 | 20 277 185 139 | .111 | .092 | .079 | .069 | .062 | .055 | .028 
A-13 | 25 297 .198 . 149 | .119 | .099 | .085 | .074 | .066 | .059 | .030 
A-14]| 30 312 .208 156 | .125 | .104 | .089 | .078 | .069 | .062 |) .031 
A-15 | 40 .335 223 . 167 | .134) .112 | .096 | .084 | .074 | .067 | .033 
A-16| 50 .350 234 175 | .140 | .117 | .100 | .088 | .078 | .070 | .035 
A-17 | 75 .376 .250 188 | .150 | .125 | .107 | .094 | .083 | .075 | .038 
A-18 | 100 | .391 261 196 |.156] .130 | .112 | .098 | .087 | .078 | .039 
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Table 14-4 Values of — for code B and a = 0.05 
0 


life test terminated at pre-assigned time with replacement 
(Table 2C-2(b) of Handbook H-108 From Naghanderian ,1372 page 543) 
































































































Code r Sample size(n) 
2r 3r 4r Sr 6r 7r 8r or 10r 11r 
| B-1 1 |0,026 jo.017 0.013 10.010 jo.009 jo.007 lo.006 |0.006 Jo.005 Jo.003 | 
| B-2 2 |0,089 Jo.059 0.044 10.036 j0.030 Jo.ozs lo.022 |0.020 Jo.or8 Jo.09 | 
B-3 3 10,136 |o.091 |o.068 0.055 |0.045 0.039 |0.034 |0.030 |o.027 |o.014 | 
B-4 4 19171 J0.114 |0.096 [0.068 |0.057|0.049 0.043 |0.038 0.034 |o.017 
B-5 5 |0,197 |o.131 |0.099 0.079 |0.066|0.056 |0.049 |0.044 |0.039 |o.020 
B-6 6 |0.218 |o.445 |o.109 |0.087 |0.073 0.062 |0.054 |0.048 |0.044 |o.022 
B-7 7 10-235 9.156 J0.117 [0.094 |0.078]0.67 0.059 |0.052 0.047 |o.023 
B-8 8 |9-249 109.165 |0.124 |0.100 |0.083|0.71 |0.062 |0.055 |0.050 |0.025 
B-9 9 [0.261 [0.174 |0.130 [9 104 |0.087 |o.75 _|o.065 |o.058 |0.052 |o.026 | 
B-10 | 10 0.271 [0.181 0,136 [0.109 0.068 10.060 0.054 |o.027 
B-11 | 15 [0.308 |0.205 0,154 0.123 0.077 0.068 |0.062 |o.031 
B-12 | 20 [0.331 [0221 0.166 [0,133 0.083 0.074 |o.066 |0.033 
B-13 | 25 [0.348 | 0.232 |0.174 [0,139 |o.116 |0.99 |0.087 |0.077 |0.070 [00.03 | 
B-14 | 30 |0.360 |0.240 |0.180 |0.144 |g 420 |0.103 |0.090 |0.080 |0.072 |0.036 
B-15 | 40 0,377 [0252 {0.189 |0.161 10.126 [0.108 |0.094 |0.084 |0.076 |0.038 | 
| B-16 | 50 [0.390 |0.260 [0195 |0.156 9.430 |o.111_ [0.097 |0.087 |o.078 |0.039 
| B17 | 7 [0.400 0.273 |0,204 Jo.164 lo.136 |o.117 lo.102 |o.091 lo.082 |o.041 | 
B-18 | 100 0.421 |0.280 0210 0.168 [9 440 |o.120 |0.105 |o.093 10.084 |o.042 | 
14.6.1.2 




















Case2:Designing a plan, given sample size(n),producer risk(a) and 


rejection number(r) 


To designing a plan, given n, a and rejection number r, at the outset 


read the code from Table 14-2 given a. Since nandr are known, compute 


T 
b= - under the column of b X r read a and then calculate T. 
0 


Example 14.23 


For lots of products having a lifetime exponentially distributed, design a 
plan n=10 and r=5 including atest terminated at pre-assigned time with 
replacement in such a way that for lots of mean life 9g = 1200 hr,a = 


0.05. 
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Solution 
From Table 14-2 with a = 0.05 and r = 5, B-5 is read as the code. This 
indicate we have to go to Table 14-4, related to letter B; the sample size is 


2Xr =10. In Table 14-4 under the column 2r, in front of B-5=> _ = 0.197. 
0 


The test time is: T=0.197(09 )=.197(1200)= 236. Then asample of size 10 
is taken from the lot and the items are simultaneously tested. The failed 
items are replaced by new items. If before the end of the test time i.e. 
T=236hr 5 failures occurred, the lot is rejected; if at the end of 236 hours 
less than 5 failures happened the lot is accepted. It is worth mentioning 
that if the test time has not ended and a failure happens, the failed product 
has to be replaced by a new one unless the number of failures has reached 
the allowed number i.e. r-1. 


14.6.1.3 

Case3:Designing a plan, given producer risk(a) , consumer risk(B) 

and test time(T) 

In this case given a, andT, after calculating ao, read n &r from Table 
0 10) 


14-5. 


Example 14.23 

Design a plan whose test is of type "life tests terminated at pre-assigned 
time "in such a way the test time does not exceed T=500 hr . The plan is 
wanted to accept 90% the lots having mean life 8g =10000 hr (a = 0.10), 
and to reject 95% of the lots with mean life 8; = 2000hr (8 = 0.05). The 
life is assumed to be exponentially distributed. 





Solution 
9, 2000 1 ees 
0, 10000 5 85 10000 20 
aT 10, 1 
We read n=34 & r=4 from Table 15-4 with — = —,— =—-, 
8)  20’8 5 


a = 0.10,and B = 0.05. That is a random sample of size 34 is taken 
from lot and its items are tested simultaneously; if before the end of 
500- hr test, a failure occurs it is replaced by anew one, unless the 
number of failures before 500 hr is equal to r=4. 
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Table 14-5 Acceptance Sampling Plans for some a, B, a: & with a test 
terminated at pre-assigned time with replacement(Table2 — C4 H108) 
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| 25 | 50 101 
5 | 8 17 | 34 «| 
3 5 11 22 2 4 9 19 
a= 0.1,8 = 0.05 a = 0.25, 8 = 0.05 
140 280 560 
| 43 | 86 | 172 | 
| 16 33 | 67 | 
5 10 19 
4 9 | 19 | 
=0258=01 | 
98 196 392 
ef | 
[Aa SS as =i 80 
4 9 19 
2 3 5 
= 0.25, B = 0.25 
47 95 190 
16 33 67 
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Example14.24 

(For designing a plan , having a constraint on the test time ) 

We would like to inspect lots on the basis of the lifetime of their 
products. If the mean life is 22 hr the lot is supposed to be rejected 
with the probability of 0.95; if the mean life is 1000 hr the lot is 
wanted to be accepted with the probability of 0.95. What plan do 
you suggest to apply whose test time is about 20 hours. 


Solution 


With mean life=1000 Pa =0.95 >a =0.05, 
With mean life=20 Pa =0.05 —f = 0.05, 
8) = 1000, a = 0.05, B = 0.05 , 0, = 20 

*1 = 9.022, -=—" = 0.02 

0 "6o 


0 1000 
This problem should be solved using Table 14-5 of case 3 in Sec 
1 


14.6.1.3, however, the value of “ = 0.022 _ is notin the table; 
0 
therefore we apply case 1(Sec. 14.6.1.1) as follows: 


From Table 14-2 read code B-1 for 32 = 0.022. In Table 14-4, with 
a. = 0.02 , in front of code B-1 the next immediate available 
number greater than 0.02 is 0.026 for r=1. Then the sample size is 
n=2r =2. 

The procedure is as follows: 

Take a sample of size 2 randomly from the lot and place the 2 
devices on test; If the during T =0.026x1000 = 26 hr no device 
fails the lot is accepted ; if at least one device fails the lot is rejected. 
Although generally if during test time T a device fails it has to be 
replaced by a new one unless the number of failed items exceeds 
r-1,but in this case since r=1, if one failure happens the test iS 
terminated. 
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Exercises 


14.1 

An electrical device has a constant rate of failure 0.00001 per hour (1 
failure per 10° hr). Calculate the 10,000-hour and20,000-hr reliability of 
the device. 

14.2 

Calculate the reliability of the following RBD. The number in each box 
indicates the component reliability. 





14.3° 
The lifetime of a direct current battery is normally distributed with mean 
H=30 hr, o = 4 hr. 


a)Find 25-hr reliability of the battery. 

b)When should it replaced to ensure that the probability of failure at that 
time prior to replacement does not exceed 10%. 

c)Two batteries are connected in parallel to power a light. Assuming that 
the light does not fail, what is the 35-hour reliability for the power source. 
d) A particular battery has been in continuous use for 30 hours. What is the 
probability that this battery will last another 4 hours? 


14.4 

An electronic power system include power source, receiver and amplifier, 
connected in series. The mission time for this system is 10° hours. The 
constant failure rates are as follows: 


subsystem Failure rate per hour 
Receiver 30 x 1077 
Amplifier 


Power Source 
Calculate the system reliability for the mission time. 





* Kapur & Lamberson(1977) page 72 
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14.5 Calculate the reliability of a system with the following RBD; B is a 
backup for A. 





14.6 The lifetime of a kind of electrical resistance is exponentially 
distributed. Design an acceptance sampling plan with the test time of 
around 100 hours for inspecting lots containing this product in such a way 
that if the mean lifetime of the product is 220 hours ,the lots acceptance 
probability should be 1% and if this mean is 1000 hours the probability 
would be 99%. 14.7 Calculate the reliability of the a system with the 
following RBD: 





14.7. In a 5-component system, if each of the components, having the 
reliability of 0.85 fails, the system will fail. Calculate the reliability of the 
system. 

14.8 Design a life-based plan for inspecting lots containing products with 
exponentially distributed lifetime, in such a way that if the mean life is 500 
hours, 95% of the lot would be accepted; and if the mean is 250 hours, 90% 
of the lots would be rejected. 

14.9 Generate 10 random numbers from an exponential distribution with 
A = 0.001, using a software such as MATLAB. Apply the hypothesis test 
stated in Appendix B of Chapter 4 (with r=n) with a = 1% ,to verify the 
mean of the exponential distribution is 1000. 

14.10 In a "2 out of 3" system, the constant failure rate of the individual 
components is 0.0002 per hour(2 failures per 10,000 hours). The mean of 
the down time for each is 10 hours. Calculate the long-term availability of 
the system. 
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14.11 In three consecutive 2000-hour interval, a system has had 250, 200, 
and 250 failures respectively. With 90% level of confidence, could we 
consider the distribution of the system lifetime exponential ? Apply a 
goodness of fit test. 
14.12 

The lifetime of a device is exponentially distributed with mean of 5000 
hours. Find 10000-hr reliability of the device. Repeat the solution for a 
roughly normal distribution with mean 5000 hr and standard deviation 
1500 hr. What would be the reliability if the lifetime had a Weibull 
distribution with A=200, B=5000 and C=1.5. 
14.13 

Write a MATLAB code for calculating the parameters A, B, C, of a Weibull 
from maximum likelihood estimation equations: 


A-x. C 


PA n n Ax, C 
—+ ¥ Ln@. -A) +> (——1) Ln(A - x.) =0 
C i=l u i=l B i 


A-x 
WTC: eon x pe 
by ep, 7 Seen a 
i=lx, —-A Bi=l B 
Ll 


0 





Three sentences for getting success(WILLIAM SHEAKSPER) 
1: Know more than other 
2: Work more than other 
3; Expect less than other 
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Table 1Some Continuous Distributions rom Ross,1983 




























































































Conti 
See Density Function Mean Variance g(t) MGF 
Uniform in 2 a i 
the interval Cae <d (a+b) (b —a) alee lis 
(a, b) b-a 2 re t(b —a) 
Exponential 
with . 1 1 a 
parameters Je" x >0 or ze 0 a 32 a 
A>0or A 
O>0 
Gamma 
with —Ax (Ax )" 1 ai 
parameters he x >0 a a (4) 
Integer n (n-I)! A A hep 
and 4 >0 
Normal 
with Ha=n) ror te 
parameters o roa 7 eee i. o exp s 2 
(u, 0°) 
perce: =x Oe go | 2 a 
pen T@r) | a+b | @+by (a+b +1) 
Table 1 Continuous Distributions ( continued) 
Conti 
a Density Function Cumulative Function Mean Variance 
C-1 = 2 2 
C x-A _(x-AC 7 B Td+4)+ 
Weibull | 3°o@? . °B? ; EAC =f Nee ieee yee 
x>A oe td C) Brd+2)] 
1 SA TM co 
piltC ag) cvalid on mca y monies z, 
GPD A<x<o whenC20 or A<x<o whenC20 or A +— 
Acx<A-6 when C <0 Acx<a-B when C <0 I-C 
B 
0 x<AtB cae OP A CD 
ae Aw 1 
a-cX Ac ee i-cX Aye “(Cx A) 
GEV for zat eC e B 
|xSA+8&C>0 1 KAGE & C>0 
1 x>AtB &C>0 
= = 2552 
FT1 ee eae oss peed mB 
oe ae e y = 0.05772 6 

















In Weibul Distribution 


A=0&C=1 = Exponetial 


A=0>2-parameter Weibull 








In GPD A=0&C=0 Exponential 


Distribution 
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Table 2 Some Discrete Distributions' 











































































































Distribution p(x) Probability function MGF Q(t) z-transform Mean Var 
Binomial with n 
parameters Jor (l-p)"*, x =0,L...,n [pe' +(1-p)]" | [pz+d-p)]"| np np(1-p) 
Nn , 0<p<1 x 

Poisson with F vhs 
ei e xP x =0,1,2.... exp[A(e‘ —1)] e/@ 1) A Pe 
Geomertic for 
success with 2 pe pz 1 J- D 
parameter p(i-p)* ‘ XH 152522. ; hos 3 
epé<l 1-(l-p)e 1-(l-p)z p p 
Geometric for 3 
failures with —-, _ = 
parameter” pd-p) x =0,1,2,... 1—(1- p)e' ao eae p 
<p<il t <—In(1— p) Py P 2 
Negative os t i . 
Binomial with ' ‘Jpr-ey™, x =r,rtl.. fe | [2 | alr 2 
parameters r, p r-l Pth= pie 1-(1-p)z P Pp 

Table 3 MATLAB Commands for Distributions: 
Distribution Density Cumulative Inverse Random Number | Parameter 
Function Function Function Generator estimator 

Beta betapdf(x,A,B) | betacdf(x,A,B) betainv(P,A,B) | betarnd(A,B,m,n,o,...) | betafit(X) 
Bionomial binopdf(x,N,P) binocdf(x,N,P) binoinv(Y,N,P) binornd(N,P,m,n) | binofit(X,n) 
Chi square chi2pdf(x,V) chi2cdf(x,V) chi2inv(P,V) chi2rnd(V,m,n) 
Exponential | exppdf(x, mu) expcdf(x, mu) expinv(P,mu) exprnd(mu,m,n) expfit(X) 
F fpdf(x, V1,V2) fedf(x, V1,V2) finv(P, V1,V2) frnd(V1,V2,m,n) 
Gamma gampdf(x,A,B) gamcdf(x,A,B) gaminv(P,A,B) gamrmd(A,B,m,n) gamfit(X) 
Geometric geopdf(x,P) geocdf(x,P) geoinv(Y,P) geornd(P,m,n) 
Hyper hygepdf(x,M,K,N) | hygecdf(x,M,K,N) | hygeinv(P,M,K,N) | hygernd(M,K,N,m,n) 
Geometric 
Normal normpdf(x, ,6) | normedf(x_,o) | norminv(P, ,o) | normrnd( ,o,m,n) | normfit(X) 
Log Normal | lognpdf(x,_, 5) lognedf(x, ,0) | logninv(P, ,o) | lognrnd( ,o,m,n) | lognfit(X) 
Negative nbinpdf(x,R,P) nbincdf(x,R,P) nbininv(Y,R,P) nbinrnd(R,P,m,n) nbinfit(X) 
Bionomial 
Poisson poisspdf(x,A) poisscdf(x, 2) poissinv(P, A) poissrnd(A,m,n) poissfit(X) 
Rayleigh raylpdf(x,B) raylcdf(x,B) raylinv(P,B) raylrnd(B,m,n) raylfit(X) 
t tpdf(x,V) tedf(x,V) tinv(P,V) trnd(V,m,n) 
Uniform unifpdf(x,A,B) unifcdf(x,A,B) unifinv(P,A,B) unifmd(A,B,m,n) unifit(X) 
Weibull whblpdf(x, B,C) | whlcdf(x, B,C) wblinv(P, B,C) whblrnd(B,C,m,n) wblfit(X) 
GEV gevpdf(C,B,A) | gevcdf(x,C,B,A) | gevinv (P,C,B,A) gevrnd(C,B,A) gevfit(X) 
GPD gppdf gpcdf gpinv gprnd gpfit 























1 Extracted from Ross (1983). 


2 Geometric for success: x= number of trials until the Ist success 


Geometric for failures: x= number of failures before the 1st success 


3 With thanks to Mr. Mohsen Abbar, former student of college of engineering of Shahid Bahonar University of Kerman, Iran. 
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1 
Table 4 Poisson Distribution-Cumulative Probability 
































































































































Example :A=0.2 Pr(X<1)=0.988 

xr Pr(X <x) Poisson CDF 

Q k 

np 0 1 ) 3 4 5 6 7 8 9 10 11 12 13 14 
0.01 | 0.990 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.02 | 0.980 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.03 | 0.970 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.04 | 0.961 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.05 | 0.951 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.06 | 0.942 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.07 | 0.932 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.08 | 0.923 | 0.997 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.09 | 0.914 | 0.996 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.10 | 0.905 | 0.995 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.11 | 0.896 | 0.994 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.12 | 0.887 | 0.993 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.13 | 0.878 | 0.992 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.14 | 0.869 | 0.991 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.15 | 0.861 | 0.990 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.16 | 0.852 | 0.988 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.17 | 0.844 | 0.987 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.18 | 0.835 | 0.986 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.19 | 0.827 | 0.984 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.20 | 0.819 | 0.982 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





1- Reproduced by MATLAB from HHousyar<1985 
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Table 4 Poisson Distribution-Cumulative Probability (Contined) 









































































































































A PriX¥ =x} Potsson CDF (continued) 

} (n Pp) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
0.25 | 0.779 | 0.974 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.30 | 0.741 | 0.963 | 0.996 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.35 | 0.705 | 0.951 | 0.994 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.40 | 0.670 | 0.938 | 0.992 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.45 | 0.638 | 0.925 | 0.989 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.50 | 0.607 | 0.910 | 0.986 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.55 | 0.577 | 0.894 | 0.982 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.60 | 0.549 | 0.878 | 0.977 | 0.997 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.65 | 0.522 | 0.861 | 0.972 | 0.996 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.70 | 0.497 | 0.844 | 0.966 | 0.994 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.75 | 0.472 | 0.827 | 0.959 | 0.993 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.80 | 0.449 | 0.809 | 0.953 | 0.991 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.85 | 0.427 | 0.791 | 0.945 | 0.989 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.90 | 0.407 | 0.772 | 0.937 | 0.987 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
0.95 | 0.387 | 0.754 | 0.929 | 0.984 | 0.997 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.00 | 0.368 | 0.736 | 0.920 | 0.981 | 0.996 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.10 | 0.333 | 0.699 | 0.900 | 0.974 | 0.995 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.20 | 0.301 | 0.663 | 0.879 | 0.966 | 0.992 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.30 | 0.273 | 0.627 | 0.857 | 0.957 | 0.989 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.40 | 0.247 | 0.592 | 0.833 | 0.946 | 0.986 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.50 | 0.223 | 0.558 | 0.809 | 0.934 | 0.981 | 0.996 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.60 | 0.202 | 0.525 | 0.783 | 0.921 | 0.976 | 0.994 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
1.70 | 0.183 | 0.493 | 0.757 | 0.907 | 0.970 | 0.992 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 
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Table 4 Poisson Distribution-Cumulative Probability (Contined) 





A PriX¥ =x} Poisson CDF (continued) 





(np) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 





1.80 | 0.165 | 0.463 | 0.731 | 0.891 | 0.964 | 0.990 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





1.90 | 0.150 | 0.434 | 0.704 | 0.875 | 0.956 | 0.987 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.00 | 0.135 | 0.406 | 0.677 | 0.857 | 0.947 | 0.983 | 0.995 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 








2.10 | 0.122 | 0.380 | 0.650 | 0.839 | 0.938 | 0.980 | 0.994 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.20 | 0.111 | 0.355 | 0.623 | 0.819 | 0.928 | 0.975 | 0.993 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.30 | 0.100 | 0.331 | 0.596 | 0.799 | 0.916 | 0.970 | 0.991 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.40 | 0.091 | 0.308 | 0.570 | 0.779 | 0.904 | 0.964 | 0.988 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.50 | 0.082 | 0.287 | 0.544 | 0.758 | 0.891 | 0.958 | 0.986 | 0.996 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 








2.60 | 0.074 | 0.267 | 0.518 | 0.736 | 0.877 | 0.951 | 0.983 | 0.995 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.70 | 0.067 | 0.249 | 0.494 | 0.714 | 0.863 | 0.943 | 0.979 | 0.993 | 0.998 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.80 | 0.061 | 0.231 | 0.469 | 0.692 | 0.848 | 0.935 | 0.976 | 0.992 | 0.998 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





2.90 | 0.055 | 0.215 | 0.446 | 0.670 | 0.832 | 0.926 | 0.971 | 0.990 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.00 | 0.050 | 0.199 | 0.423 | 0.647 | 0.815 | 0.916 | 0.966 | 0.988 | 0.996 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 








3.10 | 0.045 | 0.185 | 0.401 | 0.625 | 0.798 | 0.906 | 0.961 | 0.986 | 0.995 | 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.20 | 0.041 | 0.171 | 0.380 | 0.603 | 0.781 | 0.895 | 0.955 | 0.983 | 0.994 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.30 | 0.037 | 0.159 | 0.359 | 0.580 | 0.763 | 0.883 | 0.949 | 0.980 | 0.993 | 0.998 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.40 | 0.033 | 0.147 | 0.340 | 0.558 | 0.744 | 0.871 | 0.942 | 0.977 | 0.992 | 0.997 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.50 | 0.030 | 0.136 | 0.321 | 0.537 | 0.725 | 0.858 | 0.935 | 0.973 | 0.990 | 0.997 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 








3.60 | 0.027 | 0.126 | 0.303 | 0.515 | 0.706 | 0.844 | 0.927 | 0.969 | 0.988 | 0.996 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.70 | 0.025 | 0.116 | 0.285 | 0.494 | 0.687 | 0.830 | 0.918 | 0.965 | 0.986 | 0.995 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 





3.80 | 0.022 | 0.107 | 0.269 | 0.473 | 0.668 | 0.816 | 0.909 | 0.960 | 0.984 | 0.994 | 0.998 | 0.999 | 1.000 | 1.000 | 1.000 





3.90 | 0.020 | 0.099 | 0.253 | 0.453 | 0.648 | 0.801 | 0.899 | 0.955 | 0.981 | 0.993 | 0.998 | 0.999 | 1.000 | 1.000 | 1.000 





4.00 | 0.018 | 0.092 | 0.238 | 0.433 | 0.629 | 0.785 | 0.889 | 0.949 | 0.979 | 0.992 | 0.997 | 0.999 | 1.000 | 1.000 | 1.000 
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Table 4 Poisson Distribution-Cumulative Probability (Contined) 





Pr(X¥ =x} Potsson CDF (continued) 





4 


5 


6 


7 


8 


9 


10 


11 


14 





0.609 


0.769 


0.879 


0.943 


0.976 


0.990 


1.000 


0.999 


1.000 





0.590 


0.753 


0.867 


0.936 


0.972 


0.989 


1.000 


0.999 


1.000 





0.570 


0.737 


0.856 


0.929 


0.968 


0.987 


1.000 


0.998 


1.000 





0.551 


0.720 


0.844 


0.921 


0.964 


0.985 


0.990 


0.998 


1.000 





0.532 


0.703 


0.831 


0.913 


0.960 


0.983 


0.990 


0.998 


1.000 








0.513 


0.686 


0.818 


0.905 


0.955 


0.980 


0.990 


0.997 


1.000 





0.495 


0.668 


0.805 


0.896 


0.950 


0.978 


0.990 


0.997 


1.000 





0.476 


0.651 


0.791 


0.887 


0.944 


0.975 


0.990 


0.996 


1.000 





0.458 


0.634 


0.777 


0.877 


0.938 


0.990 


0.995 


1.000 





0.440 


0.616 


0.762 


0.867 


0.932 


0.990 


0.995 


1.000 








0.406 


0.581 


0.732 


0.845 


0.918 


0.980 


0.993 


1.000 





0.373 


0.546 


0.702 


0.822 


0.903 


0.980 


0.990 


1.000 





0.342 


0.512 


0.670 


0.797 


0.886 


0.970 


0.988 


0.999 





0.313 


0.478 


0.638 


0.771 


0.867 


0.970 


0.984 


0.999 





0.285 


0.446 


0.606 


0.744 


0.847 


0.960 


0.980 


0.999 








0.259 


0.414 


0.574 


0.716 


0.826 


0.950 


0.975 


0.998 





0.235 


0.384 


0.542 


0.687 


0.803 


0.940 


0.969 


0.997 





0.213 


0.355 


0.511 


0.658 


0.780 


0.930 


0.963 


0.997 





0.192 


0.327 


0.480 


0.628 


0.755 


0.920 


0.955 


0.996 





0.173 


0.301 


0.450 


0.599 


0.729 


0.900 


0.947 


0.994 








0.156 


0.276 


0.420 


0.569 


0.703 


0.890 


0.937 


0.993 





0.140 


0.253 


0.392 


0.539 


0.676 


0.870 


0.926 


0.991 























0.125 





0.231 





0.365 


0.510 








0.648 








0.850 





0.915 











0.989 
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Table 4 Poisson Distribution-Cumulative Probability (Contined) 





Pr(X¥ =x} Potsson CDF (continued) 





4 


5 


6 


7 


8 


10 


11 


13 


14 





0.112 


0.210 


0.338 


0.481 


0.620 


0.840 


0.902 


0.971 


0.986 





0.100 


0.191 


0.313 


0.453 


0.593 


0.820 


0.888 


0.966 


0.983 








0.089 


0.174 


0.290 


0.425 


0.565 


0.800 


0.873 


0.960 


0.979 





0.079 


0.157 


0.267 


0.399 


0.537 


0.770 


0.857 


0.952 


0.975 





0.070 


0.142 


0.246 


0.373 


0.509 


0.750 


0.840 


0.945 


0.970 





0.062 


0.128 


0.226 


0.348 


0.482 


0.730 


0.822 


0.936 


0.965 





0.055 


0.116 


0.207 


0.324 


0.456 


0.710 


0.803 


0.926 


0.959 








9.20 


0.049 


0.104 


0.189 


0.301 


0.430 


0.680 


0.783 


0.916 


0.952 





0.043 


0.093 


0.173 


0.279 


0.404 


0.660 


0.763 


0.904 


0.944 





0.038 


0.084 


0.157 


0.258 


0.380 


0.630 


0.741 


0.892 


0.936 





0.033 


0.075 


0.239 


0.356 


0.610 


0.719 


0.879 


0.927 





10.00 


0.029 


0.067 


0.220 


0.333 


0.580 


0.697 


0.864 


0.917 








10.50 


0.021 


0.050 


0.179 


0.279 


0.520 


0.639 


0.825 


0.888 





11.00 


0.015 


0.038 


0.143 


0.232 


0.460 


0.579 


0.781 


0.854 





0.011 


0.028 


0.114 


0.191 


0.400 


0.520 


0.733 


0.815 





12.00 


0.008 


0.020 


0.090 


0.155 


0.350 


0.462 


0.682 


0.772 





12.50 


0.005 


0.015 


0.070 


0.125 


0.300 


0.406 


0.628 


0.725 








13.00 


0.004 


0.011 


0.054 


0.100 


0.250 


0.353 


0.573 


0.675 





13.50 


0.003 


0.008 


0.041 


0.079 


0.210 


0.304 


0.518 


0.623 





14.00 


0.002 


0.006 


0.032 


0.062 


0.180 


0.260 


0.464 


0.570 





14.50 


0.001 


0.004 


0.024 


0.048 


0.140 


0.220 


0.413 


0.518 








15.00 

















0.001 





0.003 








0.018 





0.037 








0.120 





0.185 








0.363 





0.466 
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Table 4 Poisson Distribution-Cumulative Probability (Contined) 





Pr(X¥ =x} Potsson CDF (continued) 





4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 





0.001 


0.002 


0.006 


0.013 


0.029 


0.055 


0.100 


0.154 


0.228 


0.317 


0.415 





0.000 


0.001 


0.004 


0.010 


0.022 


0.043 


0.080 


0.127 


0.193 


0.275 


0.368 





0.000 


0.001 


0.003 


0.007 


0.017 


0.034 


0.060 


0.104 


0.162 


0.236 


0.323 





0.000 


0.001 


0.002 


0.005 


0.013 


0.026 


0.050 


0.085 


0.135 


0.201 


0.281 





0.000 


0.000 


0.001 


0.004 


0.009 


0.020 


0.040 


0.068 


0.112 


0.170 


0.243 








0.000 


0.000 


0.001 


0.003 


0.007 


0.015 


0.030 


0.055 


0.092 


0.143 


0.208 





0.000 


0.000 


0.001 


0.002 


0.005 


0.012 


0.020 


0.044 


0.075 


0.119 


0.177 





0.000 


0.000 


0.001 


0.002 


0.004 


0.009 


0.020 


0.035 


0.061 


0.098 


0.150 





0.000 


0.000 


0.000 


0.001 


0.003 


0.007 


0.010 


0.027 


0.049 


0.081 


0.126 





0.000 


0.000 


0.000 


0.001 


0.002 


0.005 


0.010 


0.021 


0.039 


0.066 


0.105 








0.000 


0.000 


0.000 


0.001 


0.002 


0.004 


0.010 


0.017 


0.031 


0.054 


0.087 





0.000 


0.000 


0.000 


0.000 


0.001 


0.003 


0.010 


0.013 


0.025 


0.043 


0.072 





0.000 


0.000 


0.000 


0.000 


0.001 


0.002 


0.005 


0.010 


0.019 


0.035 


0.059 





0.000 


0.000 


0.000 


0.000 


0.001 


0.002 


0.004 


0.008 


0.015 


0.028 


0.048 





0.000 


0.000 


0.000 


0.000 


0.000 


0.001 


0.003 


0.006 


0.012 


0.022 


0.039 








0.000 


0.000 


0.000 


0.000 


0.000 


0.001 


0.002 


0.004 


0.009 


0.017 


0.031 





0.000 


0.000 


0.000 


0.000 


0.000 


0.001 


0.002 


0.003 


0.007 


0.014 


0.025 





0.000 


0.000 


0.000 


0.000 


0.000 


0.000 


0.001 


0.003 


0.005 


0.011 


0.020 























0.000 





0.000 





0.000 





0.000 





0.000 





0.000 





0.001 





0.002 





0.004 





0.008 





0.016 
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Table 5 Standard Normal CDF 


Example: Pr(Zs-3.09)=0.001 


CDF values dof Normal distribution ; Pr(Z <z) 


0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0.00 


0.00017. 0.00017 0.00018 0.00019 0.00019 0.0002 0.00021 0.00022 0.00022 0.00023 
0.00024 0.00025 0.00026 0.00027 0.00028 0.00029 0.0003 0.00031 0.00032 0.00034 
0.00035 0.00036 0.00038 0.00039 0.0004 0.00042 0.00043 0.00045 0.00047 0.00048 
0.0005 0.00052 =0.00054 0.00056 0.00058 0.0006 0.00062 0.00064 0.00066 0.00069 
0.00071 0.00074 0.00076 0.00079 0.00082 0.00084 0.00087 0.0009 0.00094 0.00097 

0.001 0.00104 0.00107 0.00111 0.00114 0.00118 0.00122 0.00126 0.00131 0.00135 
0.00139 0.00144 0.00149 0.00154 0.00159 0.00164 0.00169 0.00175 0.00181 0.00187 
0.00193 0.00199 0.00205 0.00212 0.00219 0.00226 0.00233 0.0024 0.00248 0.00256 
0.00264 0.00272 0.0028 0.00289 0.00298 0.00307 0.00317 0.00326 0.00336 0.00347 
0.00357 0.00368 0.00379 0.00391 0.00402 0.00415 0.00427 0.0044 0.00453 = 0.00466 
0.0048 0.00494 0.00508 0.00523 0.00539 0.00554 0.0057 0.00587 0.00604 0.00621 
0.00639 0.00657 0.00676 0.00695 0.00714 0.00734 0.00755 0.00776 0.00798 0.0082 
0.00842 0.00866 0.00889 0.00914 0.00939 0.00964 0.0099 0.01017 0.01044 0.01072 
0.01101 0.01130 0.0116 0.01191 0.01222 0.01255 0.01287 0.01321 0.01355 0.01390 
0.01426 0.01463 0.015 0.01539 0.01578 0.01618 0.01659 0.01700 0.01743 0.01786 
0.01831 0.01876 0.01923 0.0197 0.02018 0.02068 0.02118 0.02169 0.02222 0.02275 
0.0233 0.02385 0.02442 0.025 0.02559 = 0.02619 0.0268 0.02743 0.02807 0.02872 
0.02938 0.03005 0.03074 0.03144 0.03216 0.03288 0.03362 0.03438 0.03515 0.03593 
0.03673 0.03754 _ 0.03836 0.0392 0.04006 0.04093 0.04182 ~—-0.04272 ~—-0.04363 0.04457 


Extracted from Grant&Leavenworth (!988)Reproduced By MATLAB 
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Table 5 Normal CDF -continuea 


/Pr(Z <z) 


0.04551 0.04648 0.04746 0.04846 0.04947 0.0505 0.05155 0.05262 0.0537 0.0548 
0.05592 0.05705 0.05821 0.05938 0.06057 0.06178 0.06301 0.06426 0.06552 0.06681 
0.06811 0.06944 0.07078 0.07215 0.07353 0.07493 0.07636 0.0778 0.07927 0.08076 
0.08226 0.08379 0.08534 0.08691 0.08851 0.09012 0.09176 0.09342 0.0951 0.0968 
0.09853 0.10027 0.10204 0.10383 0.10565 0.10749 0.10935 0.11123 0.11314 0.11507 
0.11702 0.119 0.121 0.12302 0.12507 0.12714 =0.12924 =—-0.13136 = 0.1335. 0.13567 
0.13786 0.14007 0.14231 0.14457 0.14686 0.14917 0.15151 0.15386 = 0.15625 ~——:0.15866 
0.16109 0.16354 0.16602 0.16853 0.17106 0.17361 0.17619 0.17879 0.18141 0.18406 
0.18673 0.18943 0.19215 0.19489 0.19766 =: 0.20045. 0.20327) = (0.20611 = 0.20897 ~—s(0.21186 
0.21476 0.2177 0.22065 = 0.22363 -0.22663 = (0.22965 )— 0.2327: ~— (0.23576 = 0.23885 ~—(0.24196 
0.2451 0.24825 0.25143 0.25463 0.25785 = 0.26109 =—-0.26435 0.26763 ~=—:0.27093 0.27425 
0.2776 0.28096 0.28434 = =—-0.28774 = 0.29116 = 0.2946) 0.29806 =: 0.30153 =—:0.30503 0.30854 
0.31207 0.31561 0.31918 0.32276 0.32636 0.32997 0.3336 0.33724 0.3409 0.34458 
0.34827 =0.35197 0.35569 0.35942 ~=—-0.36317 =: 0.36693. «0.3707 ~—(0.37448 = 0.37828 ~—:0.38209 
0.38591 0.38974 0.39358 0.39743 0.40129 0.40517 0.40905 0.41294 0.41683 0.42074 
0.42465 0.42858 0.43251 0.43644 0.44038 0.44433 0.44828 0.45224 0.4562 0.46017 
0.46414 0.46812 (0.4721 0.47608 0.48006 0.48405 (0.48803 0.49202 0.49601 0.5 


Example Pr(z <-1.06)= 0.14457 
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Table 


0 


0.5 
0.53983 
0.57926 
0.61791 
0.65542 
0.69146 
0.72575 
0.75804 
0.78814 
0.81594 
0.84134 
0.86433 
0.88493 

0.9032 
0.91924 
0.93319 

0.9452 
0.95543 
0.96407 








5 Normal 


0.01 


0.50399 
0.5438 
0.58317 
0.62172 
0.6591 
0.69497 
0.72907 
0.76115 
0.79103 
0.81859 
0.84375 
0.8665 
0.88686 
0.9049 
0.92073 
0.93448 
0.9463 
0.95637 
0.96485 


0.02 


0.50798 
0.54776 
0.58706 
0.62552 
0.66276 
0.69847 
0.73237 
0.76424 
0.79389 
0.82121 
0.84614 
0.86864 
0.88877 
0.90658 
0.9222 

0.93574 
0.94738 
0.95728 
0.96562 


0.03 


0.51197 
0.55172 
0.59095 
0.6293 

0.6664 

0.70194 
0.73565 
0.7673 

0.79673 
0.82381 
0.84849 
0.87076 
0.89065 
0.90824 
0.92364 
0.93699 
0.94845 
0.95818 
0.96638 


0.04 


0.51595 
0.55567 
0.59483 
0.63307 
0.67003 
0.7054 
0.73891 
0.77035 
0.79955 
0.82639 
0.85083 
0.87286 
0.89251 
0.90988 
0.92507 
0.93822 
0.9495 
0.95907 
0.96712 


CDF =continued 


0.05 


0.51994 
0.55962 
0.59871 
0.63683 
0.67364 
0.70884 
0.74215 
0.77337 
0.80234 
0.82894 
0.85314 
0.87493 
0.89435 
0.91149 
0.92647 
0.93943 
0.95053 
0.95994 
0.96784 


Pr(Z < z) 


0.06 


0.52392 
0.56356 
0.60257 
0.64058 
0.67724 
0.71226 
0.74537 
0.77637 
0.80511 
0.83147 
0.85543 
0.87698 
0.89617 
0.91309 
0.92785 
0.94062 
0.95154 
0.9608 
0.96856 


0.07 


0.5279 
0.56749 
0.60642 
0.64431 
0.68082 
0.71566 
0.74857 
0.77935 
0.80785 
0.83398 
0.85769 

0.879 
0.89796 
0.91466 
0.92922 
0.94179 
0.95254 
0.96164 
0.96926 


0.08 


0.53188 
0.57142 
0.61026 
0.64803 
0.68439 
0.71904 
0.75175 
0.7823 

0.81057 
0.83646 
0.85993 

0.881 

0.89973 
0.91621 
0.93056 
0.94295 
0.95352 
0.96246 
0.96995 


0.09 


0.53586 
0.57535 
0.61409 
0.65173 
0.68793 
0.7224 
0.7549 
0.78524 
0.81327 
0.83891 
0.86214 
0.88298 
0.90147 
0.91774 
0.93189 
0.94408 
0.95449 
0.96327 
0.97062 





396 





Tables of Quality Control By Hamid Bazargan 


Table 


5 


Standard 


Normal CDF-continuea 








»Pr(Z S z) 
iN 

Fy, 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
1.9 | 0.97128 0.97193 0.97257 0.9732 0.97381 0.97441 0.975 0.97558 0.97615 0.9767 

2 0.97725 0.97778 0.97831 0.97882 0.97932 0.97982 0.9803 0.98077 0.98124 0.98169 
2.1 0.98214 0.98257 0.983 0.98341 0.98382 0.98422 0.98461 0.985 0.98537 0.98574 
2.2 0.9861 0.98645 0.98679 0.98713 0.98745 0.98778 0.98809 0.9884 0.9887 0.98899 
2.3 | 0.98928 0.98956 0.98983 0.9901 0.99036 0.99061 0.99086 0.99111 0.99134 0.99158 
2.4 0.9918 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 0.99324 0.99343 0.99361 
2.5 | 0.99379 0.99396 0.99413 0.9943 0.99446 0.99461 0.99477 0.99492 0.99506 0.9952 
2.6 | 0.99534 0.99547 0.9956 0.99573 0.99585 0.99598 0.99609 0.99621 0.99632 0.99643 
2.7 | 0.99653 0.99664 0.99674 0.99683 0.99693 0.99702 0.99711 0.9972 0.99728 0.99736 
2.8 | 0.99744 0.99752 0.9976 0.99767 0.99774 0.99781 0.99788 0.99795 0.99801 0.99807 
2.9 | 0.99813 0.99819 0.99825 0.99831 0.99836 0.99841 0.99846 0.99851 0.99856 0.99861 

3 0.99865 0.99869 0.99874 0.99878 0.99882 0.99886 0.99889 0.99893 0.99896 0.999 
3.1 | 0.99903 0.99906 0.9991 0.99913 0.99916 0.99918 0.99921 0.99924 0.99926 0.99929 
3.2 | 0.99931 0.99934 0.99936 0.99938 0.9994 0.99942 0.99944 0.99946 0.99948 0.9995 
3.3 | 0.99952 0.99953 0.99955 0.99957 0.99958 0.9996 0.99961 0.99962 0.99964 0.99965 
3.4 | 0.99966 0.99968 0.99969 0.9997 0.99971 0.99972 0.99973 0.99974 0.99975 0.99976 
3.5 | 0.99977 0.99978 0.99978 0.99979 0.9998 0.99981 0.99981 0.99982 0.99983 0.99983 








Example Pr(z <3.44) =0.99971 
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Table 6 Critical Values of Standard Normal Distribution 


Example : . 0=0.05 Zo=1.64 Z,=1.96 a@=0.05 


2, 





Z 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 





0 0.5 0.49601 | 0.49202 | 0.48803 | 0.48405 | 0.48006 | 0.47608 0.4721 0.46812 | 0.46414 
0.1 0.46017 0.4562 0.45224 | 0.44828 | 0.44433 | 0.44038 | 0.43644 | 0.43251 | 0.42858 | 0.42465 
0.2 0.42074 | 0.41683 | 0.41294 | 0.40905 | 0.40517 | 0.40129 | 0.39743 | 0.39358 | 0.38974 | 0.38591 
0.3 0.38209 | 0.37828 | 0.37448 0.3707 0.36693 | 0.36317 | 0.35942 | 0.35569 | 0.35197 | 0.34827 
0.4 0.34458 0.3409 0.33724 0.3336 0.32997 | 0.32636 | 0.32276 | 0.31918 | 0.31561 | 0.31207 
0.5 0.30854 | 0.30503 | 0.30153 | 0.29806 0.2946 0.29116 | 0.28774 | 0.28434 | 0.28096 0.2776 
0.6 0.27425 | 0.27093 | 0.26763 | 0.26435 | 0.26109 | 0.25785 | 0.25463 | 0.25143 | 0.24825 0.2451 
0.7 0.24196 | 0.23885 | 0.23576 0.2327 0.22965 | 0.22663 | 0.22363 | 0.22065 0.2177 0.21476 
0.8 0.21186 | 0.20897 | 0.20611 | 0.20327 | 0.20045 | 0.19766 | 0.19489 | 0.19215 | 0.18943 | 0.18673 
0.9 0.18406 | 0.18141 | 0.17879 | 0.17619 | 0.17361 | 0.17106 | 0.16853 | 0.16602 | 0.16354 | 0.16109 

1 0.15866 | 0.15625 | 0.15386 | 0.15151 | 0.14917 | 0.14686 | 0.14457 | 0.14231 | 0.14007 | 0.13786 
1.1 0.13567 0.1335 0.13136 | 0.12924 | 0.12714 | 0.12507 | 0.12302 0.121 0.119 0.11702 
1.2 0.11507 | 0.11314 | 0.11123 | 0.10935 | 0.10749 | 0.10565 | 0.10383 | 0.10204 | 0.10027 | 0.09853 
1:3 0.0968 0.0951 0.09342 | 0.09176 | 0.09012 | 0.08851 | 0.08691 | 0.08534 | 0.08379 | 0.08226 
1.4 0.08076 | 0.07927 0.0778 0.07636 | 0.07493 | 0.07353 | 0.07215 | 0.07078 | 0.06944 | 0.06811 
1.5 0.06681 | 0.06552 | 0.06426 | 0.06301 | 0.06178 | 0.06057 | 0.05938 | 0.05821 | 0.05705 | 0.05592 
1.6 0.0548 0.0537 0.05262 | 0.05155 0.0505 0.04947 | 0.04846 | 0.04746 | 0.04648 | 0.04551 
17 0.04457 | 0.04363 | 0.04272 | 0.04182 | 0.04093 | 0.04006 0.0392 0.03836 | 0.03754 | 0.03673 
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Table 6 


continued 


Example a=0.01 Za=1.33 










































































Lig 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
1.8 0.03593 | 0.03515 | 0.03438 | 0.03362 | 0.03288 | 0.03216 | 0.03144 | 0.03074 | 0.03005 | 0.02938 
1.9 0.02872 | 0.02807 | 0.02743 0.0268 0.02619 | 0.02559 0.025 0.02442 | 0.02385 0.0233 
2 0.02275 | 0.02222 | 0.02169 | 0.02118 | 0.02068 | 0.02018 0.0197 0.01923 | 0.01876 | 0.01831 
21 0.01786 | 0.01743 0.017 0.01659 | 0.01618 | 0.01578 | 0.01539 0.015 0.01463 | 0.01426 
2.2 0.0139 0.01355 | 0.01321 | 0.01287 | 0.01255 | 0.01222 | 0.01191 0.0116 0.0113 0.01101 
2.3 0.01072 | 0.01044 | 0.01017 0.0099 0.00964 | 0.00939 | 0.00914 | 0.00889 | 0.00866 | 0.00842 
2.4 0.0082 0.00798 | 0.00776 | 0.00755 | 0.00734 | 0.00714 | 0.00695 | 0.00676 | 0.00657 | 0.00639 
2.5 0.00621 | 0.00604 | 0.00587 0.0057 0.00554 | 0.00539 | 0.00523 | 0.00508 | 0.00494 0.0048 
2.6 0.00466 | 0.00453 0.0044 0.00427 | 0.00415 | 0.00402 | 0.00391 | 0.00379 | 0.00368 | 0.00357 
2.7 0.00347 | 0.00336 | 0.00326 | 0.00317 | 0.00307 | 0.00298 | 0.00289 0.0028 0.00272 | 0.00264 
2.8 0.00256 | 0.00248 0.0024 0.00233 | 0.00226 | 0.00219 | 0.00212 | 0.00205 | 0.00199 | 0.00193 
2.9 0.00187 | 0.00181 | 0.00175 | 0.00169 | 0.00164 | 0.00159 | 0.00154 | 0.00149 | 0.00144 | 0.00139 
3 0.00135 | 0.00131 | 0.00126 | 0.00122 | 0.00118 | 0.00114 | 0.00111 | 0.00107 | 0.00104 0.001 
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Table 7. 


Example :n=3 a=0.01 ,t(a,n)=1.33 


Critical values of t Distribution 


























- \ 
Jf \ 
™~ 

B a 0.25 0.10 0.05 0.025 0.01 0.005 0.0025 0.001 0.0005 
63.657 | 12732 | 31831 | 63662 
9.925 14.089 22.327 31.598 
5.841 7.453 10.213 12.924 
8.610 
6.869 
| 6 | 7s | 1440 | 1943 | 2447 | 3.143 | 3.707, 4.317] 5.208 | 5.959 
5.408 
ae ee ee ae a a ee ee 3.833 4.501 5.041 
ee ae a ee ee 
4.587 
4.437 
4.318 
3.012 3373 3.852 4.221 
4.140 
4.073 
690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015 

17 689 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965 
1.734 2.101 2.878 3.197 3.610 3.922 

19 688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883 
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Table 7 Critical values of t distribution- continued 


Example 
n=30 a=0.001 ,t_(a,n)=3.385 


0.025 0.005 0.0025 0.001 0.0005 


2.845 3.153 3.552 3.850 
3.819 
3.792 
2.807 3.104 3.485 3.767 
3.745 
3.725 
2.779 3.067 3.435 3.707 
3.690 
3.674 
3.659 
3.046 
3.551 
2.678 2.937 3.261 3.496 
3.460 
3.416 
2.626 2.871 3.174 3.390 
3.373 


2.326 2.576 2.807 3.090 3.291 


1reproduced from Bowker &Lieberman,(1974)-using MATLAB 
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Table 8 Critical values of chisquare distribution 


Example : v=3 a=0.01 ,x2(a,v)=16.27 
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Table 


8 


Critical values of z 


Example : v=30 a=0.001 ,yx2(a,v)=59.70 


2 


distribution- continued 











































































































Vv i 001 005 010 .025 .050 100 900 950 975 990 995 999 
17 4.79 35.72 33.41 30.19 27.59 24.77 10.09 8.67 7.56 6.41 5.70 4.42 
18 42.31 37.16 34.81 31.53 28.87 25.99 10.86 9.39 8.23 7.01 6.26 4.91 
19 43.82 38.58 36.19 32.85 30.14 27.20 11.65 10.12 8.91 7.63 6.84 5.41 
20 45.32 40.00 37.57 34.17 31.41 28.41 2.44 10.85 9.59 8.26 7.43 5.92 
21 46.80 41.40 38.93 35.48 32.67 29.62 13.24 | 11.59 | 10.28 8.90 8.03 6.45 
22 48.27 42.80 40.29 36.78 33.92 30.81 14.04 | 12.34 | 10.98 9.54 8.64 6.98 
23 49.73 44.18 41.64 38.08 35.17 32.01 14.85 13.09 | 11.69 | 10.20 9.26 7.53 
24 51.18 45.56 42.98 39.36 36.42 33.20 15.66 | 13.85 12.40 1.86 9.89 8.09 
25 52.62 46.93 44.31 40.65 37.65 34.38 16.47 14.61 13.12 | 11.52 | 10.52 8.65 
26 54.05 48.29 45.64 41.92 38.89 35.56 17.29 | 15.38 | 13.84 | 12.20 | 11.16 9.22 
27 55.47 49.64 46.96 43.19 40.11 36.74 18.11 16.15 14.57 | 12.88 | 11.81 9.80 
28 56.89 50.99 48.28 44.46 41.34 37.92 18.94 | 16.93 15.31 13.56 | 12.46 | 10.39 
29 58.30 52.34 49.59 45.72 42.56 39.09 19.77 17.71 16.05 2 4.26 | 13.12 | 10.99 
30 59.70 53.67 50.89 46.98 43.77 40.26 20.60 | 18.49 | 16.79 Rey 1.95 13.79 | 11.59 
40 73.40 66.77 63.69 59.34 55.76 51.81 29.05 | 26.51 | 2443 , 22.16 | 20.71 17.92 
50 86.67 79.49 76.15 71.42 67.50 63.17 37.69 | 34.76 | 32.36 | 29.71 | 27.99 | 24.67 
60 99.61 91.95 88.38 83.30 79.08 74.40 46.46 | 43.19 | 40.48 | 37.48 | 35.53 | 31.74 
70 112.32 | 104.21 100.43 95.02 90.53 85.53 55.33 | 51.74 | 48.76 | 45.44 | 43.28 | 39.04 
80 124.84 | 116.32 112.33 106.63 101.88 96.58 64.28 | 60.39 | 57.15 | 53.54 | 51.17 | 46.52 
90 137.20 | 128.30 124.12 | 118.14 | 113.15 107.57 | 73.29 | 69.13 | 65.65 | 61.75 | 59.20 | 54.16 
100 149.45 140.17 135.81 129.56 124.34 | 118.50 | 82.36 | 77.93 | 74.22 | 70.06 | 67.33 | 61.92 
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Table A Example of Dodge and Romig Single Sampling Lot Inspection Tables 


Based on Stated Value of LQL (LTPD) = 5.0 % and Consumer’s Risk =B= 0.10. 


Process Average (%) 
LOT SIZE : : 


|___1-80 _| a 
| 1 | 099 | 100 [iso [2 [100 {va0 [| 1.00 

401 - 500 4.10 3 1.20 

501 - 600 1.10 125 | 3 1.20 150 | 4 1.30 
. 1.40 

801 - 1000 fo [ orm [as [a [soo Pos Pa [nao Pass Pa [a feo Po [ao 
1.30 | 160 cel steele coe lane too, een ed on 
FE speoressto iliac [ent vse ae faa lon al nen eae eo sees |b al roca cl ee, Meco cio | ot 
| 5001-7000 | 75 | 1 | 1410 | 105 | 2 | 130 | 185 | 5 | 170 | 2600/8 | 190 | 350/12 | 220 | 490 | 18 | 2.40 
[7001-10000 | 75 [1 | 110 | 105 [2 | 130 | 185|5 | 170 | 260| 8 | 190 | 380 |13| 220 | 535 |20| 260 | 
| 10001-20000 =| 75 [1 | 110 | 135 / 3 | 140 | 210 | 6 | 180 | 285 | 9 | 200 | 425/15] 230 | 610 | 23| 260 | 
| 20001-50000 | 75 | 1 | 110 | 135 | 3 | 140 | 235 | 7 | 190 | 305 [10] 2.10 


.n: Size of Sample; entry of “All’ indicates that each piece in lot is to be inspected: 








from H. F. Dodge and H. .,G. Romig, 1959,"Sampling Inspection Tables—Single and Double Sampling, " John 
fon Allowable Defect Number for Sample Wiley & Sons, Inc., New York 


AOQL : Average Outgoing Quality Limit 
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Table B Example of Dodge and Romig Single Sampling Lot Inspection Tables 
Based on Stated Value of LQL = 1.0 % and Consumer’s Risk=8 = 0.10. 


PROCESS AVERAGE a 
LOT SIZE | 0-010 0.31 - 0.40 0.41 - 0.50 
41-120 


Bi Ud doe de ae aa 
“eo (%) (%) (%) (%) (%) 
| All_| | ooo | ai | o | ooo | ar | o | ooo | ar |o | ooo | 
| 424-150 | 120 | 008} 120} 0 } 0.06 {120 | 0 | 0.06 | 120 | 0 | 006 _| 
40 | oo8 | 140 | 0 | oo8 | 140 | 0 | 008 | 140 | 0 | 008 | 
| oto | 165 | 0 | o10 | 165 | 0 | 010 | 165 | 0 | 010 | 
175 
18 


rae Eee ee ee ee 


| 0.00 | ai | o | 0.00 _| 
2.08} 120} 0 | 0.06 | 
| 0.08 | 140 | 0 | 0.08 _ | 


All| 
| 120 | 
0.08 | 140 _| 
| 165 _| 
Po12 [175 | 0 | 
| 180 _| 
| 190 _| 
| 200 
| 205 | 
| 360_| 
595 


165 
301 - 400 Po {ose [irs fo 
401-500 | 180 | 0 | 013 | 180 | 0 | 


0.13 Loos _| 10} 0 | ots 1 soo | a | ots} 10} 9 | 013 

jo | 013 | tof o | o13 | 305 {1 | ot | 

| 1 | ots | 330 | 1 | 015 | 330 | 1 | 015 | 
La 


LG | Ors! 
al od 
tO | o| 0. 
5 | 0 | Ge) 
al rises oe 
Lo | 200 | 0 | 
po {oe aos To [ox 
Lo | 220 | 0 | 
0) [375 | 1 | 
ea 1 
al 1 
em En 
Lo. ea 
tac | ral 
Edi pagel 
a | 3 | 


| 3001-4000 | 225 


| 190 | 

| 200 

| 205 

220 | 0 | 0.15 _ 

| 220 | 
| 4001-5000 | 225 

| 230 

| 230 

| 390 _ 

| 390 

0 | 390 | 


[016 | 380_ 
| 0.16 | 385 | 
—2.16_| 520 | 
| 525 | 
| 530 | 


| 190 | 
| 330 _| 
2.14 _} 336 | 1 
| 490 
620 


raz 
Ea 
3 | 025 | s80| 5 | 028 |1000| 6 | 0.29 
4 1120 
Tear [rm fs [ozs from fe [ose frases | ose 
[oto | 5 | 
pal 
ABs 


0.20 aa 
| 0.21 | 655 | 
—225_| 660 | 


5001 - 7000 
7001 - 10000 
10001 - 20000 


| 0.35 | 1400| 9 | 0.39 | 1980 | 14 | 0.43 __ | 
[0.29 [roo [6 [036 [r420[ 9 [041 [a2i20[ 15 [047 [st50[ 23 [050 _| 


n: size of sample; entry of “All’ indicates that each piece in lot is to be inspected. 


0: | 
| o | 
Lior 
LG] 
| o | 
po | O14 
Ez. 
| 4 | 
zal 
2 
2 
Ese 
| 3 | 
| 4 | 
zs 





Cc: acceptance number for sample. 


AOQL : average outgoing quality limit. 405 Refrence www.galitshmueli.com/system/files/Table DODGE_ROMIG.pdf 
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Table 
Table . Example of Dodge-Romig Double Sampling Lot Inspection Tables. 


-Based on Stated Value of LQL)=1.0% and Consumer’s Risk= B = 0.10 


PROCESS AVERAGE (%) 
LOT SIZE 0- 0.010 0.011 - 0.10 
Tm lalmf[nem[a| @ |ml[alm[mem[a| 


121 - 150 


| 61-200 tao | oo | - |} | | oe | ao} o | - | - | - | os | aol o | - | - | - | oo8 | 
| aor-260 | tos | co | - | - | - | oto [tos| o | - | - | - | oto [res{ o | - | - | - | o10 | 
| 2et-300 sf to | 0 | 75 | 265 | 1 | oto | 80] o | 75 | 265 | 1 | o10 | 180] o | 75 | 255 | 1 | O10 | 
| sot-4oo_— | 200 | of | 200 | Lied | 90_| Lowe | 90_| 


200 | 1 200 | 1 290 
Po |4o0.'| 315. | 4] oda | 298 [0-400 ais. I 4) ota [a1 0 oon |) 315 || 4) ona | 
fo [115] 340 [ 1 [| 015 | 225] o | 115 {| 340 | 1 | 015 [ 225| 0 | 115] 340 | 1 | 015 | 

| o [125| 3600 [| 1 [ o16 | 235] o | 125] 360 | 1 | o16 [ 235| 0 | 125| 360 | 1 | o16 | 

| sot-t000——s| 245 | 0 [135] 380 | 1 | 017 [| 245 | 0 | 135] 380 [ 1 [ o17 | 245| 0 | 250] 495 0.19 
| 4001-2000 | 265 | 0 [155 | 420 | 1 | 018 | 265 | 0 | 155 | 420 | 1 | 018 | 265| 0 | 285| 550 | 2 | 021 | 
| 2001-3000 =~ | 270 | 0 [160 | 430 | 1 | 019 | 270 | 0 | 300] 570 [| 2 | o22 | 270| o | 420| 690 | 3 | 0.25 
| 3001-4000 | 275 | 0 [| 160 | 435 | 1 | 019 | 275| 0 | 305 | 580 | 2 | 022 | 275| o | 435| 710 | 3 | 0.25 | 
| 4001-5000 | 275 | 0 [165] 440 | 1 | 019 | 275| 0 | 310] 585 [| 2 | 023 | 275] 0 | 565 | 840 | 4 | 0.28 
5001 - 7000 [275 | o | 170 | 445 [| 1 [| 020 | 275| o | 315] 590 | 2 | 0.23 | 275| 0 | 580| 955 | 4 | 029 | 
[280 | o | 320 | 6oo [| 1 | 024 | 280| o | 460| 740 | 3 | 0.26 | 280, 

| o | 325| 605 [| 1 [| 024 | 280| o | 465 | 745 | 3 | 0.27 [450| 1 | 7o0| 1150 | 6 | 033 | 

| o | 325| 605 [| 1 [| 025 | 280| o | 605 | 895 | 4 | 0.30 [4501 1 | 830| 1280 | 7 | 036 | 

50001 - 100000 [280 | o | 325] 605 [| 1 | 025 | 280] o | 605 | 895 | 4 | 0.30 | 450| 1 | 9c0|] 1410 | 8 | 038 | 


n, = size of first sample; n.= size of second sample; entry of “All” indicates that each piece in lot is to be inspected. 





Cc, = acceptance number for first sample. c2 = acceptance number for first and second samples combined. 
AOQL = average outgoing quality limit. 


A 06 Refrence www.galitshmueli.com/system/files/Table_ DODGE_ROMIG.pdf 
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Table C -continuea 


LOT SIZE 


PROCESS AVERAGE (%) 


#0 


pm | | m | m+m | o | 


QL 
(%) 


255 
290 
430 
465 
495 
780 


#0 


pom |e | m | mem | oe | 


QL 
(%) 


| 1 | o10 | 180 | 0 | 75 | 
| 1 | o12 | 200 | 0 | 90 | 
| 1 | 015 | 225 | o | 205 | 
| 2 | o18 | 235 | o | 220 | 
| 2 | o19 | 245 | 0 | 260 | 
| 4 | o24 | 265 | o | 515 | 


255 
290 
340 
465 
495 
780 


#0 


pm |e | m | mem | oe 


QL 
(%) 


Ww 
NR 
(jo) 
fee) 
ad 
(jo) 
= 
[o) 
- 


+ 
ae 
oO 
E 
ire) 
- 
oO 
(o) 
oO 
- 
Ww 
ha 
N 
t+ 
ae 
oO 
- 
Ww 
- 
oO 
[o) 
(o) 
- 
oO| 
oO| 
NIN 
NI + 
As 
oO| oO 
“+ 
ire) 
- 
o 
[o) 
(oo) 
- 
ire) 
= 
N 
[o) 
oO 
Ww 
1 
— 
[o) 
t+ 


| 1 | 015 | 225 | 0 | 115 | 
| 2 | o18 | 235 | 0 | 230 | 
| 2 | o19 | 245 | 0 | 250 | 
| 3 | 023 | 265| 0 | 515 | 


255 
290 
340 
465 
495 
670 





p t-t20 fa | co | - | | | - | ooo Jan] o | - | - [- | oo | av | o | - | - | - J oo | 
| 61-200 tao | co | - | ~~ | coos | tao} o | - | - | - | oo8 | wo] o | - | - | - | os | 
a ee Eee ee rr ee es eee ee ee ea ee ee ea ese 
| 261-300 ta0 | 0 | 75 

| 2001-3000 | 270 | o | 545 | 85 | 4 | 0.26 | 430| 1 | 620 | 1050 | 6 | 028 | 430 | 1 | 830 | 1260 | 8 | 0.30 | 
| 3001-4000 | 435 | 1 | 645 | 1080 | 6 | 0.29 | 435| 1 | a65_| 1300 | 8 | 0.30 | 580 | 2 | 940 | 1520 | 10 | 0.33 | 
| 4001-5000 | ago | 1 | ooo | 1100 | 6 | 0.30 | 440| 1 | 1000 | 1440 | 9 | 033 | 585 | 2 | 1075| 1660 | 11 | 0.35 | 
| 5001-7000 | aa | 1 | 75 | 1230 | 7 | 0.33 | s90| 2 | 990 | 1580 | 10 | 036 | 730 | 3 | 1190] 1920 | 13 | 0.38 | 
| oor-10000_ | 450 | 1 | 920 | 1370 | 8 | 0.35 | 600| 2 | 1240| 1840 | 12 | 039 | 870 | 4 | 1540 | 2410 | 17 | 0.41 | 
| 10001-20000 | 605 | 2 | 1035| 1640 | 10 | 0.39 | 745 | 3 | 1485 | 2230 | 15 | 043 | 1150| 6 | 1900 | 3140 | 23 | 0.44 | 
| 50001-00000 | 60s | 2 | 1545] 2150 | 14 | 044 | sas] 4 | 2085 | 2070 | 21 | o49 | 1410] 8 | 3280] 4690 | 36 | 0.55 | 


| s0t1-4oo_ | 200 | 0 | 90 | 
| so1-600 | 225 | 0 | 118 | 
| eot-so0_ | 235 | 0 | 230 | 
| gor to00_— | 245 | 0 | 250 
| 1001-2000 | 265 | 0 | 405 | 


Nz = size of second sample; entry of “All’ indicates that each piece in lot is to be inspected. 


n, = size of first sample; 


acceptance number for first sample. c= acceptance number for first and second samples combined. 


C= 


average outgoing quality limit. 


AOQL 
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Table C.1 Example of Dodge-Romig LQL(LTPD) Double Sampling Tables 
LQL = 5.0%, 6= 0.10. 





Process average, % 





































































































































































Lot Size _ |0-0.05 0.06-0.50 0.51-1.00 1.01-1.50 2.50 
Trial AOQL | Trial i AOQL AOQL 
1 ([Trial2 | __|Trial 2 | 1 __|Ttial2 Trial2 | 
nh Ci | M2|My + N2| Co| [C1 | ny|ny + m Co| 3 ny | [Ci| Mo [my + No Co] is ny | Ci | lh = | Co : 
130 fallfol-[ |_| ‘0. afof_ | — |-[o Jaifol— | — [_[o Jafoy_ | — [yo Jaifol_ | |_[o | 
31-50 = ie 0 30}0} — | _ | - | 0.49 | 30/0 = a be | 49 |30] 0 — Z E 0.49 | 30) 0 = ales 0.49 | 
51-75 fe lo | 38/0] _ | _ || 959 | 38 fo] — | = |S] 0.59 [38/0] _ | Z }-] 959 |38]o =e _ 0.59 | 
76-100 65 |1| lo | 44/0 /21| 65 |1| 0.64 | 44/0] 21| 65 [1] 064 |44/o0/21| 65 |1| 0.64 | 44/0] 21[ 65 | 1 | 0.64 | 
101-200 1 ha | 0 | alates pe | | 084 | 49 [of 51 100 [2 | 0.91 |49}0 | 51| 100 2 | 091 | 49 0 51} 100 |2| 091 | 
201-300 80 | 1 0 50 >| | 1.0 | 50 0/55] 105 |? | 1.0 | 50 | 0 | 80 130 | 3 iA | 50 0 100) 150 4} 11 | 
301-400 85 | 1 Lol [0 | 80 | 135 [3 | Fiss- 4 0 es | 7) 190 |6 | 13 
401-500 85 1 | 0 | (0 |105| 160 |4 205 [6| 1.4 [85] 1 |140] 225 |7| 1.4 
501-600 85 | 1 | | 0 | 3 |O|110} 165 | 4 | | 230 |7]} 1.4 | 85] 1 | 165] 250 | 8 | 
601-800 90 | 1] 10 | | 3 | [1/125] 215 |6| 15 l90|1 [170] 260 [8] 1.5 | 120] 2 | 185] 305 |10| 
801-1000 35| 90 |1| | 0 | 55| 0} 115| 170 An 1.4 | 90 | + |is0| 240 7 | 1.5 loo]! Lees | 290 lo | 1.6 [120 | 2 | 210 330 {11| 
1001-2000 135] 90 | 1| | 0 | 35| 0 [120] 175 [4 | 14 | 90 |! |igs| 275 Is | 7 |ia5| 3 | 235| 345 Ha 1,9 ls 4 | 260 | 435 (15| 
2001-3000 l65| 120 |2| lol 55/Q [is0| 205 [5] 1.5 [120/2]180| 300 [go] 1.9 [1450/3 [270] 420 [14[ 2.1 | 205| 5 [375] 580 [21] 
3001-4000 [65] 120 |2| | 0 | 90]! | 40| 230 on I 6 fzo/2 |e 330 Hio| 2.0 Visas 445 lis 2.3 & 6 | 420| 650 {24 
4001-5000 }65| 120 | 2| 0, 7 | 2 1255, 12 | 7 | 445 | 700 |26 
5001-7000 165] 120 | 2 | 0 ete tact /2|260 12 Ea 750 |23| 
roor-t0.000 155 |0|65| 120 {2 | ‘sof 280_[s| 19 |120/2[285/ 4os_|13 8 | sao] $20 [31 
| _10,001-20,000 [65|_ 120 | 2| [0 | | [19 8| 1.9 | 2 |310 14| | | 280 | 8 | 940 |36| 
| 20.001-50,000 |55|0|65| 120 |2| [0 | 90| 1 [215 | S05 19 | 2.0 |120|2|335 [15] 22 |205| 5 | 485 | | 2.5 Sa Pe 
50.001-100,000 |55/0/65) 120 }2] 1,2 |55|0 90| 1 }240} 330 {10} 2.1 |120)2)360 16| 2.3. 205] 5 | 555 2.6 | 330/10] 810] 1140 |45 








Reroduced,from Grant and Leavenworth,1988 Table 13.3, 408 
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Table D_ Philips Standard Sampling System 


Point of Control=Indiffrence Point 


Se ee ee 


20-50 
51-100 
101-200 
201-500 

501-1,000 


1,001-2,000 
2,001-5,000 
5,001-10,000 
10,001-20.000 


20,001-50,000 
50,001 &more 

















Refrence Grant&Levenworth 1988 : 
all means whole lot has to be inspected 


in Double case: n2=2 n1 Rejection no= c2+1 
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Table E Code of sample size for IS0O2859 
[ totswe “sa [s2[sa[sa| 1 [a [mr | 
A 











2-8 A A 
16-25 A c | D 
26-50 
51-90 
91-150 
151-280 
281-500 
1201-3200 c | D K [| L 
10,001-35,000 | c | D mM |_N 
35,001-150,000 P 


: 
a 
co) 








E 
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Fo 
Fats es [ome [0 [sles BMBOOnac- 
2g Pa Pa TS a PES FR SC 


ee 


nm la 2 
we 
ot. 
04 
ee 2 
is ale oy 
number 


Re=rejection number 
+4 = Use the first sampling pian below the arrow. If sample size equals, or exceeds, lot size, carry out 100 % inspection, , 
>> = Use the first sampling plan above the arrow. 
















Re = Rejection number 4 1 1 Refrence Bestrefiled,1990 Table 6.7 
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; Table G single sampling Plan Reduced ISO2859 














size | Sample 





2]}2 3 6|7 8 14 15]21 22130 31 
B oie gia alexi oe 14 15/21 22 |30 31 
: 0 2 s]2 s| 3 6|5 8|7 10 16 17]21 2 
2 1 a] 2 s/3 6] 5 817 10/10 13} 14. 17] 21 2 
0 2/1 3 2 5/3 6/5 8] 7 10]10 13/14 17/21 2% 
6-2) 3) i « 3 6|5 8] 7 t0}10 13 
G 2 e SPs Be 8) 2 ae & 
H ean 0 2/1 3 esie eer 3 
J sen 0 2]}1 3/1 4 5 e| 7 10/10 1 
50 14 5 B 10 13 
L 80 zis 2s 5 8| 7 10/10 
125 0 2/1 3 3 6 7 10}10 1 
200 241 3/1 4 3 s | 7 10/10 13 
31s l Val sala ala $ 7 10/10 13 
500 si O Sa 3) BP Se als 7 10}10 13 
10 L 





4 1 ? Refrence Bestrefiled,1990 Table 6.7 
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Table H single sampling Plan sonar ISO2859 


Sample] 

size | Sample 

ale scciacloaicce to ectcetiotesraratala Val stat sieietaraieiate 
= PITTI TTI TU/TRI/ THI Tsapan RA GO 


01 3.41,5 617 8/10 11714 15/21 22]/30 31 
01 10 11414 15]21 22/30 31/44 45 
01 12/23 7 8410 11714 15)21 22/30 31)44 45 
01 


§ 6/7 8 
7 8410 11 
10 11714 15/2 
14 15/21 22 
21 22 


& = Use the first sampling plan below the arrow. If sample size equals, or exceeds, lot size, carry out 100 % inspection. 
rt = Use the first sampling plan above the arrow. 

Ac = Acceptance number 4 1 3 

Re = Rejection number 





b-6S82 OSI 


666} : 
(L ued) cose SI 
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.Based on Average Outgoing Quality Limit (AOQL) = 2.0% Table I. Dodge-Romig Single Sampling AOQL=2% 


PROCESS AVERAGE (%) 


pa [elim [> [elim] [elim] » [elim] »[ol[ram| » || tam] 
Pp tts Cf a To] -  CUdT vav To fT h-  hT r flo] UT fo] UE flo dT To] 
f= feeS0, | aaa |) ae lean or |= sie lh Aa orl tae: i] aia 0. aie Pam [0] ieee i ia or | ae 
—— seedoo — I) gee il on. ga ies | soe) aaa Teen [Sor aga I is 50) ial) esl so zat iI aes so: ie a 
fe ote: Tre oi io iso = Sais Tae ol ie I ae Io 2: Se aL Sioet Bea oes 7 
= —2ones00— —-1[ are Woes aie lie aoe |= aa se lage 08 es ere ae | aos carol an ie sao: ioe a IS ao | 
| 301-400] ts | oo | te | is |o | 18 | 33 [1] wo | 3311] 100 | 33/1] t0 | o|2| 85 | 
ao1-s00 | te fol uo |ifo| m9 | 30/1] os | 3 [1] os |e |2| 86 |e |2| 86 | 
| —sor-eo0-—S—i| tf8 || 119 | w@ilo| 9 | 39/1] 98 | 39 | 14 | 2| 86 |el/2| s6 | 





ea 
| eot-s00 | te [lo | 9 | 40 | 1 | 96 | 4o [1 | 96 | 65 | 2 | Pe L 7e0 less [aia 75. 
| sor-tooo | 18 | o | 120 | 4o [1 | 96 | 4011] 96 | 65 | 2 | p2{ et | sof 3} 74 
| too1-2000 | 18 | o | 120 | 41 [| 1 | 94 | os | 2] a2 | 65 | 2 | sat 1 [wo Ta [es 
| 2001-3000 | 18 | o | 120 | 41 [1 | o4 | 5 [2 | 82 | 95 | 3 | [4 { 65 |wzole| sea 
| 3001-4000 | 1a | oo | 120 | 42 | 1 | 93 | os | 2 | 82 | 95 | 8 | ae eee 
| 4o01-so00 | 18 | o | 120 | 42 | 1 | 93 | vo [2] 75 | 125 | 4 e[ 5] 60 |e [e| 53 | 
| so01-7ooo || 18 | oo | 120 | 42 | 1 | 93 | 95 | 3 | 70 | 125 | 4 | [6 | 56 | 20[ 9] 51 | 
| 7oo1-too00 | 42 | 1 {| 93 | 7 [2] 75 | 95 | 3 | 70 | 15] 5 | 60 | 5.4 4.8 
ze | 95 | 3{ 70 | ole] 5 fo {| 49 | 460] 14 [| 44 | 
| 20001-50000 | 42 | 1 | 93 | vo | 2] 76 [125 | 4 | 64 | 220] 7 | 54 
| soo01-1oo000 | 42 [1] 93 | 9 | 3] 70 [ro [s | s9 |a0lo] 49 | so5|15| 42 | os |ar{ 37 | 
n : size of sample; entry of “All” indicates that each piece in lot is to be inspected. 
¢ _: acceptance number for sample. Refrence www.galitshmueli.com/system/files/Table_ DODGE_ROMIG.pdf 
LQL : limiting quality level corresponding to a consumer’s risk (8) = 0.10. 
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Table J. Dodge-Romig Single Sampling Lot Inspection Table AOQL=3%. 


Based on Average Outgoing Quality Limit (AOQL) = 3.0 %. 


LOT SIZE .00 - 0.06 


401 - 500 
[oot = 3000 [12 [0 
| 3001-4000 12 | 0 | 


PROCESS AVERAGE (%) 


LQL (%) 


[ef | a |e 
ifo{ - | au | 
o|o| 190 | 10 | 
1 fo] 180 | 1 | 
2{o| 170 | 12 | 
2{o| 170 | 26 | 1 
0 | az _| 26] 


tft} a7 | 1 


1 | 138 | 
a |i | 138 | 
fel 


13.8 


Bia 
ZaEn Rag 
rte [ae Po 
a | 1 | 45 | 2 

45 | 2 


ee a 


| 7o01-10000__—*||_ 28 ‘| 1 


13.9 


c : acceptance number for sample. 


LQL : limiting quality level corresponding to a consumer’s risk (f) = 0.10. 4 1 5 


1 
1| 138 | 
2 | 118 | 65 | 


81 - 2.40 


Te [oo | 
65 Ps {io [en Pet a8 100 
Piz [es [3s | 102 [00 | s | o1 [140 
os [asta [os | 


LQL (%) 


EAE 
op far 
| 19.0 | 10 
of 180 | 22 | 1 
Ee 
| 40 | 2 
| 41 | 


LAL (%) 


19.0 
16.4 


2 
2[ 124 | 60 | 
| 109 | 60 | 

-1o0 | 


Nh 


ND 


—_ | =_ | = 
NIN [oa 
Ni [oo Jo 


11.0 


8.2 


8.4 
8.4 7.4 
8.1 7.1 


sf2| m6 [es [s| 13 |s{s[ ss | 10] e| 76 | 280 

e|2{ m7 [|e [4] 95 | 125{ 6] 24 | 215 [10 | 72 | 300 | 17| 62 | 
5 |3{ 103 [15 |5 | 3a [iol a | 76 | a0 [14 | 65 | 560 | 24 | 57 | 
[so001 100000 [28 +f tse [es La 1103 Las Le] a4 [ais foo | 72 | 205 [a7 | o2 [eso | 20 | 5a] 


n : size of sample; entry of “All” indicates that each piece in lot is to be inspected. 





Refrence www.galitshmueli.com/system/files/Table_ DODGE_ROMIG.pdf 
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26 - 50 

51 - 100 

501 - 600 
601 - 800 


Table K Dodge-Romig Double Sampling Lot Inspection AOQL=1% 


PROCESS AVERAGE (%) 
LOT SIZE 0.00 - 0.02 0.03 - 0.20 0.21 — 0.40 
Trial Trial 2 Trial 2 Trial 2 
1 #No 
301 - 400 
2001 - 3000 
5 


60 
Psi Pas Po fre [we a [as re fo anes fo 
3s [37] 


401 - 500 

3001 - 4000 

4001 - 5000 
5001 - 7000 70 
7001 - 10000 70 
10001 - 20000 70 


20001 - 50000 7 
50001 - 100000 75 


n,= size of sample; n2= size of second sample; entry of “All” indicates that each piece in lot is to be inspected. 
. C; = acceptance number for sample. co = acceptance number for first and second samples combined 


.-LQL = limiting quality level corresponding to a consumer's risk (B) = 0.10 Refrence www.galitshmueli.com/system/files/Table_ DODGE_ROMIG.pdf 
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=] ao =e es 
Ol; O1 

on; o1 oO 

No 
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Table K continued 


.% Based on AOQL = 1.0 


PROCESS AVERAGE (%) 
LOT SIZE 0.41 - 0.60 0.61 - 0.80 0.81 - 1.00 


(aL (aL (aL 
Creme | mH [on Cmem | & | () nem | a | 


[0 [10 sfoao [70 | 0 [re0-| 220 [a [38 [as [1 [60 [sos 6 
oor 2000 [soo 105 | aes [a [37 Yass 1 [200 [sss |e [aso | 1 Yeas [ses [732 
[2001-3000 [eo fo fro] 260 [4 [36 [ro] + [oes[ ais [7 | 30 [aw] 2 [sss] 57 | 10] 28 
[3001-4000 [es [0 [220 | aos [5 [33 [reo] + [a0 490 |e | 28 [ars] 2 [4s5| ce [12 | 27 
P—aoor-5000 [ras + [2s aro | 6 | a1 |2as| 2 [ars] ooo | 10 | 27 [20] 2 [sos] oa || 25 
[roor= 10000 [s65 [1 [ass | 820 | 6 | 27 [oso| 2 [ses eas [1 [24 [ses] 4 [re5[ 1170 | 19 | 23 
to00+=20000 _[a7s[ + [ars | so | 9 | 26 [sas] a [ess] oa | 15 | 23 [520] 6 | oe0| 1500 | | 22 | 
[so00+- 100000 27s[ 2 [roo] ors | 1 | 22 [aro] 4 [wo] rao | 22 [ 21 [770] 0 || 2620 | 41] 20 | 


n,= size of sample; n2= size of second sample; entry of “All” indicates that each piece in lot is to be inspected. 
. C; = acceptance number for sample. c2= acceptance number for first and second samples combined 
-LQL = limiting quality level corresponding to a consumer's risk (8) = 0.10 
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Table L 











Table AQL conversion 
Etracted from MilSTD414 Manual 
| If your AQL is | Use 
in the interval | This AQL 
6. eee 0.01 
eases 0.015 
@ $s 0.025 


| 
e 0.050- 0.069 | 0.065 
e 0.070- 0.109} 0.10 | 
e 0.110- 0.164 | 0.15 | 
e 0.165- 0.279} 0.25 
e 0.280- 0.439 | 0.40 | 
e 0.440- 0.699} 0.65 
e 0.700- 1.09 1.0 
e 110 - 1.64 1.5 
e 165 - 2.79 2.5 | 
e 2.80 - 4.39 4.0 | 
e 440 - 6.99 6.5 | 
e 7.00 -109 10.0 | 
| 











Table L.1 


(Table E.1 ISO 3951.1) 





| Values of fe forcalcualting omax =((U-L))/fe : o -Method 








BOE | 0,0107 | 0,015 | 0,025 | oe | 0,065 | 0,10 | 0,15 | 0,25 | 0,40 | 0,65 | 1,0 | 1.5 | 2.5 | 4 | 6.5 | 10 | 


| f | 125 | .129 | 132 | 137] .141 | 147 | 152 | .157 | .165 | .174 | .184 | .194 | .206 | .223 | .243 | .273 | 
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Table M Sample Size based on lot size and inspection level 
































ISO 3951 
Lot or batch size Special inspection levels General inspection levels 
S-1 S-2 S-3 S-4 I II Wi 
2to8 B B | B | B_ | B_ | B Bs 
9 to 15 B B B B B B C 
16 to 25 B B | CB B B | C D_| 
| 26 to 50 | B | B B C (Cen ae 1 ee ee - | 
[== =01te 150° —-| <7 Be — |i Be i Ce Deo. De =. Te Ge] 
151 to 2 80 B C D E E G H 
281 to 500 B Cot E | eae ee | ise | 
i 901 to. 120008- | -5Ge s- soci =the ifs. ae ls aie ale <a ls il 
1201 to 3200 C D E G H K L 
3201 to 10000 C D_ | iF G \ a ee M_| 
|_10001 to 35000 | Cc | D F H kK | M | N | 
35 001 to 150 000 D BE G J L N P 
150001 to 500000] _D | E G J M P 
500 000 and over E H K N Q R 

















Refrence:Table A.1 ISO 3951-2 
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Table N Single Sampling S-method Form p* 


Normal inspection 


Acceptance quality limit (in percent nonconforming) 





0,04 {0,065} 0,10 | 0,15 | 0,25 | 0,40 | 0,65 1,5 


n n n n n n n n 
100p* |100p*|100p*|100p*|100p*|100p*| 100p* 100p* 































































































@ There is no suitable plan in this area; use the first sampling plan below the arrow. 
If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


4 There is no suitable plan in this area; use the first sampling plan above the arrow. 


ISO 3951-2:2013(E) 


420 Table D. 
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Table N.1 Single Sampling S-method form p* 


Tightened Inspection 


Acceptance quality limit (in percent nonconforming) 





0,04 | 0,065 | 0,10 | 0,15 | 0,25 | 0,40 | 0,65 | 1,0 | 1,5 
n n n n n n n n n 
100p* | 100p* |100p*|100p*|100p*|100p*|100p*| 100p*| 100p* 































































































There is no suitable plan in this area; use the first sampling plan below the arrow. 
If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


& There is no suitable plan in this area; use the first sampling plan above the arrow. 


Ref: ISO 3951-2:2013(E) Table D.2 
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Table N.2 S-method form p* 


Reduced Inspection 


Single sampling plans of Form p* for reduced inspection: s-method — 





Acceptance quality limit (in percent nonconforming) 





Code 0,01 0,015 | 0,025 | 0,04 |0,065} 0,10 |} 0,15 | 0,25 | 0,40 | 0,65 | 1,0 1,5 2,5 4,0 6,5 10,0 
letter 





n n n n n n n n n n n n n n n n 
100p*|100p*) 100p*|100p*|100p*|100p*|100p* 100p* 



































47 
,07418 


71 
05982 





















































@ There is no suitable plan in this area; use the first sampling plan below the arrow. 
If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


* There is no suitable plan in this area; use the first sampling plan above the arrow. 


Refrence ISO 3951-2:2013(E) 
Table D.3 
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Table O Estimates of Nonconforming Percent ui ISO3951 S Method form p 






















































































































































































Qu or QL n=5 n=7 n=10 n=15 n=20 n=30 n=40 n=50 n=100 J QorQ | n=5 n= n=10 n=15 n=20 n=30 n=40 n=50 n=100 
0 50.00 50.00 50.00 50.00 50.00 50.00 50.00 50.00 50.00 2.050 0 0.261 0.9398 1.3738 1.5590 1.7265 1.8045 1.8495 1.9361 
0.05 48.2208 48.1290 48.0791 48.2208 48.0362 48.0250 48.0198 48.0169 48.0113 | 2.1000 0 0.1374 0.7421 1.1571 1.3369 1.5004 1.5766 1.6208 1.7057 
0.10 46.4430 46.2607 46.1617 46.4430 46.0768 46.0545 46.0443 46.0385 46.0274 2.1500 0 0.0574 0.5755 0.9675 1.1405 1.2989 1.3730 1.4160 1.4989 
0.15 44.6680 44.3978 44.2514 44.6680 44.1261 44.0931 44.0781 44.0695 44.0533 | 2.2000 0 0.0146 0.4371 0.8027 0.9677 1.1200 1.1917 1.2333 1.3137 
0.20 42.8972 42.5431 42.3518 42.8972 42.1883 42.1454 42.1258 42.1147 42.0936 2.2500 0 0.0005 0.3240 0.6604 0.8164 0.9619 1.0307 1.0708 1.1483 
0.25 41.1320 40.6993 40.4662 41.1320 40.2676 40.2156 40.1920 40.1785 40.1530 | 2.3000 0 0 0.2335 0.5385 0.6848 0.8227 0.8884 0.9267 1.0011 
0.30 39.3738 38.8691 38.5981 39.3738 38.3682 38.3082 38.2809 38.2653 38.2360 | 2.3500 0 0 0.1626 0.4348 0.5708 0.7007 0.7630 0.7994 0.8704 
0.35 37.6241 37.0551 36.7509 37.6241 36.4940 36.4272 36.3968 36.3795 36.3470 2.4000 0 0 0.1087 0.3475 0.4727 0.5941 0.6528 0.6873 0.7547 
0.40 35.8843 35.2599 34.9279 35.8843 34.6488 34.5765 34.5438 34.5252 34.4901 | 2.4500 0 0 0.0691 0.2746 0.3887 0.5015 0.5565 0.5889 0.6525 
0.45 34.1559 33.4863 33.1322 34,1559 32.8363 32.7601 32.7257 32.7061 32.6693 2.5000 0 0 0.0412 0.2144 0.3174 0.4213 0.4725 0.5029 0.5627 
0.50 32.4404 31.7367 31.3669 32.4404 31.0600 30.9815 30.9461 30.9260 30.8883 | 2.5500 0 0 0.0226 0.1652 0.2572 0.3522 0.3997 0.4279 0.4838 
0.55 30.7394 30.0137 29.6351 30.7394 29.3232 29.2440 29.2084 29.1882 29.1504 2.6000 0 0 0.0110 0.1254 0.2067 0.2930 0.3367 0.3628 0.4148 
0.60 29.0545 28.3199 27.9395 29.0545 27.6289 27.5507 27.5157 27.4959 27.4589 | 2.6500 0 0 0.0045 0.0937 0.1647 0.2425 0.2824 0.3065 0.3547 
0.65 27.3873 26.6576 26.2829 27.3873 25.9800 25.9045 25.8708 25.8518 25.8165 2.7000 0 0 0.0014 0.0688 0.1301 0.1996 0.2359 0.2580 0.3023 
0.70 25.7395 25.0293 24.6678 25.7395 24.3790 24.3078 24.2763 24.2586 24.2258 | 2.7500 0 0 0.0003 0.0495 0.1017 0.1634 0.1962 0.2163 0.2570 
0.75 24.1129 23.4374 23.0967 24.1129 22.8282 22.7631 22.7345 22.7185 22.6890 2.8000 0 0 0.0000 0.0348 0.0788 0.1330 0.1625 0.1807 0.2178 
0.80 22.5092 21.8841 21.5718 22.5092 21.3297 21.2722 21.2472 21.2333 21.2079 2.8500 0 0 0 0.0239 0.0603 0.1076 0.1339 0.1503 0.1840 
0.85 20.9305 20.3716 20.0952 20.9305 19.8853 19.8368 19.8161 19.8046 19.7840 2.9000 0 0 0 0.0160 0.0456 0.0865 0.1099 0.1245 0.1550 
0.90 19.3785 18.9022 18.6687 19.3785 18.4965 18.4584 18.4424 18.4338 18.4186 2.9500 0 0 0 0.0103 0.0341 0.0691 0.0897 0.1028 0.1302 
0.95 17.8556 17.4778 17.2942 17.8556 17.1645 17.1379 17.1273 17.1218 17.1126 | 3.0000 0 0 0 0.0064 0.0251 0.0549 0.0729 0.0844 0.1090 
1.00 16.3638 16.1005 15.9729 16.3638 15.8902 15.8762 15.8714 15.8693 15.8664 3.0500 0 0 0 0.0038 0.0182 0.0432 0.0589 0.0691 0.0910 
1.05 14.9056 14.7722 14.7064 14.9056 14.6743 14.6737 14.6751 14.6765 14.6805 | 3.1000 0 0 0 0.0022 0.0130 0.0338 0.0473 0.0563 0.0757 
1.10 13.4834 13.4947 13.4956 13.4834 13.5172 13.5306 13.5385 13.5436 13.5546 3.1500 0 0 0 0.0012 0.0092 0.0263 0.0378 0.0456 0.0627 
1.15 12.1001 12.2697 12.3414 12.1001 12.4191 12.4469 12.4614 12.4702 12.4884 3.2000 0 0 0 0.0006 0.0063 0.0202 0.0301 0.0368 0.0519 
1.20 10.7585 11.0988 11.2445 10.7585 11.3796 11.4221 11.4433 11.4560 11.4814 3.2500 0 0 0 0.0003 0.0043 0.0154 0.0238 0.0296 0.0427 
1.25 9.4619 9.9835 10.2053 9.4619 10.3986 10.4557 10.4836 10.5001 10.5327 3.3000 0 0 0 0.0001 0.0028 0.0117 0.0187 0.0236 0.0351 
1.30 8.2140 8.9250 9.2240 8.2140 9.4752 9.5469 9.5813 9.6015 9.6412 | 3.3500 0 0 0 0.0000 0.0018 0.0088 0.0146 0.0188 0.0287 
1.35 7.0187 7.9247 8.3007 7.0187 8.6088 8.6945 8.7352 8.7591 8.8056 3.4000 0 0 0 0.0000 0.0011 0.0065 0.0113 0.0149 0.0234 
1.40 5.8807 6.9836 7.4350 5.8807 7.7981 7.8973 7.9441 7.9714 8.0245 | 3.4500 0 0 0 0.0000 0.0007 0.0048 0.0087 0.0117 0.0190 
1.45 4.8053 6.1026 6.6266 4.8053 7.0419 7.1539 7.2064 7.2370 7.2961 3.5000 0 0 0 0.0000 0.0004 0.0035 0.0067 0.0092 0.0154 
1.50 3.7988 5.2825 5.8747 3.7988 6.3387 6.4625 6.5204 6.5539 6.6187 | 3.5500 0 0 0 0.0000 0.0002 0.0025 0.0051 0.0071 0.0124 
1.55 2.8691 4.5237 5.1785 2.8691 5.6870 5.8215 5.8842 5.9205 5.9904 | 3.6000 0 0 0 0.0000 0.0001 0.0018 0.0038 0.0055 0.0100 
1.60 2.0260 3.8267 4.5369 2.0260 5.0849 5.2290 5.2959 5.3346 5.4091 3.6500 0 0 0 0 0.0001 0.0013 0.0029 0.0043 0.0080 
1.65 1.2828 3.1916 3.9485 1.2828 4.5306 4.6829 4.7535 4.7943 4.8727 | 3.7000 0 0 0 0 0.0000 0.0009 0.0021 0.0033 0.0064 
1.70 0.6595 2.6182 3.4118 0.6595 4.0220 4.1812 4.2549 4.2974 4.3791 3.7500 0 0 0 0 0.0000 0.0006 0.0016 0.0025 0.0051 
1.75 0.1915 2.1062 2.9252 0.1915 3.5570 3.7217 3.7978 3.8418 3.9260 | 3.8000 0 0 0 0 0.0000 0.0004 0.0012 0.0019 0.0040 
1.80 0 1.6549 2.4868 0 3.1335 3.3022 3.3801 3.4251 3.5113 3.8500 0 0 0 0 0.0000 0.0003 0.0008 0.0014 0.0032 
1.85 0 1.2634 2.0944 0 2.7492 2.9204 2.9996 3.0453 3.1328 | 3.9000 0 0 0 0 0.0000 0.0002 0.0006 0.0010 0.0025 
1.90 0 0.9302 1.7460 0 2.4019 2.5742 2.6540 2.7000 2.7881 3.9500 0 0 0 0 0.0000 0.0001 0.0004 0.0008 0.0020 
1.95 0 0.6537 1.4390 0 2.0893 2.2613 2.3410 2.3870 2.4752 | 4.0000 0 0 0 0 0.0000 0.0001 0.0003 0.0006 0.0015 
2.00 0 0.4314 1.1712 0 1.8091 1.9795 2.0586 2.1042 2.1919 | Phat=(100*betacdf(.5*(1-Q*(n*.5)/(n-1)),(n-2)/2,(n-2)/2) 
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Table P.1 vatues of fs in S--Method Double Specification 


Nor mal 





Acceptance quality limit (in percent nonconforming) 
Foto] ors | a02s [ops] ones | 010 | o1s | 025 | 040 | aes | 10 | 15 | 25 | 40 | 65 | 100 | 
fs ; < Fi Fe : = eo ge % = . 5 


Js s J. 5 





> 
a 
a 
a 
Poa 
v 
Pome! 
wy 
~ 
uw 
Pom! 
u 
Pome! 
w 
uw 
uw 
Po! 
“ 


Js J 


uy 


0,274 | 0,285 | 0,333 | 0,395 | 0,458 
0,257 | o.292 | 0,334 | 0,375 | 0,461 





0,216 | 0,237 


| 0,218 | 0,236 














NOTE The MSSD is obtained by multiplying the standardized MSSD f, by the difference between the upper 
specification limit, U, and the lower specification limit, L, ie. MSSD =s,,,, =(U—L)f,. 


Ref: ISO 3951-2:2013-E Table F.1 
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Table P.2 Values of fs in S-Method Double Specification 


Tightened 


Code 


fs 


fs 


fs | fs 


Acceptance quality limit (in percent nonconforming) 
letter | 0,010 | 0,015 | 0,025 | 0,040 0,065 | 0,10 | 0,15 | 0,25 | 0,40 | 0,65 | 1,0 
f 


0,221 


0,265 
0,248 


0,365 
0,312 
0,285 
0,292 
0,290 


0,447 
0,388 
0,399 





0,164 | 0,167 
0,160 | 0,162 


0,182 | 0,185 
0,175 | 0,179 
0,170 | 0,180 
0,171 | 0,180 


0,211 
0,201 
0,203 
0,203 
0,190 | 0,199 


0,187 | 0,198 


0,237 
0,236 | 0,251 | 
0,230 


0,280 
0,277 | 
0,276 











0,151 | 0,153 
0,147 | 0,149 
0,144 | 0,150 





0,155 | 0,163 
0,156 | 0,163 
0,156 | 0,161 





0,171 | 0,177 
0,168 | 0,176 
0,168 | 0,175 





0,186 | 0,196 
0,185 | 0,195 


0,183 | 0,192 








Refrence Table F.2 ISO 3951-2:2013(E) 
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Table P.3 vatues of fs in S--Method Double Specification 
Reduced 


Code Acceptance quality limit (in percent nonconforming) 


letter } 0,010 | 0,015 | 0,025 | 0,040] 0,065 | 0,10 | 0,15 | 0,25 | 0,40 | 0,65 1,0 1,5 
ft |-% 7, t 


0,303 | 0,303 








0,267 | 0,274 
0,248 | 0,257 
| 0,221 | 0,223 | 0, 0,234 | 0,260 

0,206 | 0,207 | 0,211 | 0, 0,237 | 0,260 

0,192 | 0,194 | 0,197 | 0,202 | 0, 0,233 | 0,251 
0,183 | 0,185 | 0,189 | 0,203 | 0,218 | 0,230 | 0,250 
0,172 | 0,173 | 0,175 | 0,179 | 0,190 | 0,203 | 0,212 | 0,229 | 0,235 





0,165 | 0,167 | 0,170 | 0,180 | 0,190 | 0,199 | 0,212 | 0,217 | 0,227 
0,160 | 0.162 0,171 | 0.180 | 0,187 | 0,198 | 0,202 0,210 | 9217 | 























B-D 

E 
F 
G 
H 
J 
K 
L 
M 
N 
P 
Q 
R 


0,155 | 0,163 | 0,171 | 0,177 | 0,186 | 0,190 | 0,196 


Refrence 180 3951- 
Table F.3 
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Table Q.1 Single sampling o-Method form k 


Acceptance quality limit (in percent nonconforming) 


Normal 





0,04 


0,065 


0,10 


0,15 


0,25 


0,40 


0,65 


1,0 


1,5 





n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 




























































































@ = There is no suitable plan in this area; use the first sampling plan below the arrow. 


If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


* There is no suitable plan in this area; use the first sampling plan above the arrow. 
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Refrence 


ISO 3951-2:2013(E) 
Table C.1 


Tables of Quality Control By Hamid Bazargan 


Table Q.2 Single sampling o-Method Form k 


Tightened 


Acceptance quality limit (in percent nonconforming) 





0,04 


0,065 


0,10 


0,15 


0,25 


0,40 


0,65 


1,0 


1,5 


2,9 





n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 


n 
k 

























































































t 


















































There is no suitable plan in this area; use the first sampling plan below the arrow. 
If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


There is no suitable plan in this area; use the first sampling plan above the arrow. 
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Refrence 


ISO 3951-2:2013(E) 
Table C.2 
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Table Q.3 Single sampling o-Method form k 
Reduced 


Code Acceptance quality limit (in percent nonconforming) 
0,04 |0,065/ 0,10 | 0,15 | 0,25 | 0,40 | 0,65] 1,0 | 1,5 | 2,5 
letter n n n n n n n 








k k k k k k k 






















































































There is no suitable plan in this area; use the first sampling plan below the arrow. 
If the sample size equals or exceeds the lot size, carry out 100 % inspection. 


e There is no suitable plan in this area; use the first sampling plan above the arrow. 


Refrence 180 3951-2:2013(E) 
Table C.3 
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Table T Single Sampling S-Method form k 


Normal 


Acceptance quality limit (in percent nonconforming) 


| notin an ou | a | [es [as oe as [a 


Bn it f f +} SOT Lat faces oso 
6|9|9]| 6 7 

1,476| 1,323] 1,218] 0,887| 0,507 

9 | 13] 13| 9 | 9 9 

1,696] 1,569] 1,475] 1,190] 0,869] 0,618 

11 | 17 | 18 | 13 | 14| 14] 14 

1,889] 1,769] 1,682| 1,426] 1,147] 0,935] 0,601 

23 20 71 21 21 

893 1 9| 1.411|1,227|0,945| 0,724 


ape 


89 
2,279} 2 


a7'| 75) | B25 | wa 110 | 137 | 159 | 186 Po 247 
3,023) 2,948) 2,892) 2,728 is 2,449 | 2,285 | 2,166] 2,031] 1,894! 1,716 
55 96 112 ee 171 | 202 | 239 | 277 | 332 
3,161 Pr 9} 3,036 el 2,723 | 2,614| 2,459 | 2,347 | 2,220|2,092| 1,928 
63 | 101) 110] 102 oe 159 | 207 | 244 | 293 | 348 | 424 
3,288] 3,219) 3,167] 3,016] 2,867] 2,762 | 2,615] 2,508} 2,388] 2,268) 2,114 
116 | 127 | 120] 155 a 247 | 298 | 362 | 438 | 541 
3,351] 3,301 3,156} 3,012] 2,912| 2,771] 2,670| 2,556 | 2,443 | 2,298 


@ There is no suitable plan in this area; use the first sampling plan below the arrow. If 
the sample size equals or exceeds the lot size, carry out 100 % inspection. 





* There is no suitable plan in this area; use the first sampling plan above the arrow. 


Refrence [S90 3951-1 
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Table T.1 Single Sampling s-Method form K 


Tightened 


Acceptance quality limit (in percent nonconforming) 


ns ae mal a, ea i vl a ad 
letter 
n n n n n n 
4 
0.735 
c 4 6 6 
1,242|1,061| 0,939 
6 9 9 6 
1,476] 1,323|1.218] 0,887 
9 13 | 13 9 9 
696) 1,569] 1,475|1,190] 0,869 
7 |} 18 | 13 | 14 
: 682} 1,426} 1,147 


23 | 36 31 | 37 | 41 | 46 | 50 $3 
2,425) 2,331 2,061} 1,853) 1.702)1,.482/1,245) 1,010 
28 | 44 | 47 | 40 | 48 | 54 | 63 | 71 | 78 82 
2,580} 2,493) 2,428) 2,237|2,043]1,904/1,702/1,.489/1,281) 1,045 
4) 54 | 58 | 50 | 61 | 71 | 84 | 99 | 111 | 122 
2,737) 2,653}|2,592| 2,412|2,230|2,101) 1.914) 1,720} 1,533} 1.325 
802 


30 
-153}2,079 
OEE 
40 | 64 | 69 | 60 | 76 | 89 | 108 | 131 | 150 | 170 
2,882} 2, 2,744|2,573| 2,400|2,279|2,104|1,924/ 1,752] 1.564 
4 


7 | 75 | 82 | 73 | 93 | 110 | 137 | 169 | 201 | 233 
3,023|2,948| 2,892) 2,728}2,564| 2,449)|2,285|2,117/1,958/ 1,785 
88 | 96 | 86 | 112 | 134) 171 | 214 | 260 | 312 
3,089} 3,036 | 2,879) 2,723}2,614) 2,459}2,300/2,152) 1,992 
63 | 101 | 110 | 102 | 132 | 159 | 207 | 262 | 323 | 395 
3,288} 3,219} 3,167) 3,016) 2,867 |2.762|2.615| 2.464|2.324|2,174 
90 | 116 | 127 | 120 | 155 | 189 | 247 | 320 | 398 | 498 
3,408} 3,351/3,301}3,156] 3,012) 2,912|2,771|2,628] 2.495 |2,354 


There is no suitable plan in this area; use the first sampling plan below the arrow. If 
the sample size equals or exceeds the lot size, carry out 100 % inspection. 





a Thereisnosuitable laninthis area usethefirstsam lin lan above the arrow. 
| | 


Refrence ISO 3951-1 
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Table T.2 Single Sampling S-Method form k 


Reduced 


Code Acceptance quality limit (in percent nonconforming 


0,015|0,025| 0,04 |0,065} 0,10 | 0,15 | 0,25 | 0,40 | 0,65 | 1,0 1,5 
letter n n n n n n n n n 








k k k k k k k k k 


0,850)0,735|0,586/0,218 
6 6 5 9 
1,061 0,939 |0,550)0,162 
6 9 6 7 8 
1,476 1,218|0,887 |0,507)0,231 
11 9 9 9 
1,642 1,190|0,869|0,618 
11 17 14 14 14 
1,889 1,769 1,147|0,935|0,601 
15 19 23 21 21 21 
2,079} 2,033 1,893 1,227|0,945/0,830 
18 24 28 24 32 33 33 
2,254] 2,209] 2,153 1,862 1,225/1,126/0,954 
30 36 38 37 48 50 52 
2,385] 2,331] 2,263 1,853 1,394] 1,245/1,120 
44 47 40 54 7 75 
2,493] 2,428) 2,237 1,904 1,489|1,377 
58 50 61 84 105 
2,992] 2,412) 2,230 1,914 1,619 
60 76 89 117 
2,973} 2,400] 2,279 2,037 
93 | 110 | 137 169 
2,564} 2,449) 2,285 2,117 
134 | 171 | 187 239 
2,614] 2,459) 2,399 2,220 






















































































There is no suitable plan in this area; use the first sampling plan below the arrow. If 
the sample size equals or exceeds the lot size, carry out 100 % inspection. 


* There is no suitable plan in this area; use the first sampling plan above the arrow. 


Refrence SO 3951-1:2013(E) 
Table B.3 
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Table V 


Supplementary acceptability constants for qualifying towards 
reduced inspection inS & o Methods 


Acceptability constant for 
AQL that is one step tighter 





Sample size 
code letter s-method o-method 
































B 
Cc 
D 
E 
F 
J 
K 
IF 
M 
N 


NOTE For this part of ISO 3951, n/a is “not applicable.” 





Refrence ISO 3951-1:2013(E) 
Table I.1 


433 


Tables of Quality Control By Hamid Bazargan 


Table U Coefficients for X, S & R Control Charts 






































n X Control Chart S Control Chart R Control Chart n 
A Ad A3 CG, By B B3 B, Bs Be d, D, D, D3 D, 
2 | 2121 | 1880 | 2.659 | 0.7979 | o | 1843 | 0 | 3.267 | 0 | 2606 | 1128 | 0 | 368 | 0 | 3267] 92 
3 | 1.732 | 1.023 | 1.954 | osse2 | o | 1858 | 0 | 2568 | 0 | 2276 | 1693 | 0 | 4358 | 0 | 2575 | 3 
a | 1500 | 0729 | 1.628 | 0.9213 | 0 | 1808 | 0 | 2266 | 0 | 2.088 | 2059 | o | 468 | o | 2.282| q 
5 | 1342 | 0577 | 1427 | 09400 | 0 | 1.756 | 0 | 2.089 | o | 1964 | 2326 | o | 4918 | o |21a] 5 
6 | 1225 | 0483 | 1.287 | 0.9515 | 0.026 | 1.711 | 003 | 1.970 | 0.029| 1874 | 2534 | 0 | 5078 | 0 | 200] 6 
7 | 1134 | 0419 | 1.182 | 0.9594 | 0.105 | 1.672 | 01218 | 1.882 | 0113 | 1.806 | 2.704 | 0.204 | 5.204 | 0.076 | 1924 | 7 
g | 1.061 | 0373 | 1.099 | 0.9650 | 0.167 | 1.638 | 0.185 | 1.815 | 0.179 | 1.751 | 2847 | 0.388 | 5.306 | 0.136 | 1864 | g 
9 | 1.000 | 0337 | 1.032 | 0.9693 | 0.219 | 1.609 | 0.239 | 1.761 | 0.232 | 1.707 | 2970 | 0547 | 5393 | 0184|1816| 9 
10 | 0.949 | 0308 | 0.975 | 0.9727 | 0.262 | 1.584 | 0.284] 1.716 | 0.276 | 1.669 | 3.078 | 0.687 | 5.469 | 0.223 | 1777] 10 
11 | 0.905 | 0285 | 0.927 | 0.9754 | 0.299 | 1.561 | 0321 | 1.676 | 0313 | 1.637 | 3.173 | 0.811 | 5535 | 0.256 | 1.744 | 44 





12 0.866 0.266 0.886 0.9776 0.331 1.541 0.354 1.646 | 0.346 1.610 3.258 | 0.922 5.594 | 0.283 | 1.717 12 





13 0.832 0.249 0.850 0.9794 0.359 1.523 0.382 1.618 | 0.374 1.585 3.336 1.025 5.647 | 0.307 | 1.692 13 





14 0.802 0.235 0.817 0.9810 0.384 1.507 | 0.406 1.594 | 0.399 1.563 3.407 1.118 5.696 | 0.328 | 1.671 14 





15 0.775 0.223 0.789 0.9823 0.406 1.492 0.428 1.572 0.421 1.544 3.472 1.203 5.741 | 0.347 | 1.652 15 





16 0.750 0.212 0.763 0.9835 0.427 1.478 | 0.448 1.552 0.440 1.526 3.532 1.282 5.782 0.363 | 1.636 16 





17 0.728 0.203 0.739 0.9845 0.445 1.465 0.466 1.534 | 0.458 1.511 3.588 1.356 5.820 | 0.378 | 1.621 17 





18 0.707 0.194 0.718 0.9854 0.461 1.454 | 0.482 1.518 | 0.475 1.496 3.640 1.424 | 5.856 | 0.391 | 1.608 18 





19 0.688 0.187 0.698 0.9862 0.477 1.443 0.497 1.503 0.490 1.483 3.689 1.487 5.891 | 0.403 | 1.596 19 





20 0.671 0.180 0.680 0.9869 0.491 1.433 0.510 1.490 | 0.504 1.470 3.735 1.549 5.921 | 0.415 | 1.585 20 





21 0.655 0.173 0.663 0.9876 0.504 1.424 | 0.523 1.477 | 0.516 1.459 3.778 1.605 5.951 | 0.425 | 1.575 21 





22 0.640 0.167 0.647 0.9882 0.516 1.415 0.534 1.466 | 0.528 1.448 3.819 1.659 5.979 | 0.434 | 1.566 22 





23 0.626 0.162 0.633 0.9887 0.527 1.407 | 0.545 1.455 0.539 1.438 3.858 1.710 6.006 | 0.443 | 1.557 23 





24 0.612 0.157 0.619 0.9892 0.538 1.399 0.555 1.445 0.549 1.429 3.895 1.759 6.031 | 0.451 | 1.548 24 














25 0.600 0.153 0.606 0.9896 0.548 1.392 0.565 1.435 0.559 1.420 3.931 1.806 6.056 | 0.459 | 1.541 25 
































40 0.474 0.110 0.477 0.9936 0.65 1.31 0.659 1.341 0.655 1.332 4.322 40 
50 0.424 0.094 0.426 0.9949 0.68 1.28 0.696 1.304 | 0.693 1.297 4.498 50 
60 0.387 0.084 0.389 0.9958 0.71 1.26 0.723 1.278 | 0.720 1.271 4.639 60 
80 0.335 0.069 0.337 0.9968 0.75 1.23 0.761 1.239 0.759 1.235 4.854 80 
100 0.300 0.060 0.300 0.9975 0.78 1.20 0.786 1.214 | 0.785 1.210 5.015 100 
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